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PREFACE TO THE THIRD EDITION. 



Some time after the pablication of ui Octavo Edition of Endid'* 

■ AEmentB nith Geometrical ExercLwc, &C, dteigned fot the uao of 

I Academical StadeDts;&t the request of some •choolmatteraofeiiUDeBoe, 

^adoodecimo Edition of the six Books was pot fortli OJi the soma plan 

le of Schools. Soon after iU appcaronn', frofeasoi Chrialic, 

e Secretary of Hie Royal Society, in Uia Preface to hi« TreatUe ou 

oiptive Geometry forthe use of the Koyni Miliuiry Academy, waa 

■ffeased to notice these works in the following terms: — " ^Chen the 

greater Portion of this Part of the Courae was printed, and had for 

same time been in use ia the Academy, a new Edition of Euclid's 

Elements, by Mr Robert Potts, M. A., of Trinity College, Cambrid|p>, 

which is likely to supersede moat others, to the extent, at least, of the 

I Sx Books, was published. From the manner of arranging the Demon- 

[ atrations, this edition has the sdvanlages of the eynibolical form, and 

bnat the same time free from the manifold objections to which that 

LB open. The duodecimo edition of this ^Cork, comprising only 

e first Six Books of Euclid, with l>eductions from them, bariog been 

idaced at this Institution as a text book, now renders any 

r Treatise on Plane Geometry unnecessary in our course of 

For the very fiivourahlc reception which both Editions have met 
ritb, the Editor's grateful acknowledfrments arc due. It lias been his 
in putting forth a revised Editionof the School Eodid, to render 
work in some degree more worthy of the favour which the former 
ittons have received. In the present Edition several errora and 
have been corrected and aome additions made to the notes : 
questions on each book have been considerably augmenled and a 
ter arrangement of the Geometrical Exercises has been attempted : 
iaatly, some hints and remarks on them have been given to assist 
the learner. The additions made to the present Edition amount to 
more than fifty pages, and, it is hoped, that they will render the work 
more aseftil to the learner. 

And here an occasion may be taken to quote the opinions of some 
able men respecting the use and importance of tlie Mathematical 



On the subject of Education in its most extenure sense, an ancient 
wnter "directs the aspirant after excellence to commence with the 
Scaence of Moral Culture ; to proceed next to Logic ; next to Mathe- 



matics; next to Phjisics; and lastly, to Theology." Another writer 
on Education vronld place Matliematica before Logic, which (he 
remarks) " seems the preferable course : for b; practi^g itself in the 
former, the mind becomes stored with distinctiona ; the Acuities of 
CODfltancy and firmnegs are eatabliahed ; and its rule is always to dia- 
tingnish between caTilling and iDvestigstion — between dote reatoning 
and cnw* reasoning ; for the contrary of all which habits, those are for 
the moat part noted, who apply themselves to Logic without studying 
in some department of Mathematics ; taking noise and wrangling foi 
proficiency, and tliinVing refutation accomplished by the instancing 
of a doulit This will explain the inscription placed by Plato over the 
door of his house: 'Whoso knows not Geometry, let him not enter 
here.* On the precedence of Moral Culture, however, to all the other 
Sciences, the acknowledgment is general, and the agreement entire." 
The same writer recommends the study of the Mathematics, for the 
cure of "compound ignorance." "Of tliis," he proceeds to say, "the 
essence is opinion not agreeable to &ct,- and it necessarily involves 
another opinion, namely, that we arc already poseessed of knowledge. 
So that besides not knowing, we know not that we know not ; and 
hence its designation of compound ignorance. In like manner, as of 
many chronic complaints and established maladies, no cure can he 
eflected by physicians of the body : of this, no cure can be effected by 
physicians of the mind : for with a presupposal of knowledge in our 
own regard, tlie pursuit and acquirement of further knowledge is not 
to bo looked for. The approximate cure, and one from which in the 
mam much benefit may be anticipated, is to engage the patient in the 
study of measures (Geometry, computation, &c.); for in such pursuita 
the true and the false are separated by the clearest interval, and no 
room is left for the intrusions of fancy. From these the mind may 
discover the delight of certainty ; and when, on returning to hia own 
opinions, it finds in them no such sort of repose and gratification, 
it may discover their erroneous character, its ignorance may become 
simple, and a capacity for the acquirement of truth and virtue be 
obtiuned." 

Lord Bacon, the founder of Inductive Plulosophy, was not insen- 
sible of the high importance of the Mathematical sciences, as appears 
in the following passage from his work on "The Advancement of 
Learning." 

" The Mathematics are cither pure or mixed. To the pure mathe- 
matics are those sciences belonging wliieh handle quantity determinate, 
merely severed from any axioms of natural philosophy ; and these are 
two, Geometry, and Arithmetic ; the one handling quantity continued, 



Bund tlie other diswTenNL Mixed h&th for anbject some axioDi* or 
inrts of natural philoaophy, and considereth qoantitj- determined, m it 
k auxiliary and incident unto them. For many ports of Datnre OUi 
neither be invented with sufficient mbtilty, nor dcmonstTBted with 
mffident perapicuity, nor aecommodated unto use with sufficient 
dexterity, without the aid and iiiterrcning of the msUwmatica: of 
which Bort are pcispcctiTe, music, atrtronoiny, cosmography, orehi- 
J teeture, enpineiy, and divets others. 

^L " In the Mathematics 1 can report no dedcienco, except it be that 

^■jjaen do not mfhcicntly undentand the exccUcot uae of the pure 

^rwitbeinatics, in that they do remedy and cure many defects in the 

P wit and faculties intellectiuiL For, if the wit be dull, they sharpen it; 

if too wandering, they fijc it; if too inherent in the tense, they abstract 

il. So that as tcnnb is a game of no uac in itself, but of great use in 

respect that it maketh a quick eye, and a body ready to put itself into 

all postures; so in the Mathematics, that u«e wliicU is coliateral and 

interrenicnt, is no leaa worthy than that which is principal and 

I intended. And as for the mixed mathematics, I may only make this 

prediction, that there cannot foil to bo more kiuds of them, as nature 

gnwa further disclosed." 

How truly has this prediction been fulfilled in the subsequent 
■dvsncement of tlie Mixed Sciences,aad in tbeappliuationsof ihepnn 
nothematicB to Natural Philosophy I 

Dr Whewell, in his " Thanghls on the Study of Mathematics," 
has maintained, that mathematical studies judidaualy pursued, form 
one of the most effective means of developing and cnltivating the 
iBaBCn : and that " the object of a liberal education is to develope the 
vhole mental system of man ; — to make his apeculatiro inferences 
M^Bcide with his practical convictions, — to enable him to render a 
leaoon for the belief that is in Mm, and not to leave liim in the con- 
dition of Solomon's sluggard, who is wL-^r in his own conceit than 
wren men that can render a reason." And in tils more recent work 
mtitled, "Of a Liberal Education," &c. he has more fully sliewn the 
importance of Geometry as one of the most effectual instruments 
of intelleotual education. In page 65 he thus proceeds: — "But 
bemdes the value of Mathematical Studies in Education, as a perfect 
ezairiple and complete exercite of demonstrative reasoning; Mathe- 
matical Truths have this additional recommendation, that they have 
klways been referred tOj by each snccessive generation of thoughtfiil 
and tniltivated men, as examples of truth and of demonstration ; and 
have thus become standard points of reference, among cultivated men, 
vLenever they speak of truth, knowledge, or proof. Thus hblbft- 



maticB has not only a disciplinal but an hiiitorical interest This ia 
peculiarly the caw with those portions of Mathematics which we have 
mentioned. We find geometrical proof adduced in illustration of the 
nature of reasoning', in the earliest speculations on this subject, the 
Dialogues of Plato ; we find geometrical proof one of the main sub- 
jects of discussion in somo of the most recent of such speculations, as 
those of Dugald Stewart and his contemporaries. The recollection 
of the truths of Elementary Geometry has, in all ages, given a meaning 
and a reality to the hest attempts to explain man's power of arriving 
at truti). Other branches of Matliemalics have, in like manner, 
become recognized examples, among educated men, of man's powers 
of attaining truth." 

Dr Pemberton, in the preface to his view of Sir Isaac Newton's 
Discoveries, makes mention of the circumstance, "that Newton used 
to speak with regret of his mistake, at the beginning of his Matho- 
matical Studies, in having applied himself to the works of Uescartea 
and other Algebraical writers, before he had considered the Elements 
of Euclid with the attention they Reserve." 

To these we may subjoin the opinion of Mr John Stuart Mill, 
which he has recorded in his invaluable System of Logic, (Vol. ii. 
p. 180) in the following terms. " The value of Mathematical instruc- 
tion as aprcparation for those more difficult investigations (physiology, 
society, government, &c.) consists in the applicability not of its doc- 
trines, but of its method. Mathematics will ever remain the most 
perfect type of the Deductive Method in general ; and the applicationB 
of Mathematics to the simpler branches of physics, fiirnish the only 
school in which philosophers can efTectually leiirn the most difficult 
and important portion of their art, the employment uf the laws of 
simpler phenomena for explaining and predicting those of the more 
complex. These grounds are quite sufficient for deeming mathemati> 
cal training an indispensable basis of real scientilic education, and 
regarding, with Plato, ono who ia ityii^iTpirro^, as wanting in one of 
the most essential qualifications for the successful cultivation of the 
Idgher bnnches of philosophy." 

In addition to these authorities it may bo remnrkod, that the new 
regulations which were confirmed by a Graoe of the Senate on tho 
Ilth of May, 184B, assign to Geometry and to Geometrical methods. 
It more important place in the Examinations both for Honors and 
for the Ordinary Degree in tliis Univeisity, 

Tkikitv Cou.es e, 
JUariA 1, 
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by hi« Ediciona of Euclid's Elements." ff. Wtuaea, U.O., Jailer of 

Triniin Collegt, Cambridge. 

"Mr Potta' Editions otEucHtTi Qgomelryaie characterized bjadueappre- 
ristion of the spirit and exaetnese of the Greek Geometrr and sn acriuaintuips 
with lu blston, u welt oi bj ■ know1«d?e of tha modero eiteniiona of the 
Scienoe. The Eiementa ■» giien in snch s form as to preaerre antlrel? the 
tfirit of the ancient reasoning, and, hsilng been eitensivelj used in Colleges 
and Public Sohools, cannot fall U hate (he elTect of keeping an the stud; of 
Geometrj In lU original puritv." Janiiti Chatlu, \f. A., Flamiwi Frefiitor of 
ArtroHomi/ amtExperimaital PkSomphy in Me Unmriity of Cambridi/i. 

" B J the pnblieation of these works, Mr Potts has done lerj great lerrice to 
the oiuse of Geometrical Science : 1 haie adopted Hr Potts' Hork as the t«<t 
book fur my own Leclurei in Geometri. and ( beliera that it is recommended 
bj all the Malhemntteal Tutors and Professom in this UQl>erdlj." Robtrt 
WaOur, M.A.. F.R.S., Rradtr in ErptrimeKta! Philoioplit in lAe VnittrtUg, 
lad Mathcmalwal Tulor of Wadkam Cotttge, Oxford. 
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BOOK L 

DEFINITIONS. 

L 
A POINT Is that which has no parts, or which has no magnitude. 

II. 
A Hoe is length without breadth. 

III. 

The extremities of a line are points. 

IV. 
A straight line is that which lies evenly between its extreme points. 

V. 

A superficies is that which has only length and breadth. 

VI. 

The extremities of superficies are lines. 

VII. 

A plane superficies is that in which any two points being taken, the 
'' straight line between them lies wholly in that superficies. 

VIII. 

A plane angle is the inclination of two lines to each other in a plane, 
which meet together, but are not in the same straight line. 

IX. 

* A plane rectilineal angle is the inclination of two straight lines to one 
aootber, which meet together, but are not in the same straight line. 

A 
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N.B. When ievenil anglo arc at One point H, eithor of them i> exprewed 
by three letleti, of nhich Uio letlei lliat ii aX the vcitci of the sngb, thai Is, 
Rt the poinl JD which the suiight lines thatcontain the angle meet one another, 
is put between the othei' two letters, and one of these two is somewhere upon 
one of these ati&ighl lines, and the other upon the other line. Thns theangle 
nhich is contained by the alraight lines AB^ CB, is named the angle ABC, 
or CBA i that which is contained by AB, DB, is named the angle ABO, or 
DBA i and that which is conlained by OB, CB, is called the angle DBC, at 
CBD. But, if there be onlji one angle it a point, it tnsy be expressed by the 
letter at that point ; as the angle at £. 

X. 

When a straight lino standing on nnotlier straight line, inakeB the 
adjacent angles equal to each other, each of these angles ia called a 
right angle ; and the straight line which stands on the other is colled 
a perpendicular to it. 



^ 



An obttiBe angle is that nhicb is greater than a n'gbt angle. 



An acute angle is that which la less than a right angle. 



A term or boundary is the extremity of any thing. 

XIV. 

A figure ia that irhich is Inclosed by one oi more Iio 



DIFINITIOMB. 8 

XV. 

A mete baplane fignn eontained bj one line, which is called the 
diciimfereno& and ib such that all straight lines drawn from a certain 
point within the figure to the drcumference, are equal to one another. 




XVI. 
And this point is called the center of the circle. 

XVII. 

A diameter of a circle ib a straight line drawn through the center, 
and terminated both ways by the circumference. 




XVIII. 

A semicircle is the fignve contained by a diameter and the part of 
the circumference cut off by the diameter. 




XIX. 
The center of a semicircle is the same with that of the drde. 

XX. 

Bectilineal figures are those which are contained by straight lines. 

XXI. 
Trilateral figures, or triangles^ by three straight lines. 

XXII, 
Qnadrilateraly by four straight lines. 

XXIII. 
Multilateral figures, or polygons, by more than four straight lines. 
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XXIV. 

Of three-mded figures, an equilateral triangle is that whicli has 
three equal sides. 




XXV. 

An isosceles triangle is that which has two sides equal. 




XXVI. 

A scalene triangle is that which has three unequal sides. 




XXVII. 

A right-angled triangle ia that which has a right angle. 




XXVIII. 

An obtuse-angled triangle is that which has an obtuse angle. 




XXIX. 

An acute-angled triangle is that which has three acute angles. 




XXX. 



Of quadrilateral or four-sided figures^ a square has all ite sides equal 
and all its angles right angles. 



DIFINITIOIIS. 5 

XXXL 

An ohhmg is that which has all its angles ri^t angles, bat has not 
iD its aides eqnaL 



XXXIL 
A zhomlnis has all its sides eqoal^ bat its angles are not right angles. 



/ 



XXXIII. 

A rhomboid has its opposite sides eqoal to each other^ bat all its 
ades are not eqaal> nor its angles r^ht angles. 



3 



XXXIV. 

All other foor-sided figures besides these> are called Trapeziums. 

XXXV. 

Parallel straight lines are such as are in the same plane, and which 
being produced ever so &r both ways, do not meet 



A paraUelogram is a four-sided figure, of which the opposite sides 
are parallel : and the diameter or the diagonal is the stiraight line 
joining two of its opposite angles. 



POSTULATES. 
I. 

Let it be granted that a straight line may be drawn from any one 
point to any other point 

II. 
That a terminated straight line may be produced to any length in 
a straight line. 

III. 

And that a circle may be described from any center, at any distance 
from that center. 
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Euclid's blemkhts. 
AXIOMS. 


I 


Thinqh which 


I. 
re equal to the same thing are equa 

II. 


tooneanol&er. 


If equals be added to equals, the wholes are equal, 






III. 




If equals be tak 


en from equab, the rcmaindera are 
IV. 


equal. 


If equals bo added to uneqnals, the wholes are unequal, 1 


V. 


re unequal. 




VI. 




Things which s 


ire double of the same, are equal to 
VII. 


one another. 


Things wliich 


ire halTCB of the same, are equal to 

Via 


one another. 


fill Ihe same apace, are equal to one another. 


, which exactly 




IX. 




The whole is greater than its parL 




X. 

Two straight lines cannot inclose a space. 


H 




XI. 




All right angles 


are equal to one another. 
XII. 


H 


If ft straight Un 

right angles, these 
length meet upon 1 
two right angles. 


c meets two straight lines, so as to 
tliesamcside of it taken togcthe 

bat side on which are the angles whi 


nakefSPl^ 
less than two 
dnced, shall at 
Lch ore leas than 





BOOK I. PBOP. If TL 

PROPOSITION 1. PROBLEM. 

T0 de$crihe an equUateroi iriangk upon a ffhenJkdU itndghi Km. 

Let AB be the given stnuffht line. 
It is required to describe an eqoilateru triangle upon AB. 

C 




From the center A, at the distance AB^ describe the drde BCD; 

(poet 3.) 

from the center B, at the distance BA, describe the circle ACE ; 

and torn the point C, in which the circles cut one another, 

dnw the straight lines CA, CB to the points A, B, (post 1.) 

Then ABC shall be an equilateral trianffle. 

Because the point A is the center of the cirde BCD, 

therefore ACia equal to AB; Tdef. 15.) 

and because the point B is the center or the ciide ACE, 

therefore BC ia equal to BA ; 

but it has been proved that CA la equal to AB ; 

therefore CA, CB are each of them equal to AB ; 

but things which are equal to the same thing are equal to one another; 

therefore CA \a equal to CB; (ax. 1.) 
wherefore CA, AB, BC are equal to one another: 

and the triangle ABC is therefore equilateral, 
and it is describe upon the given straight line AB. 

which was requiiid to be done. 

PROPOSITION n. PROBLEM. 

From a given poini, to draw a straight line equal to a given straight Hne. 

Let A he the given point, and BC the given straight line. 
It is required to draw from the point A, a straight line equal to BC. 




From the point Ato B draw the straight line AB ; (post. 1.) 

upon AB describe the equilateral triangle DAB, (i. 1.) 

and pToduce the straight lines DA, DB to E and F; (post. 2.) 

from the center B, at the distance BC, describe the circle CGH, 

(post, a) 
and itooi the center D, at the distance DO, describe the circle OKL, 



9 BUCL1D8 BLBUBNTS. 

Then the straight lino AL shail be equal to BC. 

Because the point B is tlie center of the circle CGH, 

therefore BC is equal to BG ; (de£ IG.) 

and because D ia the center of the circle GKL, 

therefore DL ia equal to DG ; 

and DA, DB parts of them ore equal ; (i. 1.) 

therefore the remainder AL is equal to the remainder BG ; (ax. 3.) 

hut it has been shewn, that SO is equal to BG, 

wherefore AL and BC are each of them equal to BO ; 

and things which are equal to the same thing are equal to one another; 

therefore the straight line AL is equal to BC. (ax. 1.) 

Wherefore from the given point A a straight line AL has been drawn 

equal to the given strught line BC. Which w-as to be done. 

PROPOSITION III. PROBLEM. 

From tht stealer qf lira pent straight linti to cut off a part equal la 

iht lets. 
Let AS and C be the two given straight lines, of which A3 is tlio 
It is required to cut off from AB a part equal to C, the less. 



From the point A draw the straight line AD equal to C ; (i. 2.) 
and from the center A, at the distance AD, describe the icicle DEF. 
(post 3.) 

Then AE shall be equal to C, 

Because A ia the center of the circle DEF, 

therefore AE is equal to AD; (def. 16.) 

but the straight line C is equal to AD • (constr.) 

■whence AE and C are each of them equal U> AD ; 

wherefore the straight line AE is equal to C. (ax. 1.) 

And therefore from AB the creater of two straight lines, a part AE 

has \teea cut off equal to C, the less. Which was to be done. 

PROPOSITION IV. THEOREM. 

IJ too triangla have Iteo ridei of Hit au equal to laa tidet t^ the other, 
each la each ; and have likcieiat Ihi angtei eonlained ty thoae lidee equal la 
each other ; Iheji thall liktaiiie have their batet, or third sides, egual ; and 
the two Maaglti shall be equal; and their other aaglet thall be equal, eaeh 
to eaoh, «u. thoae to urhieh the equal sidtt are eppoiile. 

Let ABC, DEF be two triangles, which have the two aides AB, 
JCequaltothetwosidcsHE, DF, each to each, viz. ^fl to DE,aaA 
AC to DF, and the included angle BAC equal to the included angle 
EDF. 



nien shall the bme BC he equal to the Imo EF ; and the triangle 
ABC to the triangle DEF ; and the other auglc« to which tJie raoal 
lides an opposite shall be equal, each to each, vie. ihc angle AJiC to 
ihe angle DEF, and the angle ACff to the aoglc DFE. 






For, if the triangle ABC be applied to the triangle DEF, 

80 tbat the point A may be un D, and the itraighl line AB on i}ir ; 

bccau»e AB in equal to DE, 

therefore the p«int B shall coincide witli the point E ; 

and AB coinciding n-ith DE, bccaooa the angle BAC is cqnal to the 

angle EDF, 

therefon; the sti^ht line AC BhoU fall on DF; 

also because AC la equal tn DE, 

tbcrefbrc the point C shall coincide with the point/*; 

hut the point B coincides with the point E ; 
wherefore the base BC DbatI coincide with the bam EF; 
because the point B coinciding with E, Bad C with F, 
if the base SCdo not coincide with the base £'i^, the two atnighllines 
BC and EF would inctoae a space, which ia impossible, (ax. 10.] 
Therefgre the base BC docs coincide with EF, and is equal to it. 
Wherefore the whole triangle ABC coincidea with the whole tri- 
sn^ DEF. and is equal to It ; 
and the other angles of the one coincide with the remaining angles 
of tlie other, and are cqnal to theni, 

viz. the angle ABC to the angle DEF, 
and the angle A€B to DFK. 
Therefbre, if two triangles nave two aides of the one equal to two 
Bides, &0. ^Vluch was to be demonstrated. 

PROPOSITION V. THEOREM. 
Tht angUt at the bate of on ikiaeelei frji 
md %f fAe eipiai tides be produced, Ihe a'igin 
AoB be egual. 

Let A£C be an ieoscelcB triangle of which the side AS is equal to AC, 

and let the equal sides AB, AC be produced to D and E. 

Then the angle ABC shall be equal to the angle ACB, 

and the angle DBC to the angle ECB. 

InBDu" ■ " 

„ „realei 

J^C. GB. 

Because ^F is equal to AG, (constr.) and ABta AC; (hyp,) 
the two sides FA, AC, are equal to the two GA, AB, each to each 
and they contain the angle FAG common to the two triangles 
AFC.AGB; 
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Uierefore the base FC is equal to tlie baso QB, Ct. 4.) 

and the trianfile AFC ia equal to the triangle AGB, 

alao the remaining an^es of the one are equal to the remaining angles 

of the other, each to each, to which the equal udea are oppomte ; 

viz. the angle ACF to the angle ABG, 

and the angle AFC to the angle AGB. 

And because the whole AF is equal to the whole AG, 

of which the parts AB, AC, are equal ; 

therefore the reminder BF a equal to the remainder CG ; Cai. 3-) 

and FC was proved to he equal to GB ; 
hence because the two sidea BF, FC are equal to the two CG, GB, 
each to each ; 
and the angle BFC has been proved to be equal to the angle CGB, 
also the base BC is common to the two trianries BFC, CGB ; 
wherefore these triangles are equal, (i. 4.) 
and their remaming angles, each to each, to wtuch the equal sides are 



therefore the angle FBC ia equal to the angle GCB, 
and the angle BCF to the angle CBG. 
And, since it has been demonatrated, 

tliat the whole angle ^BG is equal to the whole ^CF, 

the parts of which, the angles CBG, BCF are also equal ; 

therefore the Temaining angle ABC is equal to the remaining angle ACB, i 

whicli are the angles at the base of the triangle ABC ; 

and it has been proved, 

that the angle FBC is equal to the angle GCB, 

which are the angles upon the other adc of the base. 

Therefore the angles at the base, &c. a, e. d. 

Cob. Hence every equUateral triangle is also equiangular. 

PROPOSITION VI. THEOREM. 

7/ Ino angle! of a tnangU ht equal lo eath oiher, f A# Adts alto vfneh 

tuilend, or are op])osite to, the equal angltt, ihall be equal to one orMhtr. 

Let ABC be a triangle having the angle ABC equal to the angle JCfi. 

Then the side AB shall he equal to the side AC, 



For, if ^£ b« not cqaal to AC, 
ooe of them is greater than the other. 
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Let AB )« ^r«(it«r than AC; 
I md »t the point B, from BA cut off BD equal to CA the Icm, (i. 3.) 
and join DC. 

Thpn, in the irianclea DBC, ABC, 

becaase DB h eoual to AC, and itC is common U> both ttionglts, 

tiutwo aides Dit,fiC ore equal to thetworides JCCfi. rach tocAch; 

Hid the angle DBC is equal (□ the angle ACB ; (hyp.) 

therefore the base DC is equal to tlie base JB. (i. *.) 
and the triangio DBC is equal to the triangle ABC, 

the less equal to thi^ greater, which is absurd. 
' ■e AB is not unequal to AC, thai is, AB U equal to AC. 
^Vlierefore, if two triangles, &c. «. k. n. 
Cm. Hence every equiangular triungU- is also cijaiUtcnL 

PROPOSITION VII. THEOREM. 

Vp<m Iht tamt ban, and on Iht lamt tijt a/ it, there eannot te hen 

Irimtj/ln that have their Met whicli are Itrtninalid in mu tMlrxmilg of At 

iaw, tqual ta ant anathtr, and likttBUt ihote wAieft art ifminofsd in Ott 



If [t be possible, on the same bane AB, and upon the some ude of 
I it, let there be two triangles .^CB, JUS, which have their ndea CA, 
L.^M, terminated in the extremity A of the baae, equal to oue another, 
ri lOKwiae their sides, CB, DB, that are terminated in B. 



Join CD. 

Tirat When tho vertex of each of the triangles is without the 
Qier triangle. 

Because JC is eqiial to ^O in the triangle .4 CD, 

therefore the angle ACD is equal to the angle ADC; (i. fi.) 

lint thie angJE ACD is greater than the angle BCD ; (ax, 0.) 

therefore also the angle ADC is greater than BCD ; 
much more tlierefore is the angle BDC greater than BCD. 
I Igaio, because the side BC is equal to BD iu the triangle BCD, [hyp.) 
therefore the angle BDC is equal to the angle BCD ; {i. 5.) 
but the angle BDC was proved greater than the angle BCD, 
hence the angle BDC is hoth equal to, and greater llian the angle BCD; 
which is imposailile. 
Secondly. Let the vertex D of the triangle ADB fall within the 
igle ACB. 



Pniaa AC aai AJD io EaaA F. 



1 

Let AS 1)0 the given straight line, and C a given point in il. 
It is required to draw a elr&ight line from the point C at right 
angles to AB, 



buolid's elements, 
proposition xi. problem. 

To draur a tlraight line al right angles to a given alraighl line, Jrom a. 
liuni nHnf in Oie tame. 



In AC take any point B, and make CE equal to CD ; fi. 3.) 
Bpon DE describe ihe equilnleral triangle DEF, (i. I.), and join CF. 
Then CF drawn from the point C shall be at right anglea to AB. 
Because DC is equal to CE, aad FC is common to the two triangles 
DCF, ECF ; 
the two tides DC, CF are equal to the two aides EC, CF, each to each ; 
and the base DF ia equal to the base EF ; (constr.) 
therefore the angle DCF is equal to the angle ECF: (i. 8.) 
and these two angles are adjacent angles. 
But when the two adjacent angles which one straight line makes 
with another atraiglit line, are equal to one another, each !of them is 
called a right angle : (def. 10.) 

Therefore each of the angles DCF, ECF is a right angle. 
^Phereforc from Ihe given point C, in the given straight line AB, 
FC has been drawn at right angles to AB. q. b. f. 

Cob. By help of this problem, it may bo demonstrated that two 
straight lines cannot have a common segment. 

If it be possible, let the segment J£ be common to the two strwght 
lines ABC, ABD. 



From the point B, draw BJ? at right angles to .ifl; (l II.) 

then because ABC is a straight line, 

therefore the angle ABE is equal to the angle EBC ; (def. Itt) 

Similarly, because ABD is a straight line, 

therefore the angle ABE is eqiial to the angle EBD ; 

but the angle ABFl is equ^ to the angle EBC. 

wherefore the an^e EBD is equal to the angle EBC, 'm. 1.1 

the leas equol to the greater angle, which is impossible. 
Therefore two atrai^t anes cannot hare a common segment. 

PROPOSITION XII. PROBLEM. 
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Let AB be the giTen straight line, which may be produced any 

length both waysy and let C m a point without it. 

It is zequiied to draw a stzaight line perpendicular to AB fxom the 

point C 

C 



A-> 



' Take any point D upon the other side of AB, 
and from the center C, at the distance CD, describe the circle EGF 
meeting AB in F and G : (post 3.) 

bisect FG in hIu 10.), and join CH. 
Then the straight line CH drawn from the given point C, shall be 
perpendicular to the given straight line AB. 

Join CF, and CG. 
And because FH is equal to HG (oonstr.)^ and HC is common to 
the triangles FffC, GHC; 

the two sides FH, HC, are equal to the two GH, HC, each to each ; 

and the base CF is equal to the base CG; (def. 15.) 

therefore the angle FHC is equal to the angle GHC ; (i. 8.) 

and these are adjacent angles. 
But when a straight line standing on another straieht line, makes 
the adjacent angles equal to one another, each of them is a right angle^ 
and the straight line which stands upon the other is called a perpen- 
dicular to it. rdef. 10.) 

Therefore m>m the given point C, a perpendicular CH has been 
drawn to the given straight line AB. q. e. f. 



PROPOSITION XIII. THEOREM. 

The anffles whieh one ttraight line makes with another upon one side qf 
it, are either two right angles, or are together egtuU to two right angles. 

Let the straight line AB make with CD, upon one side of it^ the 
angles CBA, ABD. 

Then these shall be either two right angles, 
or^ shall be together^ equal to two right angles. 

B 
A 



D 3 



For if the angle CBA be equal to the angle ABD, 
each oTmem ia a right angle. (de£ 10.) 
But if the angle CBA be not eqiud to the angle ABD, 
from the point B draw BE at right angles to CD. (i. 11.) 
Then the angles CBE, EBD are two nght angles, (def. 10.) 
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And because the angle CBE is tqual to the angles CSA, ABE, 

add the angle EBB to each of these equals ; 

therefore the angles CBE, EJiD are equal to the three angles CBA, 

ABE, EBB. (ax. 2.) 
Agsin, because the angle DBA is equal to the two angles BSE, EBA, 

add to each of these equals the angle ABC ; 
therefore the angles BBA, ABC are equal to the three angles D3E, 
EBA, ABC. 
But the angles CBE, EBB have been proved equal t 
three angles ; 

and things which are eqnal to the same thing are equal to one another; 
therefore the angles CBE, EBB are equal to the angles DBA, ABCt 

but the angles CBE, EBB are two right angles; 
therefore the angles DBA, ABC ore together equal to two right angles. 
(as. ].) 

Wherefore when a straight line. See. o. e. d. 



PROPOSITION XIV. THEOREM. 

I/ala point in a alraighl line, Iteo other tiraighl liaei, upon Iht oppotite 
lidei of il, make Iht adjucent angler together equal lo too right angtei, Ihete 
two ttraighl linea shall be in one and the tame straight line. 

At the point B in the straight lino AB, let the two straight lines 
BC, BD upon the opposite sides of AB, make the adjacent anglea 
ABC, ABB together equal to two right ansles. 

Then BD shall be in the same straight line with BC. 



For, if BD lie not in the same straii;ht line with BC, 
let BE be in the same slraignt line with it. 
Then because AU meets the straight line CBE ; 
therefore the adjacent angles Cfl.l, JB£ are equal to two right angles; 
(i. 13 ) 
but the angles CBA, ABD are equal to two right angles ; (hyp.) 
therefore the angles CBA, ABE are equal to the angles CBA, ABD; 
(ax. 1.) 

take away from these equals the common angle CBA, 
therefore the remaining angle ABE is equal to the remaining angle 
ABB; (ax, 3.) 

the less equal to the greater angle, which ia irapossible : 
therefore BE m not in the same straight line with BC. 
And in the same manner it may be demonstrated, that no other 
oin be in the same straight line with it but BD, which therefore is in 
the same straight line with BC. 

Wherefore, if at a point, fcc. g. i 
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PROPOSITION XV. THEOREM. 
if two ttndghi Hmm emi §me omIW, ike veriie^ or opposite mn^kt 

Let the two strti^ lines ulB, CD cat one another in the point E, 

Then the angle ^l^Cahali be equal to the angle DEB^ and the 
ao£^ CEB to the angle AED. 




Becanee the straight line AE makes with CD at the point E, the 

angles CEA^ AED; 
these angles are together eqnal to two right angles, (i. 13.^ 
Again^ beemise the straight line DE makes with AB at the pomt E, 
the adjacent angles AED, DEB ; 

these angles also arc eaual to two right angles ; 
but the angles CEA, AED have oeen shewn to bo equal to two right 

angles; 
wherefore the angles CEA, AED are equal to the angles AEDy DEB; 

take away from each the common angle AED, 
and the remaining angle CEA is equal to the remaining angle DEB, 
(ax. 3.) 

In the same manner it may be demonstrated, that the angle CEB 
is eqnal to the angle AED, 

Therefore, if two straight lines cut one another, &c. q. e. n. 
Cob. 1. From this it is manifest, that, if two straight lines cut each 
other, the angles which they make at the point where they cut, are 
together equid to four right angles. 

CoR. 2. And consequently that all the angles made by any num- 
ber of lines meeting in one point, are together equal to lour right 
inglea. 

PROPOSITION XVI. THEOREM. 

If one wide qf a triangle be producedy the exterior angle is greater than 
either of the interior ofpoeite angles. 

Let ABC be a triangle, and let the side BC be produced to D, 
Then the exterior angle ACD shall be greater than either of the 
interior opposite aisles CBA or BAC, 




Bisect i4C in -E, Ci. 10.) and join JB^ ; 
produce BE to F, making jBI^ equal to BE, (l 3.) and join -FC. 

b3 



18 Euclid's elbments. 
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Because AE is equal to EC, and BE to EF; 
the two sides AE, EB are equal to tlie two CE, EF, each to each, ii 
the triangles ABE, CFE ; 

and the angle AEB is eqnal to the angle CEF, 

becauae they are nppositc, vertjcal angles; (i. IG.) 

therefore the base AB is equal to the base CF, (i. 4.) 

and the triangle AEB to the triangle CEF, 

and the remaining angles of one triangle to the remaining angles of 

the other, each to each, to which the equal sides are oppodte ; 

wherefore the angle BAE is equal to the angle ECF; 
but the angle ECD or ACD a greater than the angle ECF; 
therefore the angle ACD is greater than the angle BAE. 
In the same manner, if the side BC be bisected, and jJChe pro- 
duced to G; it may be demonstrated that the angle BCG, that is, the 
angle ACD, (i. 15.) is greater than the angle ABC. 

Therefore, if one side of a triangle, &u. o. e. d. 

PROPOSITION XVll. THEOREM. 

Any lao angles qf a tnangie are together lest Chan tiea right anghi. 

Let ABC be any triangle. 
Then any two of its angles together shall be less than two right angles. 



Produce any side BC to D. 

Then because ACD is the exterior angle of the triangle ABC', 
therefore the angle .iCiJisgrealer than the interior and opposite ane 
ABC; (1.16.) 

to each of these unequals add the angle A CB ; 
therefore the angles ACD, ACB are greater than the angles ABt 
ACS; 

but the angles ACD, ACB are eqnal to two right angles; (i. 13.) 

therefore the angles ABC, BCA arc less than two right angles. 

In like manner it may be demonstrated, 

that the angles BAG, ACB are less tlian two right angles, 

as also the angles CAB, ABC. 

Therefore any two angles of a triangle, &c. q. e. d. 



PROPOSITION XVJII. THEORESI. 

The greater side qftverg triangle U opposite to the greater angle. 
Let ABChe& triangle, of which the side JC is greater than the 
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Then the angle ABC shall be greater than the angle BCA, 

A 




the aide AC is greater than the side AB, 
make AD equal to AB^ (i. 3.) and join BD. 
Then, becanae AD is e^ual to AB, in the triangle ABD, 
therefore die angle ADB is equal to the angle ABD, (i. 5.) 
hat becanae the aide CD of the triangle DBC is produced to A, 
therelbre the exterior ande ADB is greater tnan the interior and 
opposite angle DCB ; (i. 16.) 

bat the angle ADB has been jtroved equal to the angle ABD, 
thaiefoie the an^le ABD is greater than the angle DCB ; 
wherefore much more is the angle ABC greater than Uie angle ACB, 

Therefore the greater aide^ &c. q. s. d. 

PROPOSITION XIX. THEOREM. 

T*he greater angle of every triangle it subtended hg the greater eide, or, 
has the greater aide opposite to it. 

Let ABChe a triangle of which the angle ABC is greater than the 
angle BCA. 

Then the ude AC shall be greater than the side AB. 




For^ if ^C be not neater than AB, 
AC must either be equ^ to, or less than AB; 
if AC were equal to AB, 
then the angle ABC would be eqiuJ to the angle ACB ; (i. 5.) 

but it is not equal ; (hyp.^ 

therefore the side ^C is not equal to AB. 

Again^ if ^C were less than AB, 

then the angle ABC would be less than the angle ACB ; (i. 18.). 

but it is not less, (hyp.) 

therefore the side ^C is not less than AB ; 

and AC has been shewn to be not equal to AB ; 

therefore .^C is greater than AB, 

TVherefore the greater angle, &c. ^ e. d. 

PROPOSITION XX. THEOREM. 

Ang two stdee of a triangle are together greater than the third side. 

Let ABC be a triangle. 
Then any two sides of it together shall be greater than the third side, 
Tiz. the sides BA, AC greater tnan the side BC ; 
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Produce the side BA to the point D, 

make AD equal to AC, (i. 3.) and join DC. 

Then because AD h equal to AC, 

therefore the angle ADC is equal to the angle ACD; (i. fi.) 

but the anBle BCD is grvaisT than the angle ACD ; 

therefore also the angle BCD m greater ttiaji the angle ADC. 

And because in the triangle DBC, 

the angle BCD is Ereater than the angle DBC, (as. 0.) 

and that the greater angle is subtended by tlie greater aide ; (l 19.) 

therefore the aide DB ia greater than the aide SC ; 

but DB 19 equfU to BA and AC, 
therefore the aides BA and AC are greater than BC. 
In the same manner it may be demonstrated, that the aides AB,'BC 
are greater Uian CA ; 

also that BC, CA are greater than AB. 
Therefore any twa sides, &c. 4. e. d, 

PROPOSITION XXI. THEOREM. 

If from the endi of a side of a triangle, there be liraien Imo alraiphl 
linet to a point williin the triangle, these shall be ten than the other two 
sidei nf Iha Iriangie, but shall canlain a greater angle. 

Lot ABC be a triangle, and from the points B, C, the ends of the 
side BC, let the two straight linea BD, CD bo drawn to a point D 
within the triangle. 

Then BD and DC shall be less than BA and AC the other two 
sides of the triangle, 
but shall contain an angle BDC greater than the angle BAC. 



Produce BD to meet the side AC in E. 
Because twi> sides of a triangle arc greater than the third side.Ci. 20.) 
therefore the two ades BA, AE of the triangle ABE are greater 
thaaBE; 

to each of these unequals add EC; 
therefore the sides BA, .iC are greater than BE, EC. (ax. 4.) 
Again, because the two adcs CE, ED of the triangle CED are 
greater than DC; (i. 20.) 

add DB to each of these uneqiiftls; 
therefore the sides CE, EB are greater than CD, DB. (ax. i.) 
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But it has been shewn that BA, AC are greater than BE, EC; 

mudb more then are BA, AC greater than BD, DC. 
Agam, becanse the exterior anffle of a triangle is greater than the 
interior nid opposite anjB;le ; (i. 16^ 

therefore tne exterior angle BnC of the triangle CDE is greater 
than the interior and opposite angle CED ; 

for the same reason, the exterior angle CED of the triangle ABE 
18 greater th«i the interior and opposite angle BAC; 
and it has been demonstrated, 

that the angle BDC is greater than the angle CEB ; 
mneh more therefore is the angle BDC greater thui the angle BAC. 
Therefore, if from the ends of the side, &c. q .e.o. 

PROPOSITION XXII. PROBLEM. 

T0 wuike a Mttngl$ qf which the sidet $haU be gquai to ihre§ ffhm 
itrm^hi Imeg^ but anp two whatever qf these must be greater than the tkML 

Let AfB, Che the three given straight lines, 
of which any two whatever are greater than the third, (i. 20.) 

namely, A and B greater than C; 
A and C greater than B ; 
and B and C greater than A. 
It is required to make a triangle of which the sides shall be equal 
to A, B, Cf each to each. 




Take a straight line DE terminated at the point D, bat unlimited 
towards E, 

make DF equal to A, FG equal to J?, and G/T equal to C; (i. 3.) 
iiom the center JP, at the distance FD, describe the circle DKL ; 
(post, d.) 

and from the center G, at the distance GIf, describe the circle 
HLK\ and join KF, KG. 
Then the tnangle KFG shall have its sides equal to the three 
straight lines A, B, C. 

Because the point J^ is the center of the circle DKL, 

therefore FD is equal to FK; (del 15.) 

but FD \& equal to the straight line A ; 

therefore FK is equal to A. 

Again, because G is the center of the circle HLK; 

therefore GH is equal to GK, (def. 16.) 

but GH is equal to C; 

therefore also GK is equal to C ; (ax. 1.) 

and FG is equal to B ; 
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therefore the three straight lines KF, FG, GK, are reapoctively 

equul to the three, A,B,C: 
and therefore the triangle KFG hns ita three sides KF, FG, GK, 

e(iual to the three given straight lines, A, B, C. q.e. 

PROPOSITION XXIII. phoblem. 



Let AB be the given, stnught tine, and A the given point in it, and 
DCE the given rectilineal angle. 

It is required, at the given point A in the given straight line JB, to 
make an angle that shall be equal to the given rcctUineal angle DCE. 



1 



A A 



In CD, CE, take any points D, E, and join DE ; 
make the triangle AFG, the sides of which shall be equal to the 
three strwght lines CD, DE, EC, so that AF be equal to CD, AG to 
CE, and FG to DE. (i. 22.) 

Then the angle FAG shall he equal to the angle DCE. 

Because FA, AG are equal to DC. CE, each to each, 

and the base FG is «qual to the base DE ; 

therefore the angle J^J G is equal to the angle DCE. (i. 8.) 

Wherefore at the given point A in the given straight line AB, the 

angle FAG is made equal to the given rectihneal angle DCE. o.e.f. 

PROPOSITION XXIV. THEOREM. 
If Iwa iriangUt have (ico lida of the one equal la (too tidei of the other, 

taeh til each, but Iht angle contained by the two eidei if one of them greater 
than the aagie noataiaed hy thg two sides equal to them, of the other ,- tht 
baet qf that tahich hat Iht greater angle, ihall be greater than the bait 
of the other. 

Let ABC, DEF bo two triangles, which have the two aides AB, 
AC, equal to the two DE, DF, each to each, namely, AB equal tg 
DE, and AC to DF; but the angle BAC greater than tliGan^e EDF. 
Then the base BC ahaJl b« greater than the base EF. 
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Of the two ndee DE, DF, let DE be not greater than DF, 
at the point D, in the straight line DE, 
make the ang^^DG equal to the angle BJC; (i. 2^) 
make DG equal to DF or AC, (i. a) and join EG, OF. 
Then, because DE is equal to AB^ and DG to Jf C, 
the two aides DE, DG are equal to the two AB, AC, each to each, 
«d4 the anffle EDG is equal to the angle BAC; 
therefore the base EG is equal to the base BC. (i. 4.) 
And becanse D6 is equal to DF in the triangle DFG, 
therefore the angle DFG is equal to the angle DGF ; (i« 6.) 
hut the angle DGF is greater than the angle EGF; (ax. 9.) 
therefore the angle DFG is also greater tlum the angle EGF; 
much more therefore is the angle EFG greater than the angle EGF. 
And because in the triangle EFG, the angle EFG is greater than 
the anele EGF, 
and that the greater ai^le is subtended by the mater side ; (l 10.) 
therefore the side EG is greater than the side EF; 
but EG was proved equal to BC ; 
therefore BC is greater than EF. 
Wherefore, if two triangles, &c. q.e.i>. 

PROPOSITION XXV. THEOREM. 

If two triangles havs two tide* qf the one equal to two eidee of the other, 
each to eaehy but the base qf one greater than the bate qf the other ; the 
angia oontaimed bg the eidee qf the one which has the greater base, shaU be 
greater than the angle oontained bg the sides, equal to them, qfthe other. 

Let ABC, DEF be two triangles which have the two sides AB, A C, 
equal to the two sides DE, DF, each to each, namely, AB equal to 
DE, and AC to DF; but the base BC greater than the base EF. 

Then the angle BAC shall be greater than the angle EDF, 

A D 





For, if the ang^e BAC be not greater than the angle EDF, 
it must either be equal to it, or less than it. 
If the angle BAC were equal to the angle EDF, 
then the base BC would be equal to the base EF; (i. 4.) 

but it is not equal, (hyp.) 

therefore the angle BAC is not equal to the angle EDF. 

Again, if the angle BAC were leas than ihe angle EDF, 

then the base BC would be leas than the base EF; (l 24) 

but it is not less, (hyp.) 

therefore the angle BAC is not less than the angle EDF; 

and it has been shewn, that the angle^^Cisnot eaual to theanglcj^DJ*; 

therefore the anele BAC is greater than tne angle EDF. 

Whereiore^ if two triangles, &c. q.ej>. 



// 
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PROPOSITION SXVI, THEOREM. 

If liBO triangle! AoMs Iibo angles of the am equal ta lao angles of (he 
other, each to each, and one Me equal to one aide, vit. either the lidej adja- 
ceni to the equal angle' i» each, or the ridei oppoaile to them ; Ihea thall tha 
other aidet be equal, each to each, and atio the third angle of the OJie equal 
io the third angle of the other. 

Let ABC, DEFhe two triangles which have the angles ABC, BCA, 
equal to the angles DEF, EFD, each to eacli, namely, ABC to DEF, 
and BCA ia EFD; also one siiie equal to one aide. 

First, let those aides he equal which are adjacent to the angles tliat 
ore equal in the two triangles, namely BC to EF. 

Then the othor sides shall be equal, eiich to each, namely, AB U 
DE, and AC to DF, and the thirdangleSJC tothe third angle £i)i*'. 



For, if AB be not equal to HE, one of lliem must be greater than 
the other. Let AB be greater than DE, 

make BG equal to ED, li. 3.) and join GC. 

Then in the two triangles GBC. DEF, 

becanae GB is equal to DB, and BC to EF, {liyp.5 

the two sides GB, BC are equal to the two DE, EF, each to each ; 

and the angle GBC ia equal to the angle DEF; 

therefore tlio base GC is equal to the base DF, (l 4.) 

and the triangle GBC to the triangle DEF, 

and the other angles to the other angles, each to each, to which. 

the equal udca are opposite ; 

therefore tlie angle GCB is equal to the angle DFE; 

hut the angle DFE is, by the hypotliesis, equal to the angle ACS ; 

therefore also the angle GCB is equal to the angle ACB; (ax, 10 

the less angle equal to the greater, which is imposaiblej 

(Jierewre AS is not unequal to DE, 

that is, A3 ie oounl to DE. 

Hence, in the triangles ABC, DEF; 

because AB U equal to DE, and BC to EF. (hyp.) 

and the angle ABC is c<[nnl to the angle DEF; (hyp.) 

therefore the base AC is equal to the base DF, (i. 4.) 

and the third angle BAC to the third angle EDF. 

Secondly, let the sides whicbareoppositeto the equal angles in each 

triansle be equal to one another, namely, AB equal to DE. 

Then in this cose likewisctheothcrsides shall be equal, ^C to O/i*, 
and BC to EF, and also the third angle BA C to the thud angle EDF. 



i 
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For ifBChe not equal to £F, 
one of them must be greater than the other. 

Let BC be greater than EF ; 
make BH equal to EF, (i. 3.) and join AH. 

Then in the two triangles ABH, DEF, 

beeanse AB k equal to DE, and BH to EF, 

and the angle ABH to the angle DEF ; (hyp.) 

therefore the mue AH is equal to the base DF, (i. 4.) 

and the triangle ABH to the triangle DEF, 

■nd the other angles to the other angles, each to each, to which the 

equal sides are opposite ; 

therefore the angle BHA is equal to the angle EFD ; 

hat the angle EFD is equal to the angle BCA ; (hyp.) 

therefore the angle BHA b equal to the an^le BCA, (ax. 1.) 

that is, the exterior angle BHA of the triangle AHC, is 

equal to its interior and opposite angle BCA ; 

which is impossible ; (i. 16.1^ 

wherefore BC is not unequal to EF, 

that is, BC is equal to EF. 

Hence, in the triangles ABC, DEF ; 

because AB is equal to DE, and BC to EF, (hyp.) 

and the included angle ABC is equal to the included angle DEF; (hyp.) 

therefore the base ^C is equal to the base DF, (i. 4.) 

and the third angle BAC to the third angle EDF. 

Wherefore^ if two triangles, &c ^e.d. 

PROPOSITION XXVII. THEOREM. 

1/ a itraight line falling on two other Mtraight linet, make the alternate 
tmglee equal to each other ; theae two atraight linea ahaU be parallel* 

Let the straight line EF, which falls upon the two straight lines 
AB, CD, make the alternate angles AEF, EFD, equal to one another. 
Then AB shall be parallel to CD. 




For, if AB be not parallel to CD, 
AB and CD being produced will meet either towards A and C, or 
towards B and D. 
Let AB, CD be produced and meet towards B and D, in the point G, 

Then GEF is a triangle, 
and its exterior angle AEF is greater than the interior and opposite 
mgLeEFG; (i. 16.) 

hut the angle AEF is equal to the angle EFG ; (hyp.) 
therefore the angle AEF is greater than, and equal to the angle EFG; 
which is impossible. 

Therefore AB, CD being produced^ do not meet towards B, D. 

C 
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In like inaiiner, it may bo demonstrated, that they do not 
when produced towards A, C. 

But those straight lines in the aame plane, which meet neither way, 
though prodnced ever so far, are parallel to one anotlier ; (def. 36.) 
therefore AB in parallel to CD. 
Wherefore, if a straight line. See. q. e. d. 

PROPOSITION XXVIII. TIIEOKEM. 

If a attaigfil ling falling upon (wo elher itraight lines, make tht exlei 
angle equal to the inftrior and oppasHe upon Ihe tame tide of the line ; 
make the interior angles upon the )ame »ide together equal to two right 
angles ; tht two straight Hnei shall be parallel to oaa another. 

Let the straight line EF, which falls upon the two straight lines. 
AB, CD, make the exterior angle EGB equal lo the interior and op- 
posite angle GHD upon the same side ; or make tile two interior 
anglea SGH, GHD on the same side together equal to two right 

Then AB ahall be parallel to CD. 



Because the angle EGB ia equal to the angle GHD, (hyp.) 
and tho angle EGB is equal to the angle AGH, (i. 15.) 
therefore the angle AGH is equal to ihe angle GHD ; (ax. 1.) 
and they are ^temate angles, 

therefore AB ia parallel to CD. {i. 27-) 
AgMn, because the angles BGH, GHD are together equal to two 
right anglea, (hyp.) 

and that the angles AGH, BGH arc also together equal to two 

right anglea ; (i. 13.) 
therefore the angles AGH, BGH arc equal to the angles BGH, 
GHD; (ax. 1.) 

take away tho common angle BGH; 
therefore the remaining angle A GH is equal to the remaining angle 
GHD; (ax. a) 

and they are alternate angles;' 
therefore AB is paraUel to CD. (i. 87.) 
Wherefore, if a straight line, &c. o. u. d. 

PROPOSITION XXIX. THEOREM. 
tf a straight line fall upon taro parallel straight lines, it makes the alter' 
nail angle* eijual to one another; and the exttrior angle equal lo Ihe interior 
tmd opposite upon the same tide ; and likeaite the t%eo inlerior angles upon 
A* $wmwid» iogeOur e^at lo two right angle: 
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Let the straight line EF M upon the parallel straight lines AB^ CD, 

Then the alternate angles AGH, GHD shall be equal (o one another; 

the ezftcrior ang^ £GB shall be equal to the interior and opposite 

angle GHD upon the same side of the line EF ; 

md the two interior angles BGH, GHD upon the same side shall be 

together equal to two right angles. 

B 




For, if the angle AGH be not equal to the alternate angle GHD^ 

one of them must be greater than the other, 

let AGH be greater than GHD, 

then becanae the angle AGH is greater than the angle GHD, 

add to each of these uncquals the angle BGH ; 

therefore the angles AGH, BGH are greater than the angles BGH, 

GHD ; (ax. 4.) 
but the ansles AGH, BGH are equal to two right angles ; (i. 13.) 
therefore the aneles BGH, GHD arc less than two ric^ht angles ; 
but those stnuffht lines^ which with another straight line &lling 
upon them, make the interior angles on the same side less than two 
right angles, will meet together if continually produced ; (ax. 12.) 
th<»efore Uie straight lines AB^ CD, if produced far enough, will 
meet; 
but they never meet, since they are parallel bv the hypothesis ; 
therefore the angle AGH \s not unequal to the angle GHD, 
that isy the angle AGH \& equal to the angle GHD : 
but the angle AGH is equal to the angle EGB ; (i . 15.) 
therefore likewise the angle EGB is equal to the angle GHD : (ax. 1.) 

add to each of them the angle BGH; 
therefore the angles EGB, BGH are equal to the angles BGH, GHD; 
(ax. 2.) 

but EGB, BGH are equal to two right angles ; (i. 13.) 

therefore also BGH, GHD are equal to two right angles, (ax. 1.) 

Wherefore, if a straight line, &c. q.e.d. 

PROPOSITION XXX THEOREM. 
Straight linea which are parallel to the same straight line are parallel to 
each other. 

Let the straight lines AB, CD, be each of them parallel to EF. 
Then shall ABhetkiso paursdlel to CD, 
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Let the straielit line GHK cat AB, EF, CD. 

Then bcfauae GHK cuts the parallel straight lines AB, EF, 

therefDre tlie angle AGH is equal to the aitcmiitc angle GHF. [i. 29.) 

Agiiin, because GIIK cuts the parailcl straifrht lines EF, CD, 

therefore the exterior angle GHF is equiil to the interior angle HKDi 

((. 20.) 

uad it was shewn that the angle AGH is equal to the angle GIIF; 

therefore the angle AGH is equal to the angle GKD ; 

and these are alternate angles ; 

therefore AB is parallel to CD. (i. 27.) 

Wlierefore. stnught lines which arc, Sic. q.e.d. 

PROPOSITION XXXI. PROBLEM. 

Tb draa a ilraighl line through a given paint paratlet lo a gintn ilraigU 

Let A he the given point, and BC the given straight line. 
It is rcijuired to draw, through the point A, a straight line parallel 
to the straiglit line BC. 



In the line BC take any point D, and join AD, 
at the point A in the straiiirht line AD, make the angle DAE equal to 
the angle -■IZJC; (i. 23) 

and produce the straight line EA to F. 
Then ^F shall bo parallel to BC. 
Because the straight line AD meets the two straight lines EF, BC, 
and makes the alternate aneles EAD, ADC, equal to one another, 
therefore EF is parallel to BC. (i. 27-) 
Wherefore, through the given point A, has been drawn a atrwght 
line £-iF parallel to the given stTMght line BC, o.b.p. 

PROPOSITION XXXII. THEOREM. 
If a sith nf any triangle bt produced, the exliriar angle it e^uat to lh« 
tiro inferior and oppotile anglei ; and the three inlerhr angtei nf every 
triangle are together equal to tae right angles. 

Let.<SC bo a triangle, and let one of its sides BC be produced to D. 
Then the exterior angle JCD shall be equal to the two interior 
and opposite angles CAB, ABC: 

and the thrte interior angles ABC, BCA, CAB shall be equal to , 
two right angles. 
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Thioagh dM point C dimw CE pftrmllel to the aide BA. (i. 31.) 

Th^ because CE is parallel to BA, and AC meets them, 

thnetoe the angle ACE is equal to the alternate angle BAC (i. 29.) 

Affun, heoanse CE is parallel to AB, and BD faUs upon them, 

therefore the exterior angle ECD b equal to the interior and op> 

poaite angle XBC; (i. 29.) 
bat the an^e ACE was shewn to be equal to the angle BAC ; 
therefore the whole exterior angle ACD is equal to the two interior 
and opposite angles CAB, ABC : (ax. 2.) 

to each of these equals add the angle ACB, 
therefore the angles ACD and ACB are equal to the three angles 

CABy ABC, and ACB ; (ax. 2.) 
but the angles ACD, ACB are equal to two right angles, (i. 13.) 
therefore uso the angles CAB, ABC, ACB are equal to two right 

angles, (ax. 1.) 
Wherefore, \i a side of any triangle be produced, &c. q. e. d. 
CiMu 1. All the interior angles of any rectilineal figure together 
wiili four Tigfat angles, are equal to twice as many right angles as the 
figuxe has sidea. 




For any rectilineal figure ABCDE can be divided into as many 
triangles as the figure has sides, by drawing straight lines firom a point 
F within the figure to each of its angles. 

Then, because the three interior angles of a triangle are equal to 

two right angles, and there are as many triangles as the figure has sides, 

therefore all Uie angles of tliesc triangles are equal to twice as many 

light angles as the figure has sides ; 
bat t£e same angles of these triangles arc equal to the interior angles 

of the fiffure together with the angles at the point Fi^ 
and the angles at the point F, which is the common vertex of all 

the triangles, are equal to four ri^ht angles, (i. 15. Cor. 2.) 
therefore the same angles of these triangles are equal to the angles 

of the figure together with four right angles ; 
but it has been proved that the angles of the triangles are equal to 

twice as many right angles as the figure has sides ; 
therefore all the angles of the figure together with fout right angles 
are eqaal to twice as many right angles as the figure has sides. 
Cor. 2. AU the exterior angles of any rectilineal figure, made by 
producing the sides successively in the same direction, are together 
equal to four right angles. 
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Since every interior angle ABC, together with ita adjacent exterior 
angle ABD, are equal to two right angles, (i. 13.) 

therefore all the interior angles, together with all the exterior ajieleo 
of thofigureiare equal to twice aemany right angles aathe figure lias 

but it has been proved hj the foregoing corollary, that all the interior 
nngles together with four right angles are equal to twiee aa many right 
angles aa the figure has aides ; 

therefore all the interior anglea together with all the exterior angloa 
are equal to all the interior anglea and four right angles, (ax. 1.) 
take from these equals all the interior angles, 

therefore all the exterior onglesof the figure are equal to fonr right 
anglea. (ax. 3.} 

PROPOSITION XXXIII. THEOREM. 
The straight Unti lehich join lh« e.rlrem\liea of Mo tguat and parallel 
ilraight lines towards Ihe lamt parla, art also Ihemsthea equal and parallel. 
Let AB, CD be equal and parallel straight lines, and joined towards 
the same parts by the straight lines AC, BD. 

Then AC, BD shall he equal and parallel. 



Join BC. 

Then because ^B is parallel to CD, and BCmeets them, 
therefore llie angle ABC is equal to the alternate angle BCD ; (i, 29.) 
and because AB is equal to CD, and BC common to the two triangles 
-ISC, DCB ; the two sides ^B, BC, are equal to tlie two DC, CB, each 
tocai'h, and the angle .-IBC was proved to be equal to the angle BCD: 
therefore the base AC is equal to the base BD, (t. 4.) 
and the triangle ABC to the triangle BCD, 
and the other anglea to the other anglea, eaeh to each, to which the 
equal sides are opposite; 
tiierefore the angle ACB is equal to the angle CBD. 
Ant! because the straight line BC meets the two striught lines AC, 
BDfBuA makes the alternate angles .4CB, CBZ)e<iualtooue another; 
therefore ^C is parallel to BD; (i. 27.) 
and A C was shewn to be equal to BD. 
Therefore, strdght lines which, Ike. q. e. d. 

PROPOSITION XXXIV. THEOREM. 

The eppoiile aides and angles of parallelograms are equal to one aiwtJWr, 
aiid the diameler bisects them, thai is, divides them into tieo equal parlt. 
Let ACDB be a parallelogram, of which BC h a diameter. 
Then the opposite sides and anglea of the figure sluJl be equal to 
ne another ; and the dismeter BC shall bisect it. 
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Becanse AB is panUel to CD, and BC meets them, 
theTefore the angle ABC is equal to the alternate angle BCD. (l 29.) 

And becanse ^C is parallel to BD, and BC meets them, 
tfaezefore the ansle ACB is equal to the alternate ang^e CBD. (i. 29.) 

Hence in the two triangles ABC, CBD, 
because the two angles ABC, BCA in the one, are equal to the two 

angles BCD, CBD in the other, each to each ; 
and one side BC, which is adjacent to their equal angles, common to 

the two triangles ; 
therefore their other sides are equal, each to each, and the third angle 
of the one to the third angle of the other, (i. 26.) 
namely, the side AB to the side CD, and ACio BD, and the angle 
BAC to the angle BDC 

And because the angle ABC is equal to the angle BCD^ 
and the angle CBD to the angle ACB, 
therefore the whole angle ABD is equal to the whole angle ACD; 
(ax. 2.) 

and the angle BAC has been shewn to be equal to BDC ; 
therefore the opposite sides and angles of a parallelogram are equal to 
one another. 
Also the diameter BC bisects it 

For since AB is equal to CD, and BC common, the two udes AB, 
BC, are equal to the two DC, CB, each to each, 
and the angle ABC has been proved to be equal to the angle BCD; 
therefore the tri^i^le ABC is equal to the triangle BCD', (i. 4.) and 
the diameter BC divides the parallelogram ACDB into two equal parts. 

O.E.D. 

PROPOSITION XXXV. THEOREM. 

ParaHelogramM upon the same bate, and between the eame parallel, are 
equal to one another. 

Let the parallelograms ylBCD, EBCF be upon the same base BC, 
and between the same parallels AF, BC. 

Then the parallelogram ABCD shall be equal to the parallelogram 
EBCF. 

AD F ADS F ASDF 
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If ihe sides AD, DF of the parallelograms ABCD, DBCF, opposite 
to' the base BC, be terminated in the same point D; 
then it is plain that each of the parallelograms is double of the triangle 

BDC; (1.34.) 
and therefore the parallelogram ABCD is equal to the parallelogram 
J}BCF. (ax, 6.) 
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But if the sides AD, EF, opposite to the base BC, be not ter- 
miuatcd in the same point ; 

Then, because ABCD is a parallelogram, 

therefore AD is equal to BC; {i- 34.) 

and for a similar rvason, EFU equul to BC; 

wherefore AD m equal to EF; (ax. 1.) 

and BE u common ; 

therefore the wiiole, or the remainder AE, is equal to the whole, or 

remainder DF; (ax. 2 or a) 

and^SisequaltoDC; (i 34.) 

hence in the triangles EAB, FDC, 

because FD is equal to EA, and DC to AB, 

andtheexteriur angle JTDC is equal to tlie interior and oppoBitc angle 

EAB; fi. 29.) 

therefore the base FC is eqnal to the base EB, (i. 4.) 

and the triangle FDC is equal to the triangle EAB. 

Prom the trapezium ABCF take the triangle FDC, 

and from the same trapezium take the triangle EAB, 

and the remainders are equal, (ax. 3.) 

therefore the parallelogram ABCD is equal to the parallelogram EBCF. 

Therefore, pamllelogTams upon the same, &c. a, e, d, 

PROPOSITION XSXVI. THEOREM. 

Faralltlograms upon equal baaei and telinaen Iht lamt paraltiU, are 



and betwL 

Then the parallelogram ABCD shall be equal to the parallelogram 
EFGH. 

A ^D B H 

B C F G 

Join BE, CB. 
Then because BC is equal to FG, (hyii.) and FG to Ell, (i. 34.) 

therefore «(■ is equal to £//; (ax. 1.) 
and these lines arc parallels, and joined towards the same parts by the 
straight Unea Bfi', CH; 

but straight lines which join the extremities of equal and parallel 
straight lines towards the same ports, are themselves equal and parallel; 

{i. 3y.) 

tlierefore BE, CH are both equal and parallel ; 
wherefore EBCIIha parallelogram, [def. A.) 
Then since the puralldogruma ABCD, EBCH, are upon the same 
base BC, and between the same parallels BC, AH ; 

therefore the parallelogram ABCD is equol to the parallelogram 
EBCH. (1.35.) 
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For a similar reason, the parallelogram EFGH is equal to the 
parallelogram EBCH; 
therefore the parallelogram ABCD is equal to the parallelogram 
EFGH. (ax.1.) 

Therefore, parallelograms upon equal, &c. q. e. d. 

PROPOSITION XXXVII. THEOREM. 

TrianghM ttpon {h$ same ba$0 and hthoeen ike same parattelty are eq^al 
to one anoiher. 

Let the triangles ABC, DBC be upon the same base BC, and be- 
tween the same parallels AD, BC. 

Then the triangle ABC shall be equal to the triangle DBC. 




Produce AD both ways to the points E, F; 

through B draw BE parallel to CA, (i. 31.) 

and through C draw CF parallel to BD. 

Then each of the figures EBCA, DBCF is a parallelogram ; 

and EBCA is equal to DBCF, (i. 85.) because they are upon the same 

base BC, and between the same paraUels BC, EF. 

And because the diameter AB bisects the parallelogram EBCA, 

therefore the triangle ^J9Cis half of the parallelogram EBCA ; (i. 34.) 

also because the diameter DC bisects the paraUelogram DBCF, 

therefore the triangle DBC is half of the parallelogram DBCF, 

but the halves of equal things are equal ; (ax. 7-) 

therefore the triande ABC is equal to the triangle DBC. 

TVherefore, triangles, &c. q. b. d. 

PROPOSITION XXXVIII. THEOREM. 

TriangUt upon equal haset and between the tame parallel/, are equal to 
one another. 

Let the triangles ABC, DEFhe upon equal bases BC, EF, and 
between the same parallels BF, AD, 

Then the triangle ABC shall be equal to the triangle DEF. 
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Produce AD both ways to the points G, H; 

through B draw BG parallel to CA, (i. 31.) 

and through F draw FH parallel to ED. 
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Then each of the figures GBCA, DEFIl is a parallelogram ; 

and they are equal to one another, (i. 30.) 

because thi'y are upon equal liases SC, EF, 

and between the same parallds HF, Gil. 

And l«cause the diameter Ali bisects the parallelogram GBCA, 

therefore the triangle ABC is the half of the paralleloirrara GBCA ; 

(, M.) • 

also, because the diameter DF bisects the parallelogram DF.FH, 

therefore the triangle DEFis the half of the parallelogram DEFH ; 

but the hdves of equal things arc equal ; (iix. 7. ) 

therefore the triangle ABC is equal to iJie triangle DEF. 

Wherefore, triangles upon equal bases, &c a- e. d. 

PROPOSITION XXXIX. THEOREM. 

le ilifa (/ if, are 



Let the equal triangles j4Br,-DJ8C be upon theaame base BC, and 
upon the same side of it. 
Then the triangles ABC, DBG shall be between the same parallels. 



Join AD; AD shall be parallel to BC. 
For, if it be not, through the point A draw AE parallel to BC. (i. 81.) 
meeting BD, or BD produced, in E, and join EC. 

Then tlie triangle ABC is equal to tlie triangle EBC, (i. 37.) 

because they are upon the same baac BC, 

and between the same parallels BC, AE; 

but the triangle ABC is equal to the triangle DBC \ (hyp.) 

therefore the triangle DiiC is equal to the triangle EBC, 

the greater equal to the less triangle, which is impossible : 

therefore AE is not parallel to BC. 

In the same manner it can be demonstrated, that no other line but 

^ Din parallel to J!C; 

AD is therefore parallel to BC. 
^nterefore, eqaal triangles upon, &c g.E.D. 

PROPOSITION XL. THEOREM. 

•aigltl line, and loipardi 



Let the eqnal triangles ABC, DEF be upon equal bases SC, EF, 
in the same straight line BF, and towards the nme parts. 
Then they shall be between tlio same parallels. 
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Join AD; AD shall be parallel to BF. 
For^ if it be not, through A draw AG parallel to BF, (l 31.) 

meeting ED, or ED produced in G, and join GF. 

Then the triangle ABC is equal to the triangle GEF, (t. Sa) 

because they are upon equal bases BC, EF, 

and between the same parallels BF, AG ; 

but the triangle ABC is e<iual to the trianj^le DEF; (hyp.) 

therefore the triangle DEF is equal to the tnan^le GEF, (ax. 1.) 

the greater equal to the less triangle, which is impossible : 

therefore AG is not ps^lel to BF. 

And in the same manner it can be demonstrated, that there is no 

other parallel to it but AD ; 

AD is therefore parallel to BF. 
Wherefore, equal tnangles upon, &c. q.e.d. 

PROPOSITION XLI. THEOREM. 

^ a paraUelogram and a triangle be upon (he same base, and between 
the same pardUels ; the paraUelogram shall be double efthe triangle. 

Let the parallelogram A BCD, and the triangle EBC be upon the 
same base BC, and between the same parallels BC, AE. 

Then the parallelogram ABCD shall be double of Uie triangle EBC. 

D B 
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Join AC* 
Then the triangle ABC is equal to the triangle EBC, (i. 37.) 
because they are upon the same base BC, and between the same 

parallels BC, AE. 
Bat the parallelogram ABCD is double of the triangle ABC, 
because the diameter AC bisects it ; (i. 84.) 
wherefore ABCD is also double of the triande EBC- 
Therefore, if a parallelogram and a triangle, &c. q.e.d. 

PROPOSITION XLII. PROBLEM. 

T0 describe a parallelogram that shaU be equal to a giffen triangle, 
and have one qf its angles equal to a given rectilineal angle. 

Let ABC be the given triangle, and D the given rectilineal angle. 
It la required to describe a parallelogram that shaQ be equal to the 
giyen triangle ABC, and have one of its ang^ equal to 2>. 
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Bisect BC in E, (i. 10.) andjoin AB ; 
at the point J? in the straight line EC, 
make the angle CEF equal to the ang\e D ; (i. 
through A draw AFG paralkl to BC, [i. 31.) 
and through C draw CG parallel to EF. 
Then the figure CEFG is a, parallelogram, (def. A.) 
And because the triangles ABE, AEC are on the equal bascB BE, 
EC, and between the same paraUcIs BC, AG; 

they aro therefore equal to one another ; fi. 38.) 
and therefore the triangle ABC is double of the triangle AEC; 
bnt the parnllelogram FECG isdouhleof the trianele .^iJC, (i.41.) 
because they are npon the same haae EC, and Detwecn the same 
parallels EC, AG ; 
therefore the parallelogram FECG is equal to the triangle ABC, (ax. 6.) 
and it has one of its angles CEF equal to the given angle D. 
Wherefore, a parallelogram FECG has been described equal to the 
given triangle ABC, and having one of its angles CEF equal to the 
given angle D, q.b.p. 
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Let ABCD be a parallelogram, of which the diameter is AC: and 

EH, GF the parallelograms abou t A C, Ihal it, through vthich A C pa3se» : 

also BK, KD the other parallelograms which make up the whole 

figure ABCD, which are therefore called the complements. 

Then the complement BK shall be equal to the complement KD. 



Because ABCD is a parallelogram, and AC its diameter, 

therefore the triangle ABC is Wjual to the triangle ADC. (i. 34.) 

Again, because EKHA is a paraUelogrum, and .If its diameter, 

therefore the triangle .4 EK' is equal to the triangle ^WK"; (i. 34.) 

nnd for the same reason, the triangle A'GC ia equal to the triangle KFC. 

Wherefore the two triangles AEK, EGC are equal to the two 

fnaag\n AHK, KFC, (ax. 2.) 
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bat the whole triangle ABC is equal to the whole triangle ADC; 
therefore the remaining complement BK 'la equal to the remaining 
complement KD, (ax. 3.) 

Wherefore the complements, &c. ^ b. d. 



PROPOSITION XLIV. PROBLEM. 

To a given iirmghi Rne to apply a paratUhgram, which thali 6# equal 
to a given iriangley and have one of its anglee equal to a given reetiHneal 
angle. 

Let AB be the riven straight line, and C the giren triangle, and D 
the given rectilineal angle. 

It is required to applv to the straight line AB, a parallelogram 
equal to the triangle C, and having an angle equiu to D, 





Make the paiBllelogram BEFG equal to the triangle C, (i. 42.) 
and having the angle EBG equal to the angle D, 
so that BE be in the same straight line with AB ; 

produce FG to H^ 
through A draw ^IT parallel to BG or EF, (i. 31.) and join HB, 
Then because the straight line HF falls upon the parallels AH, EF, 
therefore the angles AHF, UFE are together equal to two right 

angles ; (i. 29.) 
wherefore the angles BIIF, HFE are less than two right angles : 
but straight Imes which with another straight line, make the two 
interior angles upon the same side less than two right angles, do meet 
if produced &r enough : (ax. 12.) 

there&re HB^ FE shall meet, if produced ; 

let them be produced and meet in JT, 

through K draw KL parallel to EA or FHy 

and produce HA, GB to meet KL in the points L, M. 

Then HLKF is a parallelogram, of which the diameter is HK; 

and AG, ME, are the parallelograms about HK; 

also LB, BF are the complements ; 

therefore the complement LB is equal to the complement BiF ; (i. 43.) 

but the commement BF is equal to the triangle C; (constr.) 

wherefore LB is eq[ual to the triangle C 

And becanse the ai^le GBE is equal to the angle ABMy (i. 15.) 

and likewise to the ansle D ; (constr.) 

therefore the angle ABM is equal to the angle 2>. (ax. 1.) 
Therefore to the straight ^mQ AB, the parallelogram LB is applied, 
equal to the triangle C, and having the angle ASM equal to the angle 

D. Q.E.F. 
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PROPOSITION XLV. PROBLEM. 

Te deiBTibg a patalldoj/ram equal to a ^iven rectilineal JigUTt, and 
having an angle equal lo a ^oen rectilineal angle. 

Let ABCD be tlie given rectilineal figure, and E the given recti- 
lineal angle. 

It is required to describe a parallelogram that shall he equal to the 
figure ABCD, and having an angle equal to E. 

A p F G L 



Join DB. 
Descrihe the paraMelogram FU equal to the trianglo ADB, and 
IwTiDE the angle FEH equal to the angle E ; (i. 42.) 

to the Btraiglit line GH, apply the parallelogram GM equal to the 
triangle DBC, having the angle GHM equal to the angle E. 
(». 44-3 
Then the figure FKML shall be the parallelogram required. 
Because the angle E is equal to each of tlie angles FKH, GHM, 
therefore the angle FKH is equal to the angle GHM ; 
add lo each of these equals the angle KHG ; 
therefore the anglea FKH, KHG are equal to the anglea KHG, GHM; 
but FKH, KHG are equal to two right angles ; (i. 20.) 
therefore also KHG, GHM are equal to two right angles; 
and because at the point H, in the straight line GH, the two 
Ftraight lines KH, HM, upon the opposite aides of it, make the ad- 
jacent angles equal to two right angles, 

therefore HK is in the same straight line with HM. t>. 14.) 

And because the line HG meets the parallels KM, FG, 

therefore the angle MHG is equal to the alternate angle HGF; (1. 29.) 

add to each of these equals the angle HGL ; 

therefore the angles MHG, HGL arc equal to the angles HGF, HGL ; 

but the angles MHG, HGL are equal to two right angles ; (i, 29.) 

therefore also the angles HGF, HGL are equal to two right angles, 

and therefore FG is in the same straight line with GL. (i. 14.) 

And because KF is parallel to HG, and HG to ML, 

tliercfore KF is parallel to ML ; (i. 30.) 

and KM hos been proved parallel to FL, 

wherefore the figure FKML la a parallelogram ; 

tmd since tlie triangle ABD is equal to the parallelogram HF, 

and the triangle BDC to the parallelogram GM ; 

therefore the whole rectilineal figure ABCD is equal to the whole 

parallelogram KFLM. 

Therefore the parallelogram KFLM has been described equal to 

-the given rectilineal figure ABCD, having the angle FKM equal to 

the given angle E. 
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Cob. From thb it is manifest how, to a given straight line, to apply 
a parallelogram, which shall have an angle eaual to a given rectihneal 
angle, and shall he equal to a given rectilineal figure ; viz. hy applying 
to the given straight line a parallelogram equal to the first triangle 
ABjD, (l. 44) and having an angle cqiuil to the given angle. 

PROPOSITION XLVI. PROBLEM. 

7*0 Juoribe a square upon a fiven itraighi im€. 

Let AB be the given straight line. 
It 18 required to describe a square upon AB. 

C 




From the point A draw AC at right angles to AB; (i. 11.) 

make AD equal to AB, (i. 3.) 

through the point D draw DE parallel to AB, (l 31.) 

and through B, draw BE parallel to AD ; 

therefore ABED is a parallelogram ; 

whence AB is equal to DE, and AD to BE ; (i. 34.) 

but BA is equal to AD, 

therefore the four lines BA, AD, DE, EB are e<]^ual to one another, 

and the parallelogram ADEB la equilateraL 

It has likewise Sil its angles right angles ; 

since AD meets the pi^Edlels AB, DE, 

therefore the angles BAD, ADE are equal to two right angles ; (i. 29.) 

but BAD is a right angle ; (constr.) 
therefore also ADE is a right angle. 
But the opposite angles of parallelograms are equal ; (i. 34.) 
therefore each of the opposite angles ABE, BED is a right angle ; 
wherefore the figure ADEB is rectangular, 
and it has been proved to be equilateral ; 
therefore the figure ADEB is a square, (def. 30.) 
and it is described upon the given straight line AB. q.e.f. 
Cor. Hence, eveiy parallelogram that has one right angle, has all 
its angles right angles. 

PROPOSITION XLVII. THEOREM. 

Tn any right' angled triangle, the square which is described upon the side 
subtending the right angle, is equal to the squares described upon the sides 
which. contain tite right angle, 

Liet ABC be a right-angled triangle, having the right angle BAC- 
Then the square described upon the side BC, shall be equal to the 
squares described upon BA, AC. 




On SC describe the square BBEC, (i. 46.) 

and on BA, AC the Bqunrea GB, tIC; 

through A draw AL parallel to BD or CE ; (l 31.) 

and join AD, FC. 

Then hecnuse the angle BAC ia a right angle, (hyp.) 

and that the angle BAG ia a right angle, Cdef. SO.) 

the two straight lines AC, AG upon the opposite aides ot AB, make 

with it at the point A, the adjacent angles equal to two right angles; 

therefore CA is in the same str^ght line nith AG. (i. 14) 

For the same reason, BA and AH are in the same atnu'ght line. 

And becauae the angle DBC is equal to the angle FBA, 

each of them buing a right angle, 

add to each of these equals the angle ABC, 

therefore the whole angle DBA is equal to the whole angle FBC. fas. 2.) 

And because the two rides AB, BD, are equal to the two sides FB, 

BC, each to each, and the included angle ^.SZliscqual to the included 

angle FBC, 

therefore the base JD is equal to the base FC, {t, 4.) 
and the triangle ABD to the triangle FBC. 
Now the parallelogram BL is double of the triangle ABD, (i. 41.) 
because they are upon the same base BD, and between the soinfi 
parallels BD, AL ; 

also the square GB is double of the triangle FBC, 
because these also are upon the same base FB, and betn-ccn the 

same parallels FB, GC. 
But the doubles of equals are equal to one another ; fax. 0.) 
therefore the parallelogram BL is e<fuid to the square GB. 
Similarly, by joining AE, BK, it can be proved, 
that the parallel ograni CL is equal to the square IIC. 
Therefore tlie whole Gquuro ^DfC is equal to the two squares GB, 
HC; tax. 2.) 

Bod the square BDEC ia described upon the straight lino BC, and 

the squares GB, IIC, upon AB, AC: 
therefore the square upon the side BC, is equal to the squares upon 
the udes AB, AC. 
Therefore, in an; right-angled triangle, &c. a.B.D, 
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PROPOSITION XLVIII. THEOREM. 

if the Mquare de§eribed upon one qf ihs ndgt <^ a triangUy he equal 
to ike equares deeeribed upon the other two tides f^f it; the angle contained 
bjf these two tides is a right angle. 

Let the square described upon BC, one of the sides of the triangle 
ABCf be equal to the squares upon the other two sideSy AB, AC. 
Then the angle BAC shall be a right angle. 




From the point A draw AD at right angles to AC, (l 11.) 

make AD equal to AB^ and join DC. 

Then because AD is equal to AB, 

therefore the square of AD is equal to the square of AB ; 

to each of these equals add the square of AC; 

therefore the squares of AD, ^C are equal to the squares of AB, AC : 

but the squares of AD^ AC are equal to the square of DC, (i. 47.) 

because the angle DAC is a right angle ; 

and the square of BC, by hypothesb, is equal to the squares ofBA, AC; 

therefore the square of DC is equal to the square of BC ; 

and therefore the side DC is equal to the side BC. 

And because the side AD is equal to the side AB, 

and AC is common to the two triangles DAC, BAC ; 

the two sides DA, AC, are equal to the two BA, AC, each to each ; 

and the base DC has been proved to be equal to the base BC; 

therefore the angle DAC is equal to the angle BAC ; (i. 8.) 

but DAC is a right anele ; 

therefore also BAC is a right angle. 

Therefore^ if the square described upon, &c q.b.d. 



d3 




NOTES TO BOOK I. 



ON THE DEFINITIONS. 



t ScLcncee, and I 

bgervalion. I 



Geometev is one of the most perfect of the i3«iurl[ve 

Bl on the simplest Inductiong irom espcrience and obgervalion. 

The first prindplesof Oeometry are therefore in this view conai stent hypo- 
iheKB founded on faclB cognizBbU by the kiiws, and it ia a Bubjeel of primary 
importance to draw a distinction between the conception of Uiings and the 
liiings themselves. Tbeae hjipotheiea do not involve any property contrary to 
(he real nature of the things, and, consequently, cannot he regarded as arbi. 
(rary, but, io certain respects, agree viih (he conceplione nhich the things 
themaelves suggest to the mind through the medium of the Bcnsca. The 
easeatial definitions of Oeomelry therefore being inductions fnmi obs«rvalion 
and eKperience, rest ultimately on the evidence of the senses. 

It is by experience we become acquainted with the eiistence of individual 
forms of m^niiudes ; but by the mental process of abstraction, which begin* 
with a particular instance, and proceeila to the general idea of all objecta of the 
same kind, we attain to the general conception of those forms which come 
under the same genend idea. 

The essential definitions of Qeomelry exprcBS guieraliied eoncepliont 
of real existcncea ia their moat perfect ideal forma; tlic laws and appear- 
ances of nature, and the operations of the human intellect being supposed 
uniform and consistent. 

But in cases where the subject falls under the class of simple ideas, the 
terms of the definitions bo called are no more than mcitly equivalent eipres. 
sions. The simple idea described by a proper term or leims, does not in fact 
admit of definition properly so called. The definiilous in Euclid's Elements 
may be divided into two classes, those which merely explain the meaning of 
the terms emplmcd, and those, which, besides explaining the meaning of the 
terms, suppose the existence of the tbings described in the definitions. 

Definidons In Geometry cannot be of such a form as to explain the 
nature and properties of the figures defined i it is sufficient that they givo 
marks whereby the thing defined may be distinguished from every other of the 
same kind. It will at once be obvious, Ibat llie definitions of Geometry, one 
of the pure sciences, being abstiBcIions of space, are not like the definitions 
in any one of the physical sciences. The discovery of any new physical facta 
may render necessary some allerations or modification in the definitions of 
the latter. 

Dcf. I. Simaon has adopted Thcon*s definition of a point. Euclid's 
definition is, miiuioii Jo-tiv du pipm oHeu, "A point ia (hat, of which there 
is DO pan," or which cannot be parted or divided, na it is explained by 
Proclus. The Greek term <nififlaii, literally means, a viaible lign or mark 
on a surface, in other words, a phgiicat poial. The English (erm pohr, means 
the aharp end of any thing, or a mark made by it. The word poiat cornea 
ftma the IiB(in psHctuni, (hiough iho French wonl poinl. Neither of iheao 
terms, in its literal sense, appears to give a very exac( notion of what is to be 
uaderstaod by a point in Oeomtlry. Euclid's definition of a point merely 
expresses a negative property, which esdudea the pmper and lileial meaning 
of the Greek term, as appli^ (a denote a physical point, or a mark which ia 
viiible to (he mdms. 
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' Pythagani defintd ft point U he (isni'i licaiv ixcma, "> monad luvinK 
podtioa-'' B; uniting the poiiiiie idra of paliion, villi the negaiin idn 
of defect of Dugnitude. the concepiicHi of a poini io Geameirj aitj be >m- 
imd peihapa more jnielligibte. A point U defined ii> be thai wtilcb Iih no 
magnitude, but pmilino onlf- 

Def. It. Everf Tiaible line haa both lenatb and bmdlh, aiul it ta hnoa- 
^1e to draw aay line whiite<rer whidi (hall hate tn bnodih. The definitioD 
■Ei|iUK> the eonccplion of Uiclengih only of the line lo be eonldercd, abaltMKd 
fhni, and indepindcnily of. all idea of iu breadth. 

Def- III. Thit definition rendcn more inicUigible the cuct meaning of 
the deSnition oF a point: and we maj add, that, in the Klemenu, Euclid 
npposea that the intcneclion of two liiica ii a point, and that t«D linsi oo 
iutnKCI each othet In one point odIj. 

Def. IV. The iti^ht Unc or tight line ii a lenn ao eleai and intel. 
I^ble aa lo be incapable of becoming mure as bj formal dcfinilioa. Kuelid'i 
llffinlijan a BiBtia ypafi/iii iarir, ij-tii If taav -rait Jifi' iavrqi eiifitlai* 
nwirai, wbeniti he Btalea it lo lie evenly, or r^alig, or mpmi an tqanlUy 
((£ fsou) between iti extremiuei, and which Fioclui eiplaini aa being 
UKtehed between iti eittemiiiea, 'i iir' dxpiav TiTa/iinf. 

It Ibe line be eonctiTcd to be drawn on a plane lurbce, the wonla 
j£ Imif insj mean, ihal no part of the line which ia called a itnighl tine 
frlsle* either from one lide oi ihe other of the diitction which ia fixed by (he 
extremitka of the line ; and tbua it may be distinguished frotn a cucred line, 
vliieh doea not lie, in this aenM, erunly between iu extreme pointa. If ihe 
lios be Eonceived Id be drawn in apace, the wonli i{ lanv. muit be undeniood 
10 Hqilr ao CTery direction on every aide of the tine between ita eitieinilica. 

Ercry *tni{;ht line aitualed io a plane ia coniidered to bare two tidea ; and 
■wiiea the diieelion of a line is known, the line is aaid to be given in position ; 
•bo, when the length it known or can be found, it is nid lo be given in 
■ugnilude. 

From the deSnition of a straight line, it follawa, that Iwo pointa fix a 
■might line in position, which ia the foundaiioo of the first and aecoiid 
poatolalea. Hence straight lines which are proved lo coincide in two or more 
pointa, are called, "-one and the same sltaighl line." Prop. 14. Book i., or, 
vbidi ia the same thing, that, "Two straiglit linci cannot have a coinmon 
■eginent," aa Simion shews in his Cotullary lo Prop. II, Hook i. 

The following definition of straight lino has alio been proposed. 
"Straight lines are those which, if they coincide in any two points, coincide 
■s lai aa they are produced." But tills is tather a criterion of straight lines, 
and analogous to the eleventh axiom, which states that, "all light angles are 
equ»l to one another," and suggesli that all atraight lines may be tnade to 
coincide wholly, if the lines be equal ; or partially, if the lines be of unequal 
lengtha. A definition should properly be teatricted to the description of the 
thing defined, as it exists, independently of any comparison of ita properties or 
af tacitly aasuining the exiilence of axioms. 

DeC Til. Euclid's definition of a plane turfaco ia 'E-wl-rttos lirii^avna' 
Jo-j-i* iT-TK ef Iffou Tdit i^- tavr^t tbetiaa .slTai, "A plane surface la that 
which lies evenly or equally wilh the strught lines in it ; " inatead of which 
Simaon has given the definition which was origiiudly proposed by Hero the 
Elder. A plane superficies may be suppoatd lo be situated in any position, 
and to be continued in every direction to any extent. 

Def- viii. Simson remarks that this definition aecmg to include the 
anglea farmed by two curved lines, or a curve and a straight line, as well 
ss that formed by two atraigtit lines. 
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Angles nude by alisight lines only, are treated of in Elementarj' Geometrjr. 

Dcf. IX. It is of tbe highest imporliince to sitain a, dear conception of 
>D angle, Tbe literal nieanlng of the term angiilui su^gcBli the Oeomctrical 
conception of an angle, nliich may be regarded at fanned by the divergence of 
two straight lines from a point. In ihe definition of an angle, the tnagniluda 
of die angle ia independent of the lengths of the two lines by which it ii 
included ; their mutual divergence from the point at which they meet, is tba 
criterion of the magnitude of an angle, as it is painted out in tbe succeeding 
definitions. The point at which the two linn meet is called the vertex of the 
angle, and mull not be coafounded with the magnitude of the angle itself. 
The right angle Is fixed in magnitude, and, on this account, it is made the 
subject with which atl otiier angles in Geomelr; are compared. 

Two straight lines which actually intersect one another, or which when 
produced would intersect, are said to be inclined to one another, and the incli- 
nation of the two lini^B is determined by the angle which they make wiih ooe 

Dcf. X. It may lie here observed that in the Elements, Euclid alwaya 
BSBomes that when one line is perpendicular to another line, the Utter is also 
perpendicular to the former ; and always calls a rigfit avglc, &p6i\ ymiiia ; but 
■ Mraighl line, tuUela y^afiinj. 

Def. IIK. This has been restored from ProcJus, as it seems to have m 
mesning in the eonitruclioos of Prop. 14, Book 11 ; the Gist case of Prop. 33, 
Book III, and Prop. 13, Book vi. The definition of the segment of a circla 
is not once alluded to in Btuk i, and is not required before the discusiioD of 
the properties of the circle in Book iti. Practua rcmailcs on this definition; 
" Hence you may collect that the ranter has three places. For it is either 
within the figure, as in the circle ; or in its perimeter, oi in tbe semi-circle ; 
m without the figure, oi in certain conic lines." 

Def- xxiv-xxix. Triangles are divided into three classes, by reference to 
tbe relations of their sides ; and into three other classes, by reference 10 iheir 
angles. A further classification may be made by considering both the relsi- 
tion of the sides and angles in each triangle. 

In Simson's definition of the inosceles triangle, the word ou7y must be 
omitted, as in the Cor. Prop. 5, Booik i., an isosceles triangle may be equi- 
lateral, and an equilatend triangle ia consiilcrcd isosceles in Prop. 15, Book 
IV. Objection has been made to the deHnition of an acute-angled triangle. 
It Is said that it cannot be admitted as a definition, that all the three angles 
of a triangle are acute, which is supposed in Def. 39. It may be replied, tlial 
the definitions of the three kinds of angles point out and seem to supply ■ 
foundation for a similar distinction of triangles. 

Def. XKx-XXXiv. The definiiicns of quadrilateral figures are liable (0 
objection. All of them, except the tiapeEium, fall under the general idea of a 

Sarallelognm ; but as Euclid has defined parallel straight lines after he had 
efined four-sided figures, no other arrangement could be adopted than the one 
he has fallowed ; and for which there appeared to him, without doubt, soma 
probable reasons. Sir Henry Savile, In his Seventh Lecture, remarks oa 
BOtne of the definitions of £uclid, " Nee dissimulandum aliquot harnm In 
maaibus exiguura esse usum in Qeometrii." A few verbal emendations have 
been mode in some of them. 

A square is a four-sided plane figure having all its sides equal, and otw 
angle a right angle; because it is proved in Prop. 4G, Book I, that if a paraU 
lelogram have one angle a right angle, all ila angica are right an^tles. 

An oblong, in the uune manner, may be defined as a plane figure of fou» 
•idea, having only its opposite sides equal, and one of its angles a right angle. 
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A riMNnboid it a foar-sided plane figure having onlj iu opposite tides 
equal to ooe another and its angles not right angles. 

Sometimes an incgular four-sided figure which has two sides parallel, is 
called a tnpesoid. 

DeL xxzY. It is possible for two right lines neTcr to meet when pro- 
doeed, and not be parallel. 

'DtL Am The term parallelogram literallj implies a figure formed bj 
parallel strai^t lines, and naj consist of four, six, eight, or any eren number 
ciniln, where erery two of the opposite sides are pandld to one another. In 
die Elanents, bowcTer, the term is restricted to four-sided figures, and in- 
dndes the fbor species of figures named in the Definitions xxx — xxziii. 

The synthetic method is followed by Euclid not only in the demonstnu 
tions of the propositions, but also in laying down the definitions. Ue com- 
menoea with die simplest abstractions, defining a point, a line, an angle, 
a superficies, and their different Tarieties. This mode of proceeding involTes 
die difficulty, almost insurmountable, of defining satisfactorily the elementary 
abatiactioiis of Gkometry. It has been obserred, that it is necessary to con- 
alder n scdid, that is, a magnitude which has length, breadth, and thickness, in 
Older to understand aright the definitions of a point, a line, and a superficies. 
A solid or volume considered apart from its physical properties, suggests the 
idea of the surfaces by which it is bounded : a surface, the idea of the line or 
lines whidi form its boundaries : and a finite line, the points which form its 
extremities. A solid is therefore bounded by surfaces ; a surface is bounded 
by lines ; and a line is terminated by two poinu. A point marks position 
only : a line has one dimension, length only, and defines distance : a super- 
ficies has two dimensions, length and breadth, and defines extension : and a 
solid has three dimensions, length, breadth, and thickness, and defines some 
definite portion of space. 

It may also be renuirked that two points are sufiident to determine the 
position of a straight line, and three points not in the same straight line, are 
neeeaaary to fix the position of a plane. 

ON THE POSTULATES. 

Thx definitions assume the possible existence of straight lines and circles, 
and the postulates predicate the possibility of drawing and of producing 
straight lines, and of describing cirdes. The postulates form the principles of 
construction assumed in the Elements ; and are, in fact, problems, the possi- 
bility of which is admitted to be sdf-evident, and to require no proof. 

It must, however, be carefully remarked, that the third postulate only 
admits that when any line is given in position and magnitude, a cirde may be 
described from either extremity of the line as a center, and with a radius 
equal to the length of the line, as in Book i, Prop. 1. It does not admit the 
description of a drde with any other point as a center than one of the 
extremities of the given line. 

Book I, Prop. 2, shews how, from any given point, to draw a straight 
line equal to another straight line which is given in magnitude and position. 

ON THE AXIOMS. 

Axioms are usually defined to be self-evident truths, which cannot be ren- 
dered more evident by demonstration ; in other words, the axioms of Geometry 
sie theorems, the truth of which is admitted without proof. It is by expe- 
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rience we fiitt becoiDi! acquainled with the difiiTeat fora 
nitudes, aDd the aiioms, or ihe fundamLnial ideas of their equality or in- 
eqaalily appear to rest on the <ame basis. The conception of the truth of iho 
axioms does not appear la be mate lemoved from experience than the con- 
ception of the detinitiona. 

These axioioii, or tint principlea of demonilrHtian, are such theorems ai 
CHinDt be ttialved Into simpler tlieoiemi, and no theonm ought to be Hdmilted 
H i. fiml principle of rcuoning which la capable of being demanstraled. An 
axiom and fwhen it is converlible) iti converse should both be of such a nature 
■1 that neither of them should require a formal demon sTration. 

The first and most simple idea, tieirived from experience, is, that every mag. 
oitude fills a cerLaiu space, and that seTcral magnitudes may successively fill 
the same space- 
All the knowledge we have o( magnitude is purely relative, and the most 
simple relations ore those of equality and inequality. In the comparison of 
magnitudes, some are cnnsiderfd as given or known, and the unknown ore 
compared with the known, and conclusions are srnthelically deduced with 
respect to the equality or inequality of the loagnitucieB under consideration. In 
this manner we form otir idea of equality, which is thus formally staled in 
the eighth axiom: "Slagnitudes which coincide with one another, that is, 
which exactly 611 the same space, are equal to one another." 

£very specific definition is referred to this universal principle. With regard 
bi a few more general definitions which do not furnish an equality, it will be 
found that some hypothesis is always made reducing them to that principle, 
before any theory is built upon theni. As for example, the definiiion of a 
straight line is to be referred to the tenth axiom ; the definition of a right 
angle to the eleventh axiom ; and the definltioQ of parallel straight lines to the 
twelfth axiom. 

The eighth axiom is called the principle of supcrposiiion, or, the mental 
process by which one Geometrical magnitude may be conceived to be placed on 
another, so as exactly to coincide with it, in the parts which are made the sub- 
ject of comparison. Thus, if one straight line be conceived to be piocvd upon 
another, so that their extremities are coincident, the two straight lines ate equaL 
If the directions of two lines which include one angle, coincide with the direc- 
tions of the two lines which contain another angle, where the points, from which 
the angles diverge, coincide, then the two angles are equal : the lengths of the 
linei not atfecting in any way the magnitudes of the angles. When one plane 
figure is conceived to be placed upon another, so that the boundaries of one 
exactly coindde with the boundaries of the other, then the two plane figures 
are equal. It may also he remarked, tliat the converse of this propmition is 
not universally true, namely, that when two magnitudes are equal, they 
coincide with one another : since two magnitudes may be equal in area, as two 
panillelDgrainB or two triangles, Euc. i. 35, 37; but their boundaries may 
not be so ; and, consequently, by superposition, the figures could not exactly 
coincide: all such figures, however, having equal areas, by a difirirent arrange- 
ment of their parts, may be made to coincide exactly. 

This explanation of Qcometrlcal equality appears to be out of lis propei 
place. The definitions of the forma of magnitudes naturally come first, aai 
the criterion of their equality appeara as naturally to follow. If the first seven 
axioms are id be restricted to Oinmetrical magnitudes, the dghth ought to 
have nmcded them. Perhaps £aclid intended that the first seven axiomi 
sbtiuld be applicable to numbers as well as to Geometrical magnitudes, and thii 
Is in accordance with the woid* of Proclus, who calls the axioms, euniitHM 
MdSRi, not peeuliar to the subject of Geometry. 



r 



NOTES TO BOOK I. 



The n^ih axiom <■ prapnlf thr ilrftnltion nf GninwlHol equality. 

Scvrral of the aiioini may br HOicnll/ cinnplificd by reducing ilicm la 
llic following furtn, tbui : 

Axiom I. If ibe Mraighl linr AB be i aual A B 

■0 ihe auaigbl line CD ; and if ibc tirBl)[hl line C p 

EF be alio equal to itH iiraight liM CO j thcD * •" 

ibt ittitight line AB ii eqnal id ihe •tT«)tht line £f. 

Axiom II. If the line Alt be equal lo the j^ B C D 

Bne CD ; and if ihe line £/■ be nlio equal lo (be 

line Cti : then the lum of die lincg AB and EF ia X F OR 
equal to tbelumofthelinei C/land G'/f. ~~ 

Axiom III. If the Une ^A be equal to Ihe A B C p 

line COi and if ihe line £/■ be aUo equal W ■ « » 

dw line Gil: then the difference of the Iitic* AB ?- —I ? £ 

ud er, ii equal lo the ditTcretin of the linn CD and GH. 

Axiom IT. admiis of being exemplified under ihc no fallowing fotnii. 

I. If the line AB be equal lo ibe line CD ; . u r; n 

i^if the line F.F bt greater ll,a» ihc line «//: 

Aoi the mm of the lino AB and EF it grtalei B F O II 
IhaBlheaumof the lines CD and C//. " 

S. If the line AB be equal to the line CD; . B C n 

Md if the line £/- lie J^iilAon the tine Gtf; then 

Aa turn of the lines JB and EF ii Ua Hum Ihe B f G H 

nmof ihelinea CDand Gff. 

AkIooi t. bIm admili of two fmni of exemplification. 

1. If the line AB be equal to the line CD ; A II CD 

and if the line ^Fif^nrterlAoa the lino G//i 

Aea (be diKrcnce of ihc linei AB and EF it ? 

fraUerfAaKlhedifTerenceof thclinesCi)>nd Gf/. 

%. If the line AB be equal to the line CDi /, s CD 

<Bd if the line EF be leu Ihaa the line Gil; ifaen — 

te diflinmB of [he lines AB and £/■ ii kit than B F O II 

Ae dificresre of iho linea CD and G/f. 

The axiom, "If unequila be Uken from equali, the remainder) ant un- 
e^aalj" maji be exempliflrd in the unic munnet. 

Axiom VI. If Ihc line AB h« double of the . „ 

IhirCiJi " J. n 

andif Ihe line e/'bcfllmdouhleofthelineCDi k f 

ihen ihe line AB is equal lo the line BF. 

Axiom V if. ITtheline^Abeihehalfof the ^ B 

line CD ; C D 

andif theline£Fbeal<othehalfoftheLneCi)! E F 

ihen the line AB i> equal to the line EF. 

It may be observed that when equal magnifudcs are taken from uneqtial 
magnitudes, the greater rcmaindei exceeds the less rtinaindet by ai much ai 
the greater of the unequal matmiludes exceeds the less. 

Axiom IX. The whole is gtraler than its part, and conversely, the p«t 
la less than the whole. This axiom appears to asscrl the conttaiy of the 
eighth axiom, namely, that two magnitudes, of which one is greater than the 
other, cannot be made to coincide with one another. 

Axiom X. The property of straighi lines expressed by the tenth axiom, 
namely, " that two straight lines cannot enclose a apsce," ia obviously implied 
hi the definition of slrnight lines ; for if they enclosed a space, they could not 
emncide between iheir extreme poinls, when the two linca ate equal. 



:8 EUCLID 8 ELEMENTS. 

Axkira Xl. This ■liom hu been ssseited lo be a demonsmhle IhMmn, 
ls an angle is a Bp«ieB of magnitude, tbis axiom fa only a parliculai appli- 
ilion of iIk eighth axiom to right angles. 

Axiom XII. Sec the nolei on Prop. xxi:i. Book 1. 



ON THE PROPOSITIONS. 

a jatlgmenl I9 foTmall]' expreseed, there must be something 
retpectiog vhich the judgment is expressed, and something else which con- 
stitutes the judgment. The former is called the labjcct of the praposiiion, and 
the Utter, the predicate, which maj Ik anjthing irhich can be aHirmed or 
denied icapecting the mbject. 

The Proposilioni in Euclid's ESemenu of Seometry may be divided into 
two classes, problemi and Ihforemi. A proposition, as the term imparts, li 
domething proposed ; il is a prntfem, when some Geometriral cm ilr action is 
required to be effcctcit i and it ia a Ihtorem when loine Otomcttical properly is 
to be deTntmalTBicd. Every propoiilion ia naturally divided into l«o parts; 
a problem consists of the data, ca t/iingr j-iivn ,' and the ^n-iitn, n iMngi 
required; a theorem, coosista of (he iiilifcl or hi/potlietli, and the coucJhiIor, 
or predicate. Hence the distinction between a problem and a Iheorem is this, 
that a problem consists of the data and the qussita, and requires solution i 
and a theorem conaists of the hypolbesii and the predicate, and requiKt 
demonstration. 

All pcopositioni are affirmall'de or negBiive ; that is, they either assert 
some properly, as Euc. i. 4, or deny the exislenca of some properly, as Euc. 
I. 7i and every proposition which is affirmatively staled haa a conliadlclory 
conespondiDg proposition. If the affirmadve be proved to be true, the COn. 
tradictory is false ; and vice versa. 

All propasicions may he viewed as (1) Hni-ntriallf/ ifffnuativCf or aniperiitllg 
negarive ; (2) us parlicularlif normative, or parlicalarlff ncgalioe. 

The cODneclcd course of reasoning by which any Oeometrica] truth ia 
eitahUahed is called a demonstratio-n. It is called a direel deroonstralion 
when the predicate of the proposition is inferred directly from the premisses, 
u the conclusion of a series of suvcesaive deductions. The demonstiiktliin , 
ia called Indirect, when the concluHion shews that the introduoiion of any 
other auppoailion conliary to the hypothesis stated in the proposition, neces- 
larlly leads 10 an absurdity. 

The course pursued in the demonstntinns of (he propositions in Euclid's 
Elements of Geometry, is always to refer direedy to some expressed piio. 
dple, to leave nothiog to be inreried from vague expTessions, and to make 
every step of die deraonstralioos the object of the understanding. 

It has been tnaincained by some philosophers that a genuine definition 
contains some properly or properties which can form a basis for demooatra- 
tioD, and that the science of Ueom«try is deduced from the definiliona, and 
that on them alone the demanstrationa depend. Olbcn have maintained 
that a deGnition explains only the meaning of a term, and docs not embrace 
the nature and properties of the thing dctined. 

If the propositions usually called postulates and axioms arc either isdtly 
assumed or expressly staled in the deflnitioas; in this view, demonilrationa 
may be said to be legidmaaly founded on definitions. If, on the other 
haiid, a definition ia simply an explanation of the meaning of a term, whether 

ibing dclincd j it will be at once obvious that some constructive and theoretic 
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^|B9& »■■■> iM MBuowd bnidtt ihc dtGoiiiMti M terat ifae groondt of 
IqiitbDUe denwatiimiiaa. TItite prineiplci vc cancare lo bt thr prBtultm 
■Dd uicNBi. The pmiulata doaibe conatmctiaiM abich uaj he wliiuiud 
H ponible b; dir«t tpptMl lo out cipcrienu ( ud the ■niomi ■uen Henenl 
ibearedc miitu m umple wid Mif-evidoit u to vcquire no pn<of, bul lo 
be admitud u the uauined Ant principle* of denMHUtnlkm. Undrr ihii 
ner *U Gmntoical reuonii^s proceed upon the uloiiuimi of the h^pothew* 
usamed is ihc dcHnitions, and the unquolioned poBibilJij of the ponuUtn, 
■ad die [Tutb of ihe uiomi. 

Dedacdve reuaniag U gentnllf deliTCIpd in the form of tn fntbyniemc, 
n an ■rgument vherein oie enuDcislioti i* not exprfUMi, bill ia rmdily imp- 
plied b; the leader : and i( may be obterved, thai alihaugh thli it the oidliiar)' 
Doodeof apealiingand wrziing, jt is not in the niricily ayllngiatic fonn; aa cither 
Ar major or ibe minor premiu oolj ii fomuUjr ttoKil before the concliuion : 

Pniuiin Eue. i. )- 
I Becauae the poinl j4 h the onler of the circle BCD ; 

, llicrcfare the atniighl line AB ia tnuaX to the Blru|{ht line jiC. 

The premiii here omitted. i> : 
■11 atnighl line* drawn from the center of > drde lo the circiunr<Ttnce 

Id b aimilar way maj be lupptied the reserved premiu in cTery enlhjmeme. 
The eoncluaion of two enthymemei may lorm the major and miiKir proniu of 
• dlird lyllagism, and so on, and ihua hd; proceaa of reaioning i> reduced to 
Ibe anioUy gyUogistic form. And in thia way it i« ihewn itul the general 
ib ew wn a of Geometry an demonatiatrd by means of lyllogiunt founded on the 
axionu mi4 deHnitiotu. 

Ever; lyllagiam coniiila of ihree pn>M»itioiu, uf whirJi. two are called the 
prrmJHf 1. nnil ihr ihird.the coneluuon. Tbrne propaBitionBcontainthieeterma, 
tbe sabject and prL^licaicof thGconduiion,and ihe middle term which connect* 
(be predicate and the conclusion logcthcr. The subject of ihe cnnrlusion is 
oiled the minor, and the predicate of the conclusion ia called Ihc fru/or term, 
et the aylli^iim. The major lerm appears in one premiss, and the minor 
lenn in (be other, with the middle Ona which is in both premises. That 
pmnia which contains the middle term and the major lerm, i> called Ihe 
m&for /rrtmUi ; and tbac which contuns the middle term and the minor icrm, 
!■ called the minor prcmiit of the lyllogiam. At an example, we may take 
Ae sjUagian in ihe demonstrallon of Prop. 1, Book i. wherein it will be teen 
that ibe middle term is the subject of the major premiss and the predicate 
of the nrinor. 

Mqot piEiniM. Because theatraightlineilSis equal to the straight line<4C; 
Uiiiar prenias. and, Iwcauie the striugbt line BCis equal lo the siTBtghi lined A; 
Cceeluaino. thcrefon the straight lice BC is equal m the slraight line AC. 

Bete, BC is the subject, and AC the predicate of the conclusion. 

£17 is the subject, and AB the predicate of the minor premiss. 
AB is the subject, and AC the predicate of the major premiss. 

^ItO, AC ia the major lerm, BC the minor term, and ^Bthe middle lerm 
of ihe ijUi^in- 

]n ibis syllogism, it may be remsTkcd that the definition of a straight line 
Js aBsnmed, and the deBnition of the Oeometrical equality of two straight 
Snes ; also that a (ceneral theortlic mich, or axiom, forms (he ground of the 
coDeluiion. And further, though it be impossible lo make any poinl, mark 
ta lign (oii^ciav] which has not both leuglh and breadth, and any line which 
hu not both length and breadth ; the demons tradons in Geometry do not on 
Lt become invalid, ^'ot ihey are pursued on the hypothesis that 
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the point has no parts but position onlj' : and the line has length onlyj bnl' 
breadth or thichness ; also thai the surface ha« length and breadth onlj, hut 
no thickness : and all the coDcluaiona at which we arrive are independent of 
eiFiy other cansidetstioti. 

Every piDposition, when complete, may be divided into six parts, ai 
Prodns has pointed oat in his comioentaiy. 

1. The propontion or gejatal enundation which states in general tern* 
the conditions of the problem or theorem. 

S. The expoiilion m particular envnciaflon which exhibits thetubjrcl of the 
pKipiiBitian in particulBr lennB as a' fact, and refen it to some diagram described. 

3. The Aetermimtlaa contains the prfriicofc in particular terms, as It ii 
pdated out in the diagram, and directs attention to the demons tralion, b; 
pronouncing the thing sought 

4. The comttuctioa applies the postulates to prepare the diagram for the 

5. The dcnuMutratioa is the connexion of Bjllogisms, which prove the 
Irath or fals^ood of Che theorem, the possibility or impossibility of the pro- 
blem, in thai particular oue exhibited in the diagram. 

6. The coKclujiaii is merely the repetition of the general enuncialion, 
wherein the piediCBte la aiserted as a demonstrated truth- 
Prop. I- In Books I and ii, the circle ia employed as a mechanical in- 
strument, in the same manner as iha straight line, and the use made of it rests 
entirely on the ihiid poalulate. No properties of the circle are ditcuaaed or 
even alluded to in these hooka beyond the definition and the third poatulaCe. 
One circle may fall within or without another entirely, or the clrcumferencei 
may intersect each other^ as when the center of one circle is in the circum- 
ference of the other ; and it is obvious from the two circles cutting each other, 
in two pointa. one on each side of the given tine, that two equilateral trianglei 
may be formed on the given line. 

Prop. II. When the given point is neither in the line, nor in the line , 
produced, this problem admits of eight different linea being drawn from the 
given point in different direcliona, every one of which is a solution of tho 
problem. For 1. The given line has two extremities, to each of which a line 
may be drawn Irom the giien point. 2. The equilateral iiiangle may ba 
deacribed on either side of this line. 3. And the side BD of the equilateial 
triangle ABD may be produced either way. 

But when the given point lies either in the line or in the line produced, 
ibt distincdoD which arises from jaining the two ends of the Une with the 
given point no longer exists, and there arv only four cases of the problem. 

The construction of Ihia problem assumes a neater form, by first describlns 
the circle CGJI with center B and radius BC, and producing DB the aide <? 
the equilateral triangle DBA to meet the circumference in G : next, with cen- 
ter D and radiui DG, describing the circle GKL, and then producing DA to 
meet the circumference in L. 

Prop. III. This problem admits of two solutions, and it is left nnde> 
termiUHl from which end of the greater Lne [he part is to be cut oS', 

By means of this problem, a straight line may be found equal to the sum 
or the diffcROce of two given lines. 

Prop. IV. This forma the first case of equal Dianglei, two other case* 
an F^vxl 'n Prop, viii and Prop. ixvt. 

The term baie ia obviously taken thim the idea of ■ building, and the 
•■nM may be said of the term altitude. In Geometry, however, these inma 
■re not icstricied (o oae pardculat position of a Ggute, as In the case of 
a building, but may be in any position whatever. 
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' pBOr. V. Proclua hu girai. in hii comntniiarT, • proof for tbf tquiljij 
of the SDgki at the baae, without producing the equal aidei. The con- 
Mweli on RiUoin the aame ordir, taking la jIB one tide of the iwKele* 
triangle ABC, a point D and catling off fron AC a part AE equal to AD, 
and uen joioing CD and BE. 

A coroUarj ii ■ (heonm which multa froin the demmttnlkiii of a 
proposilion, and generally ii u obvioui as to require no fomaal praof. 

Prop. VI ia the convene of one pari of Prop. v. One pn)p«ltim ia de- 
fined to be the comtm: of another when the hjpotheiia of the former becoaie* 
the predicate of the laiier; and vice vena. 

There ia beaides thia another kind of conTenion, when > theorem hai 
lereial hypolhetea and one predicate; bj assuming the pttdicau and dik 
n more than one of the bypolhcsri, tome one of the hypothoe* may be 
iafecred aa the predicate of ihe amTene. In this manner, Prop, viii ii 
tbe DonTCTK of Prop. iv. It may here be obterved, thai convrnc iheorcnu 
■le not imivcTully true: a> for instance, the following direct propoiilion it 
univenally tme; "If two irianglei have their three aideti raptctiidj' equal, 
the three anglet of each ihall be respeclirely equal." But the conTertc is 
BOt noliaaaily iruet namely, -'If two triacgtea haro tlie three angles in 
* capectirely equal, the three lidei ale mpeclively equsL" Convene 
I require, in some inilancea, the coniidcralion of olber condiiioni 
man inoie which enter into the proof of the dlircl theomn. Canmric and 
amirarg propodliona are bj no means to be confounded ; the eoHtrari/ pro- 
poaitioii aeaiei what in asacrled. or aiierts what is denied, in the direct pro- 
IwdcioD, but ll>e mbject and predicate in each are Ihe isme. 

Prop. VI ii the first instance of indirect demonairaliona. and they are 
nunc niited for the proof of converse prapotitlona. All ihoae proposiiioni 
whlcli are demonatrsted ex abiurdo, are properly analytical demonslralioni, 
Kciading to the Greek notion of analysis, which first supposed the thing 
Rqnind, to be done, or lo Is true, and then shewed the consiateDcy or in. 
ooDBfitency of this conslruciion or hypothesis vith truths admitted or already 
demons mied. 

Pmp. yiii. When the three aides of one triangle are shewn to cmncide 
vith the thne aides of any other, the equality of the triangles is at once ob. 
VJOna. This, however, is not alaled at the conduaion of Prop. vin. or of 
Pn^. XXVI. For the equality of the areas of two coincident triangles, 
lefireDce is always made by Euclid to Prop. iv. 

Ptop. IX. By means of this problem, any angle may be divided into four, 
■tg^^ tdxteen, &c equal angles. 

^op. I. Any finite straight line may, by this problem, be divided into 
fim^ eight, sixteen, Slc. equal parts. 

Prop. II. When the point is at the extremity of the line. By the second 
postulate the line may be produced, and then the conalruction applies. See 
note on Prop, xxxi. Hook 3. 

The distance btlween two points is the straight line which joins (he points ; 
but the dialaace between a point and a straight line, ii l/ic ihortcit Ihie which 
can be drawn from the point to the line. 

From this Prop, it follows thst only one perpend icular can be drawn from 
a given point to a given line ; and this perpendicular may be shewn to 
be less than any other line wtiich can be drawn from the given point to 
the given line. 

Prop. XIII. It ia manifcat that the lines which bisect the angles ABC 
and ABD are at right angles lo each other. 

Prop. xiT. is the converse of Prop. stii. "Upon the opposite sidei of 
it." If these words were omitted, it is possible for two linea t •— 
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with B thiid, iHo anglci, which together are eqijid lo two right tmglea, In 
euch s manner that the two lines shall nut be in ttie aame atrajghi line. 

Prop. IT is the developemetii of (he defiaiiion of an angle. If the linei 
■t the anf^uhtr point be produced, [he produced linei hare the tame incli- 
nation LO one anollier a> the original lines, tiui in a ditTrroni posftinn. 

Prop, xvit appears to be only a corollary to the preceding proposition, 
and it seems Co be introduced lo explain Aiiom xii, of which it ia the 
converse. The exact truth respecting the angles of a triangle is proved in 
Prop, xsxii. 

Prop. xvin. It may here be [emBrked, for the purpose of gnarding the 
student against a lery cnmnian mistake, that in ibis proposilian and in the 
converse of it, the Inipoiheia is statett betbre the pteilcate. 

Prop. XIX is the nin'rerse of Prop, zviii. It may be TEtnarked, lh>l 
Prop. XIX besra the same relation to Prop, xriii, as Prop, vi does to Pnip. ▼. 

Prop. KXii. When the sum of two of the lines is equal to, and when it ii 
less than, the third line; let the diagrams be described, and ihey will eihibH 
the impossibility implied by the restriction laid down in the Proposition. 

Prop. xxiiT. CD might be ukcn equal to CE and the construction 
effected by means of an isoncele* triangle. It would, howeTer, be less general 
than Euclid's, but is more conTeDicnt in practice. 

Prop. XXIV. Simson makes the angle EDG at D in the lire BD, ibe 
side which is not the greater of the two ED, DF ; otherwise, three diRcrent 
CBies would arise, as may be seen by forming the diffiirent figures. Thf 
point G might fall below or upon the base EF produced as well as abora 
il. Prop. XKiv and Prop, ixw bear lo each other ihe same relation M 
Prop, IV and Prop, vui, 

l*rop. xxTi, This forms the third case of the equality of two iriangles. 
Every triangle has three sides and three angles, and when any thiee of DM 
triangle are given equal lo any thiee of another, the triangles may be proved 
to be equal to one another, whencTer the three magnitudes given in the 
hypothesis are independent r>f one another. Prop. iv contains the first ca' ' 
when the hypothesis consists of two sides and the indudi'd angle ofea 
triangle. Prop, viii contains the second, when the hypothesis consists of 
the three aides of each triangle. Prop, xxvi contains the third, when Clw 
hypothesis consists of two angles, and one side either adjacent to the equal 
Uiglea. or opposite (a one of the e^ual angles in each triangle. Thete !■ 
another case, not proved by Euclid, when the hypothesis consists of two 
■ides and one angk in each triangle, but these not the angles included by 
the two given sides in each triangle. This case however is oitlj true undtf 



//(bb Irianglri liavt toe ildei of onto/ them equal la two Midti of 
ethrr, each to each, and hovt alio the angles nppoiite to one oT ilit equal I'l 
in eiKh irlavgU, tqwii to one npolher, avi if the anglt$ oppotlte lo the nthtv 
equal siieiUbolh acute, or both obtiiieoHgteii IhtKihaUOte third tUcttxeq ' 
iatach Iriangie, ai alio Ihe nnuAiting aiigta of the one lo Ihe rerna^mgam 
tfthn other. 

Ltl ABC, DEF be ivo fyim^Xes which have the sides ^fi, ^C equal M 
Ae two ildea DE, DF, each lo each , and ihe angle ABC equal to the angle 
DBF: Aen,if the angle* ^Cfi, DFK,\>ehothnci,le, or bolh obtute aagle; 
the thini aide BC shall be equal to the third aide EF, and also the angle 
BCA to the ongk- EFD, and the angle BAC to the angle EDF. 

Pint. Let the angle* ACB, DFE opposite to ibe equal sides AB, DE, 
be bolh ac«le anglei. 

If ACbenotequolioK/'MelACbr the greater, and &om BC, cut olF 
BG equal lO EF, and join AG. 



■ NOTES TO BOOS I. 53 

I Tleo ID the triuigla jtBG, DEF, Euc t, 4. AG is vqu^ lo DF, and 
the angle .4GB 10 D/'fi. But uncc^C ii equal to £>/', ^G ia equal to. 4(': 
■nd thererorc the angle j< CG ia equal to (heimgleJGC, which it alto an uule 
mgle. Bat bMsu» AGC, AGB are ti^lhei equal id Iko right anglm, ajiil 
Ilut AGC u ao acuK angle, AGB muat be an obiuH angle : nhich ii alnunl. 
Wbenfote,£C'i>noluiiequBlio£/', that ii,£C)i equal to £>', and alto the 
■mnining angles of one triangle to the tcmaining anglci of the other. 

Seeondlf. Let the angl« ACB, DFE, be both obluK amglti. By pn>- 
ceeding in a limilar waj, it nu; be ahewn thai BC cannot be olherwiie ilun 
equal to EF. 

If ACB, DFE be bPth righl ai^ki : the caH faU> under Euc. i. 20. 

Prop, xxrii. Alternate angles an defined to be the tao angles whld< 
two atnighl linca make with another at iu evuemitics, but upnn oppoalM 
rideiof iu 

Ptap. xxriii. One angle i> called "the exlenor angle," and another 
''the interior and opposite angle,'* when thej are formed on the satne aide 
of a atraight line which Talla upon or Interiecu two other alraighl line*. 
ll i> alio obTions that on each side of the line, there will be two e^tteriot 
■id two interior and opposite anglca. The eiierior angle EGB has the 
angle GHD Cm its cotieaponding interior and oppoiilc angle: also ilie ei- 
tcdiit angle FHD haa the angle IICB for in interior and oppoalie angle. 

Prop. XXIX is the conrerae of Prop, xivii and Prop, xxviu. 

Am the definician of parallel ttiaiglil lines simply describes them by a 
atatAient of the negatin properly, that they never meet; ii it necessary 
tbu lOiDe poaitire property of parcel lines should be aisumed as an axiom, 
^ «hid> reaHBings on such lines may be founded. 

EacUd haa aatumed the statement in the iweLfth axiom, which has been 
ol^ected to, as not being self-erident. A stronger objection appeals to be, 
diattheconTeiseof itforms Prop, ivii. Book i; for both the assumed axiom 
and it* cODTene, should be so obvious as not lo require format demon. 

Simion has a: 
definltim and asi 

tvelHh axiom to be a theorem, and for in proof, assuming two definitions 
md ODe axiom, and then demontlrsitng five eubsidiaiy Propositions. 

Jnilead of Euclid's twelfth axiom, the following lias been proposed ai 
■ more dmple property for the foundation of reasonings on parallel lines; 
namelj, **lf a straight line fall on two parallel atraight lines, the alLcmate 
anglca are equal to one anolher." In whatever this may exceed Kudid'i 
de&iltiDn in simplicity, it is liable to a similar objection, being the con. 
Teiae of Prop, ixvti, Book, i. 

Prolessor Playfair haa adopted in his Elements of Geometry, that "Two 
vBu^t lines which intersect one another cannot he both parallel to the 
wiu itnught line." This apparently more simple axiom follows as a direct 
Infeltnce from Prop, xxx. Book i. 

But one of the least objectionable of all the detinitions which have been 
piopoaed on this subject, appears to be that which simply expresses the 
eesueption of equidistance. It may be formally slated thus: "Parallel lines 
CR (Dch as lie in tile same plane, and which neither recede from, not ap- 
pniad) to, each other." This Includes the conception staled by Euchd, 
ibat parallel lines never meet. Dr. Wallis obsetvei on this Buhjeci, " Paral- 
Idiamus et Eequidistantiu vel idem sunt, -rel certe ae mutuo romitanlur." 

As an additional reason for this definition being prefened, it may be 
RDurked that the meaning of the terzns ypa/ifiai vapiiKXriXat, suggesla the 
exact idea of lucb lines. 
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An account of thiitj mechods which tune been pioposed at dilfETenl 
lirnen for aToidiog the difficulty it) the Iwi^lflh axium, will be found io tbe 
AppeDilix 10 Colnoel TbompBOo'i "- Geometry wiihout Axioms." 

Prop, xxsii. Tbe three aDglcB of a triangle may be ibevn to be equal 
to two rijjht aoglci without producin;; a side of the triangle, b)i dtswing 
through any angle of the triangle a line parallel to ihe oppoiiie liile, aa Pro. 
clus has lemarked in his Commentary on this proposition. It In manifeit 
from ihia proposition, that the third angle of a triangle is not indvpendmt of 
the amn of the other two; but is known if tlie sum of any two is known. 
(.;ar 1. may hi- elfo proved by drawing lines from any one of the angles of (be 
ligure to the other angles, if any of the ildei of the figure bend inwordi and 
form vhat are called re-ectering angloi, the enunciation of these two corollariea 
will require some modification. 

From (bis proposition, it is obvious that each of the angles of an equi- 
lateral triai^le, is equal to two third)k of a right angle, as it is shewn in Prop. 
XV, Book IV. Also, if OIK angle of an isosceles triangle be a right angle, then 
each of the equal angles is hall' a right angle, as in Prop. 0, Book ji. 

Prop. XXKIT. If the other diameter be drawn, it may be shewn thai the 
diameters of a parallelogram bisect each other, is well as bisect the area of the 
paiallelogram. Tile converse of this Prop, namely, " If the opposite sides or 
opposite angles of a quadrilateral tigure be equal, the oppoetle aides shall alio 
he parallel ; that is, tbe figure shall be aparallelogram," is not proved by Euclid. 

Prop. XXKV. The latter part of the demonstration is not eipreased very 
intelligibly. Simaon, who altered the demonstration, aeema in fact lu consido' 
two trapdums of the same form and magnlmde, and from one of them, la 
uke the triangle jiBE; and Irom the other, Che triangle DCF; and then lbs 
remainder! are equal by the third axiom : that b, the patslleli^raln ABCD il 
equal to the parallelogrsm EBCF. Otherwise [he triangle, whoae base it DB, 
(fig- 2.) is taken twice from the trapeilum, which wotild appear to be impossible, 
if the sense in which Euclid applies the third axiom, is la be retained heic. 

It may be observed, that the two parallelograms exhibited in fig. 3 par- 
tially lie on one another, and that (he triangle whose base is BC is a commoa 
part of them, but that the triangle whose bate is DB. is entirely vitboul both 
the paiallclugrams. After having proved the triangle ABE equal to tba 
triangle DCF, if we take irom these equals (fig. 2.) the triangh? wliosebase !■ 
DE, and to each of the remainders add the triangle whose baseisSC, then tha 
patalU^lognni ABCD ia equal to the paralleli^ram EBCF. In fig. 3, ihs 
equality of the parallelc^anis ABCD, EBCF, a shewn by adding the Sgni* 
EBCD to each of the triangles ABE, DCF. 

Iti Ihia propositian, the word egiial assumis a new meuiing, and is DO 
longer restricted (o mean coincidence in all the parts of two figures- 
Prop. XXzviii. In this proposttton, it is to be understood that the basei 
of tbe two triangles are in the tame straight line. 

A disliticiiOD ought to be made beiweeti equal triangle! and cquiviileHt 
triangles, Ihe former incluiling those whose sides and angles mutually coincide, 
the latter those whose areas only are equirilent- 

Prop. iixiK. If the vertices of all the equal triangles which can be d»> 
teribed upon the same base, or upon the equal bases as in Prop, il, be joined, 
the line thus farmed Kill be a straight line, and is called the locus uf the ver- 
Ucea of equal triangle* upon the sanie base, or upon equal bases. 

A locus in plane Qeoiuetry it a straight line or a plane curve, every point 
of which and none else saii^s a certain condition. With the eieeption of the 
struct line and the circle, the two moat simple loci ; all other loci, perhaps 
ioduding aUa the Conic Sectioos, may be more readily and effectually iovo. 
tigalcd algebraically by means uf their reclangular or polar equations. 



NOTBS TO BOOK I. &5 

Prop. XLt. The eoniene of thii propoiiiioa ii not jnOTcd by Euclkl; 
til. If a puslldogriDi ii double of ■ inaajjlt, wid ibej hare the uioebuc. oi 
equal base* upon ihu laioe (iraighl line, and lowud* ibe umc paru, thfjr 
ihall be betwem (be uaie paralkU. Alto, il aaj caiil; be theWD ibat if two 
tqual tiiar^lo ■!<: twivcen (be ume puiUeli ; they uc diher upon the lame 
baw, or upon eqaal baaea 

Piop. xi.iv, A patallelogram docribed on a iDaight line b atid to be 
applied to thai line. 

Prop. XLVi. The tquacc being conaidcml at an equilateral leclaDglt, ita 
ana « sur&ue may be eipieued numericilly if the nainber nf lioeal iiniu in 
a aide t^ the tquaie be given, u u thewn in ifao note oo Prop. i. Book ii. 

The iludent will not (ail to nmaik the analogy wbkh eiiat* between the 
trea ^9 iquatt and tJie product of l-mn efiioJ namiiTj,- and between Ihi lUr 
^l» tqtuve and (Ac (qiiarc toot of a latvAet. There ii, hoveTer, tbii dbitinciion 
U be obaerved; it iialvayi poaiiblcto End tbcpmduci of two equal numbcn. 
(or to fkni the tquare of a Humitr, aa il is uiually called,} and to deacribc a 
iquaic on a given line : but coQTetiely, though the lide of a giveti fquan in 
knovtt from the figure itself, the exact number n( unit) in the side of a iquarc 
af given ana, can only be fouDd exactly, in such cane* when the given 
BDmber ia a aquare number. For exantple, if the area of a tquare contain & 
aqosre unita, dien the aquare root of 0, or 3, indicate the number of lineal 
unica in the aide of that aquare. Again, if the area of a tquare contain IS 
iquaic nnita, the side of the tquan.' is giealer than 3, but leai than 4 lineal 
niillt, and ihete is no number which will exactly eipreM the aide of ihal 
aqnaie: an approxiniatioii to the true length, however, maybe obtained to any 
aaaianed de^ee of accuracy. 

Prop. XLVII. In a right-angled triangle, the aide oppoaite to the right 
angb is called the hypotenuse, and the other two lidca, the base and perpen- 
dicular, according to (heir position. 

It is not indifferent on which aides of the linea which form the tiiea of the 
triangle the squarea are described. If they were described upon the inner, 
inalead of the oulei sides of the tines, the construction would be found to fail. 

By this proposition may be found a aquare equal to the sum of any given 
tqiuna, or equal to any multiple of a given square : or equal to the diilcrencc 
ot two given squares. 

The truth of this proposition may be exhibited to the eye in some par- 
ticular instancea. As in the case of (bat right-angled triangle whose three 
tides are 3, 4, and 5 units respectively. If through the points of division 
of two contiguous sides of each of the sqiisces upon the aides, lines be 
dnwD parallel lo the sides (see the noies on Book II.), it will be ob- 
viouB, that the aquarea will he divided into 9, l(i and 25 amall aquarcs, 
each of the same magnitude ; and that the number of the small aquarcs into 
whii^ the squares on the perpendicular and base are divided is equal to the 
munbor into which the square on the hypotenuse ia divided. 

Prop. XLViit is the converse of Prop. XLVIJ. In this Prop, is assumed 
Ar Colollacy that "the equares described upon two equal lines are equal," 
and the converse, which properly ought lo have been appended to Prop. XLVi. 

The First Book of Euclid's Elements, it has been seen, ia conversant 
with the conamctioD and properties of rectilineal figures. It first lays down 
the definitions which limit the subjects of discusaion in the First Book, next 
(bo three postulalea, which restrict the ingtroments by which the construe 
lions ic Plane Oeumctry are effected ; and thirdly, the twelve axioms, which 
eipieaa the principles by which a comparison is made between the ideas of 
the things defined. 
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Thia Book may be divldeil into ihrec parts, The lint psrc treau of 
the oi^in stid properticB of triangln, both with Teapcct to their sides and 
angles 1 and the carnipaiison of these mutuallj, both with regard to equality 
and inequality. The second part treats of the properties of parallel lines 
and of parallelograms. The ihiid part exhibits the eonneiinn of the pro- 
peities of IrisogleB and parallElograinB, and the equality of the squares on 
the base and peipendicular of a right-angled triangle to the square on the hf- 
potenuae. 

When the propositions of the First Book hare been read, the student is 
recommended to use diSerent letters in the diagrams, and where it ia pos- 
sible, disgratns of a form somewhat different from those exhibited in the 
text, for the purpose of testing the accuracy of his knowledge of the demon- 
Btralions. And further, when he has become sufficiently familiar with the 
method of geometrical reasoning, he may dispense irlth the aid of letten 
altogether, and acquire the power of expressing In general termB the procest 
of reasoning in the demons tration of any proposition. Also, should he be 
desirous of knowing how the prbciplea of the First Book may be applied to 
the Bolntion of Problems and tbe demonstration of Theorems ; he may refer 
to the Geometrical Exercises on the First Book, nhich will be found at tba 
end of the Elements. 
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QUESTIONS ON BOOK I. 

I. How may the Science of Geometry be defined F What is its object ? 
What is meant by Practical Geometry i Is there any distinction between 
Plant Ceomelry, and the Geometry uf Plana i 

3. Define the term magBituile, and specify the diSerent kinds of magni- 
tude conudered in Geometry. M'hat dimensions of space belong to figuret 
treated of in the first six Books of Euclid ? 

3. What objection may be made to the method and order in which 
Euclid has laid down the elementary abatractionB of the Science of Geometry? 
What other method has been suggested p 

4. Describe the rule and compass, and shew whether Euclid requires Ibe 
use of any instruments in his demon stiacions. 

3. Describe briefly the use anti foundation of definitions, axioms, and 
poatulatea : girc llluatrations by an instance of each. 

6. What poaitive property has a Geometrical point ? Frotn the defitiL, 
tion of a slrugbt line, shew that the intersection of two lines is a point. 

7- Give Ludid's definition of a "straight line." Is it sufficient by it- 
self? What abjections have been made to it, and what substitute propwdF 
How many points are necessary to fin the pOEition of a straight line in a plane? 
When is one straight line said to cul, and when to meet another ? 

8. When Is a straight line said to i>e drawn at right aigUi, and wha 
pcrpeadicular, to a given straight line ? 

!t. Give Euclid's definition of h plane rectilineal angle. What are the 
limits of the angles considered in Geometry ? What is meant by an angle 
greater than two right angles ? 

10. Define adjacent OHglei, oppcaiie angki, wrlieal aaglei, and allcrtiale 
angkM i and give eiaoiplfa ItotD the First Uook of Euclid. 

II. Define a Irtangle ; shew how many kinds of Irianglca there are ac- 
(ordiog to the variation bo^ of the angkt, and of the lidei. 
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iHumptiao inToIrcd in jour ddini. 

w gcnctaiul on ■ pUnc turfice ? 

I), uid ibc cmrene af cho« which 



13. DrtiDe m circle. Pojnl out 
lion. How maj b circle be conctive 

13. Ennintraie £uclid't ivelte : 
idmii of being to cxpiaied. 

14. Define the quadriUlcnl Sgun) menlionid by Euclid. 

ItL Coneeiring ■ (qnan to be ■ figure bounltJ by four equal tmifiht 
Quel not necauiily in the ume plane, vhai conditioii reapceting ths angln 
ii DRaaary to nnnpleu tbe definiiioa ? 

t& What diitiiutiaoa suy be nude belwien definitioai in ihe 8clnKt 
rf BeaatelTj and in the Phyaical IJcieDcn ? 

17. Enumerate tiie principles of conil 

18. "A dicU may 
at ndiDa." How don tl 

lOblmu i> asaumed in ii 

19. What ia Euclid'* definicion at eqaalily 



■ definii 



20. %Vhat nort 

Bkiimis In Oeomelry 

SI. Define the termi, Problem, Postulate, 
■ly of EDcliit'a aiionia improperly so called '■ 

Explain the tenni daia, quitrila, hypothi 

What ia the principle of supnposiiion 

J to alt Oeotnetrieal reasoning ? li it con 

if saptrpoaiBiiin 1* *' an appeal, though of the mi 



What la the neceialty foe 

priodplci in the Phyaical fidencca conopond to 

and Thoonm. An 



State the ground] 

DdaaivrDea* upon aiunni ut 

Explain the meaning of est, 

enthyineine made to asuume the form of 

38. What conscitutea a dcmoniicrBt 

27. What are the principal paiia, 



la the asaumplion of it 
1 10 aay, that the principle 
, famiUac aoit, to tilcmal 



whether Oeometrical icaaoDingi depend fix 
njIbigUm. How IS iha 



JMatinguihh between a lUrrct stid iarj 

89. Eiplain the meaning of the word propoiilioH. Distinguish between 
conva-K and amtrary proposiiioni, and give eiiunplca. 

90. When it one propoaition said to be llie converse of anothet? Give 
a an example. Are convcrae propositions univenallj true i Why ia it necci. 
LJBBy t0 demonsttale conTcrse piopositiona ? 

■ 31. When is a problem said to be iodetenninate ? Oiie an example. 
K 33. Blustrate fully the difi«ence between analytic^] and ayntheiical 
|!fBMA. What clasa of proposiiiona in Euclid are demonstistcd analytically ? 
33. If in Euclid i. I. an equal triangle be described un the other aide of 
the given line, what figure will the two triangles fonn ? 

Si. What ptoposiiion ia lu'ceisary (o enable us to ccnstnict an isosceles 
triangle F 

3%. When the given point it in Ihe given straight line, (Euclid i.2.)can- 
ttnict the figure, ao that the same demon iiration may apply verbatim. 

36. In the diagram, Eudid i. 2. if DB a aide of the equilateral triangle 
DAB be produced both ways and cut the circle whose center is B and ladiua 
BC in two points G and T/; shew that either of the distances DG, Dtl may 
be taken aa the radius of the second circle : and give the proof in each case. 

37. In the proof of Euclid i. 4., how much depends upon Definition, 
bow much upon Axiom ? 
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38. Draw the figure for the cose which i» said to need no drntonitralUin. 
Euc 1. 7. 

30. In the conBtnictioii Euclid i. 0. is it indifTerent in bU cases on which 
■ide of the joining line the equilateral triangle is described P 

4D. Why is the straight line taken of unlimited length in Euclid i. 

41. Shew how a giien straight line may be bisected without the help 
of Book I. Prop. a. 

42. " Two Biraight linea car 
corollary been tacilljr assumed witi 

43. Shew that a straight line u toe snoriest aisiance iKtween two 

44. 'H'hat is the reason of the limitation in the construction of Prop. 24, 
Book I, Tit " that D£ is that side which ia not gtealcr than the other ?" 

46. Enunciate the propositions jpu employ in the proof of Euclid i. 16. 
41!. To form a triangle with three straight lines, any two of thetn must 

be greater than the third: — is a similar limitaUon neeesaary with respect to 
the three angles ? 

47. What is meant by exterior and interior angles ? Point out esamples. 

48. If one side uf a triangle be produced, the exterior angle is greater 
than either of the interior and opposite angles ; gire the proof for each of the 
interior and opposite angles. 

40. Is the following proposition universally true ? "' If two plane trian- 
gles have three elements of the one tespeciively equal to three eiementa of the 
other, the triangles ace equal in every respect." Enumerate all the casea 
in which this equality is proved in the First Book. What case ia omitted ? 

50. Can the three angles of a irungle he proved equal to two right anglet 
without producing a side aS the triaDgle ? 

51. EnundaU the two caToUaries appended to Book i, Prop. 3'2, and 
give another proof of the firat. What other corollaries may Iw deduced from 
this proposition ? Explain the meaning of the term coroUari/, 

62. Define re-entering angles. Duel the property enunciated in tlie first 
corollary, Euclid t. 32., exclude re-entering angles ? 

63. Enunciate Euclid's definition and axiom relating (0 parallel straight 
lines ; and slate the propositions Id the Firat Book in which they are used. 

64. What proposition is the converse tn the twelfth axiom of the Tint 
Book F What other two proposiiioos sre complementary to these ? 

55. In some treatises on Geomecry, it is liud down as an axiom more evi- 
dent than Euclid's 12lh, that "two atraight linea which cut one another, 
cannot both be parallel to the same straight line." Shew diaC this is only k 
disgnise of Euclid's aiiom. 

56. What objections have been urged against the definition and thi 
doctrine of parallel siiaight lines as laid down by Euclid P Where docs tha 
diffioully originate ? What other aaaumplioos have been suggested and for 
what reason! F 

57. By what definition of equality are two dissimilar Geometrical figure) 
ascertained to he equal F 

68. What is meant by the locus of a point i Adduce instances of lod 
trom the first Book of Euclid. 

6jt. What is meant by a parallelogram being applied to a straight tine ? 

00. Distinguish between equal triangles and equivalent triangles, and 
give examples from the First Book of Euclid. 

Bl. Define a square without inc!udin| 
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■S. On vhEt M(U[nption li >n anilogj shcan la ciiit bcl"<!eu [bo 
pn>du<( of CO equil nambm nnd the tucUcc of s rquire? 

63. In Euclid i. 47, why is it neceuarj lo prove thai one side of the 
iquons dHfribcd upon «ch at the ildea conlsintng the righl angle ibould be 
ID the ume line vilh the other aide of the tiiuigle ? 

04. When ihe lidea of > right-angled triangle are 30 aod 40 feet, what 
ii the hjpotenuic ? 

S5. Ii the tiiangle whoce sidn ire 3, 4, right-angled, cr not 7 

66. Can the side and diagonal of a iquare be npKKDled ■Imultwieonily 
by my finite numbco ? 

67- Mention anjr propositions in Book t. which ue Indndcd in man 
general oaa which Tollow. 

68. Could any and which of the axiom* of Euclid be turned iDlo defini- 
fiwu; and with what advantigei or diudvanlagei? 

flO. Can it be properly ptedicated of any two ultaight linei that they 
never men if indefinitely produced cither way. tmiecedently lo Our knowledge 
of KnDC other property of such lines, which makes the property llnl predicated 
of them a neeesaaty conctution from it ? 

70. Enunciate those Oeometiieal definitions which are uied in the proof 
af the propositions of the First Book. How for are deRnilions arbitrary ? 

71' Under what circunKlancea are problctni said w be capable of solution 
bj pUne Ocometty ? 

12. Distinguish between Analysis and Synthcuis in (leomvtry. 

73. Ii it possible to form a triangle with three line* whose lengths ate I , 
1 3 nnili : or one with three lines whoae lengtht aie 1, VS, V3. ? 

7*. How ii it ■ ... 

dtiutdea, whether il 
ilisight line ? 

76. The opposite aides of parsJlelogiams are equal lo one another- State 
■nd prove the converse of this prapoaition. 

76. If the apposite angles uf a q^uadrilaicral figure be equal to each Olber, 
the figure will be a patallclogram. 

77. If two triangles have two sides of the one equal lo two wde* of the 
other, each to each ; and have likewiw the angles contained by those sides 
eqnal to one another ; the triangles shall be equal. 

If the equal angles be not those contained by the equal iidei, will the 
triangles be necessarily equal ? Will ihey in this case, if those angles be 
Tight angles ? 

78. Explain how the propositions Euc. i. 2, and Eue. i. 3, are rendered 
necessary by the restriction imposed by the third postulate. Is It necessary 
for the proof, that the triangle described in Euc. i. 3, should be cquiUtetd ? 
Cooid WBj at this stage of the subject, describe an isosceles trianglo on a given 



I. 3, be u 






■ the form in which Euc. i. 



78. If Euc. 
may be expressed. 

RO. Classify all the propci 
the First Book of Euclid. 

81. If the diagonals of a quadrilsletal figure biicet each othi 
a parallelogram. 

82. If the square on the hypotenuse in the fig. Euc i. 47, 
on the other side of it ; shew from the diagram how the squares on the twi 
■ides of the triangle may be made to cover exactly the square on the hy. 



ngUi and paraUelogrami, proved in 
, it must be 
ie described 



DEFINITIONS. 



EvEBv right- angled parallelngram is called a rei^itngk, and is said 
to be contained by any two of the stnught lines which contain one of 
the right angles. 



Inevei? pBrallelogram, any of the parallelograms about a diameter, 
together with the two complements, is called a gnomon. 



" Thna [he pflnJlelogram IIG logelher with Ihe compli 
the enonion, whieh ig more briefly cspressed by Ihi ' ' 
which are at ihe opposite angles of the paralluli^aais » 



AF, FC. it 

r, or jmc, 

'hich make thegoDmOD." 



PROPOSITION I. TBEOREM. 

If Iherti b» i-ieo ilraighi linet, one nf which it ifitif/rd into atty niimher 
9f parti I Ihi nctangte cmtaitttd by the two atraighl linet, ti egval to Ihe 
reatangltt conlaimd by Ihe tindivided line, and Ihe leveral parli nf Ihe 
divided Hat. 

Lot A and SC bo two straight lines ; 
and Ivt BC be divided into any parts in the paints D, E. 
Then the rectangle contained by the BtraiehC lines A and BC, shall 
be eqaal to the rectangle contained by A and BD, together with tliat 
contained by A and DE, and that contained by A and EC. 
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BOOK tt. PJtOP. I, II. 



K I. I 



From die point fl, draw J3F at right angle* to BC, {t. 11.) 

and nuke BG eqaal to A ; (t. 3.) 

through G draw Gtt parallel to BC. U. ni.) 

and through D, E. C. draw DK, EL, CII prollel to BG. 

Then the rectangle BH is equal to the rectangles BK, DL, Elf. 

But BH IB contained by A and BC. 

for it is contained by GB, BC, and GB a equal to A : 

and the rectangle BKis contained bv A, BD, 

for it is contained by GB. BD, of which GB is equal to A : 

also DL is contained by A. DE, 

because DK, that is, BG, (i. 34.) U equal to A ; 

and in like manner the rectangle EH a contained by A, EC : 

therefore the rectangle container! by A, BC, is eqnal to the seveml 

rectangles conlamed by A, BD, and by A, DE, and by A, EC. 

Wherefore, if there be twoatraight lines, &c o.c.n. 



PROPOSITION ri- THEOREM. 



Let the straight line /Ifl bo divided into any two parts In the point (7. 
Then the rectangle contained by AB, BC, togeUicr with that con- 
buned hy AB, AC, ahallbo equal to the square of AB. 



' 



Upon AB describe the square ADEB, ft. 4ftl 

and through C draw CF parallel to AD or BE. («• 31.) 

Then AE h equal to tlie rectangiea AF, CE. 

And AE is the aqaare of AB ; 

and .^F IB the rectangle contained by S/1, JC; 

for it is contained bv DA, AC, of which DA is equal lo AB: 

and CE is contained by AB, BC, 

for BE ia equal to AB : 

therefore the rcclongle contained by AB, AC, together with the 

rectangle AB, BC is equal to the square of AB. 

If therefore a strdght line, &c q.e,d 



PROPOSITION lU. THEOREM. 



If a tlraighl line be dividtd inio onji tao parit, the rectangle conlatrud 
by the ahole and one of {he parts, it egual to the rectangle cortlained by fAc 
too parti, togethtT ici/A the sjnars nf the afareeaid part. 

Letthestraightline Jibe divided into any two parta in the point C. 
Then the rcdAngb AB, BC, shall be uqual to the rectao^ AC, 
CB, together with tlie aqnare of BC. 



Upon SC describe the square CDEB, (i. 46.) and produce ED to F, 

through A draw AF parallel to CD or BE. (i. 31.) 

Then the rectangle AE ie equal to the rectangles AD, CE ; 

bnt AE m Ihc roctanglc contained by AB, BC, 

for it is contained by AB, BE, of which BE is equal to BC : 

and AD is contained by A C, CB, 

for Ci) is equal to CB: 

and DB is the square of BC: 

therefore the rectangle AB, BC, is equal lo the rectangle AC, CB, 

together with the square of BC. 

If therefore a straight ILne be divided, &c. o.e.ii. 

PROPOSITION IV. THEOREM. 

Tf a ilraight line ie divided into any lao parts, the square qf the whoU 
/ine ji ejuat la the squarei of the Iwa parts, together aith tviice the reetavglt 
contained by the parts. 

Let the straight line AB bo divided into any two parts in C. 
Then the sqiiare of AB Hholl be equal to the squares of AC, and 
CB, together with twice the rectangle contained by AC, CB. 
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Upon AB describe the square ADEB, fi. 46.) 

join BB, and Ihrotigh C draw CGF parallel to AD or BE, {\. 31.) 

and thronRb G draw HGK pArallel to AB or DE. 

Then, because CF ia parallel to AD, and BD falls upon thcin, 

therefore the exterior angle BGC is equal to the iotcrior and opposite 

en^e ADB; (1.29.) 

but the angle ADB is equal to the angle ABD, (i. fi.) 
because BA is cqukl to AD, being aloes of a square; 
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H irhnefore the ancle CGB is fqnkl to the aagje CBG ; 

■ mnd therefore the udc nc h equal to ihc sido CCt ; li. 0.} 

■ bm CB is equAl also to r.'A', and ('(.- to Bi: ; <i. 34.) 
H wherefore the figure COKB is cquiklcraL 

H It U likewise rect4inKular, 

m. for, nnce Ct? is p&ndlcl to BK, &nd CA mecls them, 

V Blerefi>re the angles KBC, GCB are eqnal to two right angles ; (l SO.) 

■ bnt the angle KBC is a right angle ; (def. 30. coiutt.) 
1^ wherv'fore GCB is a right angle : 

and therefore bIm the angles CGK, GKB, opposite to thcae, are right 
angles ; (i. 34.) 

wherefore CGEB is rectangular : 
it is also equilaiera!, aa was demomtrated ; 
wherefore it is a square, and it is upon the side CB. 
For the nme reason HF is a square, and it is upon tlu side HG, 
wludi is equal to AC. (i. 34.) 

Therefore the figures HP, CK, are tlie squares of AC, CB. 
And hecausc the complement AG a equal t« tfao compl^cDt GE, 
Ct.43.) 
and that AG is the n>ctaDgle contuned by AC, CB, 

for GC ia efiuot to CB; 

therefore GE is also equal to the rectangle AC, CB ; 

wherefore J(;,f>£ are equal to twice the rectangle v4C', CB; 

and HF, CK are the squares of AC, CB ; 
wherefore the four figures HF, CK, AG, GE, are equal t« the 

Isqnaresof JC, CB. and to twice tlie rectangle ^C, CB: 
but HF, CK, AG, GE make up the whole figure ADEB, which 
is the square of AB ; 
therefore the square of AB is equal to the squares of ^C, CB, and 
twice the rectangle AC, CB. 
Wherefore, if a straight line be divided, &c q.e.s. 



Cor. From the demonstration, it is manifest, tliat the parallels- 
isma ahoat the diameter of a square, are likewise squares. 



PROPOSITION V. THEOREM. 

if a »traighl lint it dimdfd mio tao fgual part; and alia inlB tim 
Wttgtiai parli ; the rectangle eonlained iy the antgual parli, logtlher Wilh 
Ilka tquart of the tine between Ihe potnJi o/ aeetion, u equal la the tqtiart 
^ half the line. 

Let the str^ght line AJB be divided into two equal parts iu the 
point C, and into two unequal ports in the point D. 

Than the rectangle A D, DB, together mth the square of CD, shall 
be equal to the square of CB. 
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6i buclid's elements. 

Upon CB deacrihe the square CEFB, (r. 46.) 

join BE, and through D draw DUG parallel to CE or BF ; (i. 31.) 

and through H draw KLM parallel to CB or EF; 

aim through A draw AK parallel to CL or SM. 

Then, because the complement CH in equal to the comiilement SF, 

Ci. 43.) 

to each of these equals add DM ; 

therefore the whole CM is equal to the whole DF; 

but because JC h equal to CB, 

therefore CM is e<];ual to AL, (i. 36.) 

tiierefore also AD ia equal to DF ; 

to each of these equals add CH, 

and therefore the whole AH is equal to DP and CH: 

bttt^ifiBthe rectangle contained byJA-OB.for JJff is equal toDfl; 

and DF together with CH is the gnomon CMG ; 

therefore the gnomon CMG ia equal to the rectangle AD, DS : 

to each of these equals add LG, which is equal to the square of 

CD ; (ii. 4. Cor.) 
therefore the gnomon CMG, together with LG, is equal to the 

rectangle AD, DB, together with the square of CD'. 
but toe gnomon CMG and LG make up the whole figure CEFB, 

which is the square of CB ; 
therefore the rcclangle AD, DB, together with the square of CD, U 
equal to the square of CB. 

Wherefore, if a straight line, &c. q.rd. 
CoH. From this propoaition it ia manifest, that the difference of 
the squares of two unequal lines AC, CD, is equal to the rcctangla 
cont^Bcd by their sum AD and their difierence DB. 



PROPOSITION VI. THEOREM. 

If a siraighl line be bisected, and produced to any jminl ; Ike reclanffit 
eontained by the ahole line Ihui produced, and IA« poti (if it produced^ 
logilher with the square of half the line bisected, is equal la the square ef 
the straight line ahich it made up of the half oTid the part produced. 

Let the straight line AB he bisected in C, and produced to' the 
point D. 

Then the rectangle AD, DB, together with the square of CB, shall 
be equal to the square of CD. 



J . » 
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Upon CD describe the square CEFD, (i. 46.) and join DE, 

through B draw JIHG parallel to Ci' or DF, (i. 31.) 

through H draw KLM paratkl to AD or EF, 

and through A draw A£ parallel to CL or DM. 
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Then became AC a equal to CB, 

fbereton the leclangle .11, ia cquaJ to ihe recUnglo CIT, (i. 36.) 

but Cff is equal to HF; (i, «.) 

thnefore AL is equal to HF ; 
to each of tijesc cqiuls &dd CM ; 
therefore the whole AM U equal lo the gnomon CMG : 
but AM is the rectangle contaiDed by AD, DB, 
for £l3f is equal loiJB: (ii.J.Cor.) 
therefore the gnomon CMG ii equal to the rectangle ADfDB: 
add to each of tlieao equals LG which is equal to tlie square of CB 
. thncfore the rectangls AD, DB, lottether with the square of CB, a 
equal to the gnomon CM(i, and the figure 1,G ; 
but the gnomon CMO and LU make up the whole figure CBFD 
which is the square of CD; 
therefore the recUngle AD, DB, together witli the square of CB, is 
equal to the square of CD. 

Wherefore, if a straight line, &c. 4< e. d. 



PROPOSITION VII. THEOREM, 
ff a itraijihl line bt divided into any Iteo patlt, Ihe iguarei ^ f&* wlude 
Ibu, and of DM iif the parl-t, an cjiial la Iwiee Ihe recla/igle eonlained by 
'\e whole and thai par I J ioffether with the tquare of the other part. 

Let the straight line AB be divided into aay two parts in the point C. 
Then the squares of AB, BC sliall be etiuol to twice the retitangle 
9, JfCi togetoer with the square of AC. 




Upon .48 describe the square ADEB,{t. <6.) and join B/); 

Ihroueh C draw CF parallel to AD or BE cutting BD in G, (i. 31.) 

through G draw HGK parallel to AB or DE. 

Then because ^G is equnlto GE, (i. 43.) 

add to each of them CK ; 

therefore the wltole AK h equal to the whole CE ; 

and therefore AK, CE, are double ofAK; 

but AK, CE are the gnomon AKF and the square CK ; 

therefore the gnomon AKF and the square CK is double of AK: 

but twice the rectangle AB, BC, is double of AK, 

foi BK ia ecfaal to BC ; (ii. *. Cor.) 

I therefore the gnomon AXF and the square CK, are equal to twice the 

] lectODgle AB, BC ; 

I . to each of these equals add IIF, which is equal to the square of AC, 
therefore the gnomon AKF, and the squares CK, HF, are equal to 
twice the rectangle Jii, BC, and the square of ^^C; 
but the gnomon AXF, together with the squares CK, HF, make 
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Tip the whole figure ADEB and CK, which are the squares of 4B 
andflC; 
therefore the squares of AB and BC are equal to twice the rectangle 
AB, BC, together with the square of AC. 

VVhereforo, if a straight line, &c. o-e.d. 

PROPOSITION VIIT. THEOREM. 

If a straight line be divided into any Itao parts, Jour limei the reclatigt* 
eotUained tj/ the akote line, and one of the parts, together iptth the square vf 
the other part, is eqaat ta the square of the straight line, which ie made up 
of the ahole and that part. 

Let the straight line AB lie divided into any two parts m the point C 
Then four times the rectangle AB, BC, together with the square of 
AC, shall be equal to the square of the straight line made up ai A3 
and BC together. 
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Produce ^B toll, BO that BD he equal to CB, ('• 3-) 
upon ^fl describe the square ^EF A (i- 4C,)8nd join ifiT,' 
through B, a, draw BL, CH parallel to AE or DF, and cutting DE 
in the points K, P respectively ; 

Uirough K, P. draw MGKN, XPRO paraUel to AD or EF. 

Then because CB is equal to BD, CB to GK, and BD to KN; 

therefore GK is equal to KN; 

for the tame reason, PR is equal to RO; 

and because CB is equal to BD, and GK to KN, 

therefore the rectangle CK is equal to BN, and GR to RN; (i. 3a) 

butCA'isequiUtoBiV, (i. 43.) 

because they are the complements of the jiai'allelograin CO; 

therefore also BJV is equal to GR ; 

and therefore the four rectangles BN, CK, GR, RN,ue equal to ono 

another, and so are quadruple of one of them CK. 

Again, because CB is equal to BD, and BD to BK, that is, to CG ; 

and because CB ie equal to GK, that is, to GP ; 

therefore CG h equal to GP. 

And because CG is equal to GP, and PR to RO, 

therefore the rectangle AG is equal to MP, and PL to RF; 

but the rectangle itfP is equal to P£, (i. 43.) 
because they are the complements of the parallelogram ML ,* 
wherefore also AO is equal to RF; 
therefore the four rectangles AG. MP, PL, RF, are equal to ono 
another, and so are quadruple of one of them AG. 
And it was deinonsiraled, that the four CK,BN, Git,andit.V, are 
quadruple of CK; 
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therefore the eisht Tcctangle* whidi contain the gnomon AOlf, an 
qnsdniple aiAK. 
Aud because AK ia the Tt«tangle contained by AB, BC, 

for BK a cqoal to BC ; 

(herrfiire fbnr times the rectangle AB, BC is quadniple of AK; 

bnt the gnomon AOII waa demonstrated to be naadraple of AK ; 

therefore four times the rectangle AB,BC is equal to the gnomon AOH; 

to each of these equals add XH, which is eqoal to the »quaro of AC ; 

therefore four tiiues the rectangle AB, BC, t')gether with the sqiure 

cf AC, is equal to the gnomon A 01 f and the square XII; 
bat the gnomon AOH tad XII make up the figure AEFD, which i* 
the square of AD; 
therefore four times the rectangle AB, BC together with the square 
of^C,ia equal to the square of .4Z>, that is, of J£ and BC added toge- 
ther in one Btntieht Une. 

Wherefore, if a atrught line, && «. e. iw 

PROPOSITION IX. THEOREM. 

I If a liraighl lint be diviiUd into fisD tqtiat, and aha tnfa Iva tMegtiat 

I fartt ; the tquaret of ikt tvxi untqual parh art legtthtr double of the tiptatt 

tf half the line, and af Ifte tqvare nf the line bttaeen the point! afieetioa. 

Let the straight line AB be divided into two equal parts in the point 
C, and into two unequal parts in the point li. 

Then the squares of AD, DB togclncr, shall be double of the squorea 
of ^C, CD. 



From the point C draw CE at right angles to AB, (t. II.) 
make T^ equal to ^C or CB, li. 3.)and)oin£J, EB; 
I ■ through D draw DF parallel lo CE, meeting EB in F, {u 31.) 
■ through F draw FG parallel to BA, and join AF. 

Then, because AC is equal to CE, 
therefore the angle EAC b equal to the angle AEC; (i. 5.) 
and because ACE is a right angle, 
' therefore the two other angles J£C, £.^C of the triangle are together 
equal to a rieht angle ; (i. S2.) 

ana since thef arc equal to one another; 

therefore each of them is half a right angle. 

For the same reason, each of the angles CEB, EBC is lialf a right angle ; 

and therefore the whole AEB is a right angle. 

And because the angle GEF is half a right angle, 

and EOF a right ongle, for it is equal to the mterior and opposite 

angle ECB, (i. 30.) 

therefore the remaining angle EFG is half a right angle ; 

wherefore the angle GEF is equal to the angle EFG, 

and the side EG equal to the side GF. {i. 6.) 
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Again, because the anfrle at B is liaba right angle, 
and FDB a right angle, for it is equal to the interior and opposite 
angle £C5, (i. 29.)_ 

IJierefore the remaining angle BFD is lialf a right angle ; 

wherefore the angle at B is equal to the angle BFD, 

and the side DF equal to the side DB. (i. G.) 

And because AC is equal to CE, 

the square of AC ia equal to the square of CE ; 

therefore the squares oi AC, C£ are double of the square of ^C; 

hut the square c^ AE is oqual to thcsnuarca of AC,CE, (l 47<} 

because ACE is a rient angle ; 

therefore the square of AE is double of the square of AC. 

Again, hucouso EG is equal to GF, 

the square of EG is equal to Uie square of GF; 

tlierefore the squares of EG, GF axe doulileof the square of Gf ; 

but the square of -EJ*" is equal of the squares of £G, GF; (i, 47.) 

therefore the square of EFis double of the square of GJ'; 

and GJ' is equal to CD; (i. 34.) 

therefore the square of EF is double of the square of CD ; 

but the square of AEis double of the square at AC; 

therefore tho squares of AE.EF are double of the squares of JC^CJDj 

but the square of AF is equal to the squares of AE, EF, 

because AEF is a right angle : <i. 47.) 

therefore the square of ^J^is double of the squares of .4C CD: 

but the squares of .dJ>, DF art equal to the square otAFi 

because the angle ADF is a right angle ; (i. 47.) 

therefore tho squares of JZ) DFare double of the squares of jfC, Cfl; 

, and DF is equal to DB ; 

therefore the squares of AD, DB axe double of the squares of JC, CD. 

If therefore a straight line be divided, &c. o. e. d. 

PBOPOSITION X. THEOREM. 
If a itraighl Rru be biieeled, ami productd to any point, Iht tquate of 
Iho aholt lint thia produced, and the tquare a} tht part qf It produced, arm 
togit/itr double of the tquare if half the line Maeoled, and of Iho tquare of 
the Imi made vp of the half and the part prodaeed. 

Let the straight lino AB be bisected in C, and produced to the 
point D. 

Tlien the squares of AD, DB, shall be double of the squares of .4C, 



From the point Cdraw CE at right angles to AB, (i. 11.) 

make CE equal to AC or CS. ('■ ■^) and join ■<E, EB ; 

Ihrongh i' draw EF pamliel to JB, (l. 31.) 

and through D draw DF parallel to CE. 



^E Then because the rtraii;ht lino EF meeU the panllels CE, FD, 
H^therefbre theangti^fK^', A'FDan- rqual to two right angles ; (i.SO.) 
^m" >ud therefore tlic emglcs BEF, EFD arc le« than two right ai^ea. 
V Bnt Btniight lines, which witlionothcrBtraight line niake the inl«rior 
^ mgles Dpon the sanie ^de Icbb than two right angles, will meet if pro- 
dnced fej* enough ; (ax. 12.) 

therefore EB, FD will meet, if produced towardB B, D; 

let them niuct in G, and join AG. 

Then, because AC a eiiiml lo CE, 

tJtenfbre the angle CEA 'a equal lo the angle EAC ; (i. C.) 

and the angle ACE ia a right angle; 

therefore caeh of the angles CEA, ^.^rishalf a right angle, (1.92.) 

For the same reason, each of the angles VEB, EBC ia naif a right 

angle J 

therefore the whole AEB la a right angle. 

And because EBC is half a right angle, 

therefore DBG is also half a right angle, (i. 15.) 

for they are vertically opposite ; 

but BDG is a right angle, 

because it is equal to the alternate angle DCE; (1. 29.) 

therefore tlie remaining angle DGB Is half a right angle ; 

and b therefore equal to the angle DBG ; 

whei^orc also the side BD is equal to the side DG. (i. fii.) 

Again, because EGF ia half a right angle, and the angle at /^ is a 

right angle, being equal to the opposite angle ECD, (i. 34.) 

therefore the remaining angle FEG is half a riglit angle, 

and therefore equal to the angle EGF; 

wherefore also the aide GF is equal to t£e side FE. (l. 6.) 

And because EC is equal to CA ; 

the square of fC is equal to the sqnaro of C^; 

therefore the squares of EC, CA are double of the square of CA j' 

but the square of EA is equal to the souares of EC, CA ; (i. 47.) 

therefore the square ot EA is double of the square of ^C. 

Again, because GF is equal to EF, 

the square of GF is equal lo the square of EF; 

therefore the squares of GF, FE are double of the square of EF; 

but the square of EG is equal to the squares of GF, EF ; (i. 47.) 

tlieretbre the square of EG b double of the square of EF ; 

and EF is equal to CD ; (i. 34.) 
wherefore the square of EG b double of the square of CD ; 
hat it was demonstrated, 

tiiat the square ot EA is double of the square ot AC; 

therefore the squares titEA,EGBXti double ofthesquareB of .^C, CD; 

but the square of ^IGb equal to the squares of i?J, EG; (i. 47.) 

therefore the square of ^G is double of the squares of JC, CD: 

but the squares of AD, DG ana equal to the square of AG ; 

thereforo thesquaresof JAi'Gare double of the squares of -JC.Cfl; 

but DG b equal to DB ; 

tlierefore the squares of AD, DB are double of the squares of ^C, CD. 

Wlierefore, if a straight line, Ike. q. e. d. 
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PROPOSITION XI. THEOREM. 

To dhida a si"'" alraighl line into tao parts, lo that the reelangli 
eonlahied by the ahoU and one of the parlt, ihatt be ejual lo iht tquart 
of the other part. 

Let AB be the ^ven straight line. 

It ta required to divide AB into two parts, so that the rectangle 
contained by tl)e whole and one of the ports, Hhall be equal to the square 
of the other port. 



F C 

H 

C K~I 



Upon ^Sde9cribethesqnare-4fflB; (l «.) 

bisect AC in E. (:. 10.) and join BE, 

produce CA to J^, and make EF equal to EB, (i. 3.) 

upon AF describe the square FGHA. (i. 46.) 

Then AB sliaU be divided in H, so that the rectangle AB, BH is 

e<iualto the square ot AH. 

Produce GH t« meet CD in K. 
Tlien because the straight line AC is bisected in E, and produced to F, 
therefore the rectangle CF, FA together with the square of AE, is 
equal to the square of EF ; (ii. G,) 

but jEFisequfdto^B; 
therefore the rectangle CF, FA together with the square of AE, ia 

equal to the square oi EB; 
but the squares oi BA.AE are equal to the square of EB, (i. 47.) 

because tho angle EAB u a right angle ; 
therefore the rectangle CF, FA, together with the square of AE, ia 
equal to the squares of BA, AE; 
take away the square of AE, which Is common to both ; 
therefore the rectangle contained by CF, FA is equal to the square 
of BA. 

But the figure FK is the rectangle contained by CF, FA, 

for FA is equal to FG j 

and AD is the sigiinre of AB ; 

therefore the figure FK is equal to AD ; 

take away the common part AK, 

therefore the remainder FH ia equnl to the remainder HD \ 

hot HD ia the rectangle contained by AB, BH, 

for AB is equal to BD ; 

and FH is the square of AHi 

therefore the rectangle AB, BH, ia equal to the square of AH. 

Wherefore the straight Hue AB is divided ia H, u tliat the reciangls 

j<Jf,fl^iseqnal to the square of ^tf. fl,B.F. 
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PllOK>SITION XII. THEOREM. 

In Mmm nng ted irianffUi, if a perpendieuUtr h§ drown Jhm eUher tf 
Ms memtw angiei to tho oppotUe tide jnrodmeed^ the tquare €(f the Hdo tttb' 
ttmSng tko obhuo onpUt it greaUr than the eqmortt €(f the eidee containing 
Ao obtuee angU, bg twice the rectangle contained hg the eide ttpon whieh^ 
whom prodneedy the perpemReular faUe^ and the etraight Rne intercepted 
eriiheut the triangle between the perpendicular and the obtuee angle. 

Lei ABC be an obtuae-aoffled triangle, haWng the obtuse angle 
ACB, and from the point il, let AD be drawn perpendkolar to BC 
produced. 

Then the square of AB shall be greater than the sqaares ofAC^ CB, 
I7 twke the rectangle BC, CD. 

A 




Becanse the straight line BD is divided into two parts in the point C, 
therefore the square of BD is equal to the squares of BC, CD, and 
twice the reetanffle BC, CD ; (11. 4) 

to each of these equals add the square of DA; 
tlierefbre the squares of BD, DA are equal to the squares of BC, 

CD, DA, and twice the rectangle BC, CD ; 
hut the square of BA is equal to the squares of BD, DA, (i. 47. ) 
because the angle at D is a right angle ; 
and the square of CA is equal to the squares of CD, DA ; 
therefore the square ofBA is equal to the squares of BC, CA, and 

twice the rectangle BC, CD ; 
ihat is, the square of BA is greater than the squares of BC, CA, by 
twice the rectai^le BC, CD. 

Therefore in obtuse-angled triangles, &c. <). e. j>. 

PROPOSITION XIII. THEOREM. 
In everg triangle^ the tquare of the tide tubten^ng either qf the acute 
mnglety it lett than the tguaret of the tidet containing that angle, bg twice 
the rectangle contained bg either of thete tidet, and the ttraight line inter' 
cepted between the acute angle and the perpendicular let fall upon it from 
the oppotite angle* 

Let ^J9Cbe any triangle, and the angle at B one of its acute angles, 
and upon BC, one of the sides containing it, let fall the perpendicular 
AD m>m the opposite angle, (i. 12.) 

Then the square of AC opposite to the angle B, shall be less than 
the squares of CB, BA, by twice the rectangle CB, DB. 
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First, let AD fail within the triangle ABC. 
Then becauae the Btmight line CS h dirided into two parts in D, 
the squares of CB, BD arc equal to twice the rectangle contained bj 
CB, BD, and the square of I>C ; iu. 7. ) 

to each of these equals add the square of AD ; 
therefore the squares of CB, BD, DA, are equal to twice the rectanglo 

CB, BD, and the squares of AD, DC ; 
but the square of AB is equal to the squares of BD, DA, (i. 47.) 
because the angle JiDA is a, right angle ; 
and the square of AC ia equal to the squares of AD, DC \ 
therefore the squares of CB, BA are equal to the square of AC, exii. 
twice the rectangle CB, BD : 
that is, tlie square of -iC alone ia less than the squares of CK, BA,hf 

twice the rectnngle CB, BD. 
Secondly, let AD fall without the triangle ABC 



Then, because the angle at Z) is n right angle, 
the angle ACB is greater than a right angle ; (i. IB.) 
and therefore the square of JB is equal to the squares of ^C, CB, 
and twice the rectangle BC, CD ; («. 12.) 

to each of these equals add the square oiBC; 

therefore the squares of AB, BC are equal to the square of AC, twice 

the square of BC, and twice the rectangle BC, CD ; 

but because BD is divided into two parts in C, 

therefore the rectangle DB, BC is equal to the rectangle BC, CD, 

and the square ofBC; (ii. S.) 

and the doubles of these are equal; 
that is, twice the rectangle DB, BC is equal to twice the rectangle 
BC, CD and twice the square of BC : 
wherefore the squares of JB.BC arc equal to the square of J C, and 
twice the rectangle DB, BC : 
therefore the square of JC alone is less than the squares of ^,9, BC, 
by twice the rectangle DB, BC. 
Laedy, let the side AC be perpendicular to BC, 



Then SCU the straight line between the perpendicular and the 
■cute angle at B ; 

and it is manifest, that the squares of .4B, BC. are equal U> the square 
<i(AC, and twice the square of BC. (i. 47.) 

Therefore in any triangle, &c. a. b.d. 
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BOOK II. PROP. XIV. 

PROPOSITION XIV. PROBI,E.11. 

Ta itaeiVbt » tjnara thai iltall be t^ual U a gitrm rteHlitiMitJlgvrt. 

Let A he the i;iven rectilineal figuro. 
It is tequind to describe a square that shall te ei|iiiil to A. 



Describe the rectangular parallelogram BCDE equal to the recti- 
lineal figure A. (i. 4JSl) 

Then, if tbo sides of it, BE, ED, are equAl to one itnotber, 

it is a square, and what was required is now done. 

Bat if the; are not equal, 

produce one of tlirm BE tn F, and make EF equal to ED, 

biswl BF in ti ; (l 10.) 

from the center G, at the distance GB, or GF, describe the Bemidrcle 

BHF, 

and produce DE to meet the circnmference in H. 
The square described upon EH shall be equal to the given recti- 
Uneal fignie J. 

Join GH. 
Thea because the straight line BF is divided into two equal parla 
is the point G, and into two unequal parla in the point E ; 

therefore the rectangle BE, EF, together with the square of £G, 
are equal to the square of GF; (ii. 5.) 

but GF is equal to G7/; (def. 16.) 
therefore the rectangle BE, EF, togetiier with the »quare of EG, vi 

equal to the sqnare of GH ; 
buttheBquareaofif£, £G are equal to the square of Gff; (i. 47.) 
therefore the rectangle BE, EF, loprther with the square of EG, 
are equal to the squares of HE, EG ; 
take away the square of EGr which is common to both ; 
therefore the rectangle BE, EF is equal to the square of HE. 
But the rectangle contained by BE, EF is the pwallelogram BD, 
because EF is equal to ED ; 

therefore BD is equal lo the square o( EH; 

but BD is equal to the rectilineal figure A : (cooatr.) 

Iheretbre the square of EH is equal to the rectilineal figure A. 

Wherefore a square has been made equal lo the given rectilineal 

figure A, namely, the square described upon EH. » b. v. 
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NOTES TO BOOK II. 



Iir Book I, Geoinetrical magnitucleti of the sune kind, linn, xaglxt *nd 
lurfaccs, more partlculBily trinnglci and parslklograms, are compared, eilhci 
SB being absolutely equal or unequal lo, one another. 

In Book ]i, the ptoperlies of righl-angled parallelogram i, but wilhool 
reference lo their magoitudea, are demon straled, besides an impoTtant cxteneion 
1b made of Prop, xlvii. Book i, id scute^juiglcd and obtuie-angled triangles. 
Eudid bas giien no definition of a rectaigular parallcljigran or Tcctotigle i 
probably, because the Greek expreBsion irapaXKuXoyfia/ifiop opSoytBtftaUf ov 
ipSoyiii'ioi' simply, is a definition of the figure. In English, the term 
TCdanglc has no sigiiificalicn, and therefore ought to be defined before ita pro- 
perties are demonslraled. A rectangle may be defined lo be a parallelogram 
having one angle a right anglcj and a square is a rectangle baring aU ila 
■idea equal. 

In Prop. xTtxv, Book i, it may be seen that there may he an indefinite 
number of parallelograms on the same base and between the same parallrU 
whose areas are alirsys equal to one another ( but that one of them has all tu 
angles right angles, and uie length of its hoimdary leas than the boundary of 
snj' other parallelogmm upon the faine base and between the came parallels. 
The area of this rectangular parallelograin is therefore determined by the two 
lines which contain one of its right angles. Hence it is stated in Def. I, thai 
every right-angled parallelt^rani jj jaid lo be cmilalned by any two of the 
titaight lines which conuin out of (he right aaglea. No distinction i> mads 
in Book II, between equality and idcntily, as the rectangle may tie said lo be 
contained by mo lints which an equal respectively lo the IHO which con- 
tain one right angle of the figure. Il may he remarked that the rectangle 
ilaelf ii Imni^cd by four straight lines- 
It is of primary importance lo discriminate the Oeomctrical conception 
of a rectangle from the Arithmetical or Algebraical repTcscntation of ii. Tbe 
■abject of Geometry is mugnilude not number, and therefore il would be ■ 
departure from strict reasoning on space, to substitute in Geometrical demon- 
ItiBtions, the Arithmetical or Algebraical representation of a rectangle for the 
tectangle itself. It is, however, absolutely necessary thai the connection of 
tminhcr and mugnUude be clearly understood, as far as T[^aTds the representa- 

All lines ne measured by lines, and all surfaces by surfaces. Some one 
line of definite length is arbitrarily assumed as the linear unit, and ihe length 
of every other line is represented by the numlwr of linear units contained in it. 
The aquaie is the figure assumed for the measure of surfaces. The square 
onit oc the unit of area is assumed lo be that square, ihc sido of irhich la 
one unit in length, and the magnitude of every surface is represented by 
the number of square units contained in it. Bui here it may be remarked, 
that Eudid has not informed us that the two lines by which every rectangle 
is contained, are capable of being represenled by any multiples of the same 
linear unit. If, however, in the present case, the sides of rectangles are sup- 
posed 10 be divisible into an exact number of linear units, a numerical repre- 
sentation for (he arcs of the rectangle may be deduced. 

On two lines at right angles to each other, take AB equal to 4, and AD 
tiftil to 3 linear unita. 

Complete the reelangle JBCD, and through ibe pdnla of divlsioD of 
AB,AD,inii Et.,FM,GIffu^HaAD; tni HF, XQ puallel lo^lt 
Rspcciivcly. 
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Tlxn the whole redangle AC \t dliidcd into iquim, kU (quitl la och oibn. 
^.And ^Cilrqual lo the turn of the TKtangUi ^L, EM,F!f, C,€ ; (ii. 1.) 
alio then cecungle* ueequml to one ■nolhir, (l. 30.) 
dutdbre the vbole AC » equal to fouc limei one of ihero AL- 
Again, the reciaagle AL is eqiuJ to ihe rccungln EH, II R, RD, ud 
K rectui^lH, by coruiruction, are squares desciibed upon the equal linsa 
^H, HK, &D, and are equal ID one analher. 

ThFRfore ihe rectangle AL is equal lo 3 times the square on AH, 

but the ohule rectangle AC a equal to 4 times the leclangli; AL. 

itfuiEfore the rectangle ^ C Is 4 X 3 tinm iheaquare on AH,or 12 square units: 

ibal is, the product of the two numbers which eiprtaa the number of linear 

miil* hi ihe two side!, will ojve the number of square units in the rectangle, 

■od therefore rill be an ArithmelicBl rcpresenuiion of its ares. 

And generally, if AB, AD, initeail of 4 and 3, coDBisIcd of <i and A linear 
nniu lespectivelr, it may be shewn in a limilir manner, that [he area of the 
lectaogle ^C would eoniain a6 square uniuj and ihercfon: tho productaiis 
^prDpempreBentBiion far the area of the rectangle AC^ 

'leDCe, it follows, tlut the term rectuagU in GeomL.'try corresponds to the 
ftraduct in Arilhnielic and Algebra, and that a similar compsrison mi^ 
lade between the products of the two numbers which Rpreaent the sidn of 
IWIanglea, as between the areas of Ihe rectangles ihemiclves. This forms the 
haai* of what an called Arithmetical or Algebraical proofs of Geometrical 

If the two sides of the rectangle be equal, or if A be equal (o a, the figure 
t> aaqnaie, and the area is repreaenled by an or a'. 

A^i since a triangle is equal to the half of a pHrallelogiam of the same 
base and aldtude ; therefore the area of -a triangle will bo rcpresentod by half 
the rectangle which has the same base and alliiude as the iriangle : in othet 
WBitU, if ^e length of the base be a uniu, and the altitude bci units. 



Tlleo the arc 
The leading i 



of the triangle is algebraically represented by jaA, or -^. 
ca which runs through the demonslrationa of (he Brst ^ht 



I, that, " the whole area of every figure in 
eac^ ease, is equal to alt the paria of it taken together." 

Def. 2. The paraUelogram EK together with the complements AF, FC, 
it also a gnomon, as well as the porailelograra IIG together with the same 
complemeots. 

Prop. I. For the aalte of brevity of expression, "the rectangle contained 
J the straight lines AB, BC," is called "the rectangle AB, BC;" and 

rungle^JflC." 

^ To this popoaition maj bff added the corollary : If two atniight hnes be 

■"•ied into any number of parts, the rectangle contained by the two atmght 

I, is equal to the rectangles contained by the sevend parts of one line and 

erJ porta of die other respectively. 

[ The method of reasoning on the ptnperiiri of rectangles by means of the 

■ which indicate the number of aquore units contained in theii areas 
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1) foteigD to Euclid's ideas of tectonj^les, as discuaied in bin Second Book, 
which haTO no reference to any parlic ular uait of Icnglh or measure of aurface. 
Pcop. I. Algebraically, (fig. Prop, i.) 

Let ibe line BC cont^ a lincsc unita, and the Use A, b linear imits of 
the aame length. 

Alio Buppose the pans SD, DE, EC to contain m, n, p linear units 
ralpectivelj. 

Theno^m + n+p, 
muldplj theae ei^uaU by i, 

therefore ab = brH-^ba.^^bp. 
That is, the product of two nurabeiB, one of which is dirided into any 
number of parts, is equal to the sum of the products of the undivided number, 
and the several parts of the other ; 

or, if the Geometrical interpretation of the products be restored. 
The number of square unita expressed by the product 06, ii equal to the 
number of square units expressed by the sum of the products Jm, 6n, bp. 
Prop. II. Algebraically, (fig. Prop. 11.) 
Let AB contain a linear units, and AC, CB, m and » linear tinits respecl* 

Thentii+n=a, 
multiply tbesc equals by u, 

therefore am + on = a'. 
That is, if a number be divided into any two parts, the sum of the pro- 
ducts of the whole and each of the parts, is equal to the square of the whols 

Prop. III. Algebraically, (fig. Prop. III.] 

Let AB contain a linear units, and let BC contain m, and AC, n linear 

Thena = t» + fl, 
multiply these equals by «, 

therefore ma = m'-^mii. 

Thai is. If a number be divided into any two parts, the product of the 
whole numtier and one of the parts, is equal to the square of that part, and 
the product of the two parts. 

Prop. IV. might have been deduced from the t»o preceding propositions ; 
but Euclid has rather preferred the method of exhibiting, in the demonstra- 
tions of the Second Book, the equality of the spaces compared. 

In the corollary to Prop. XLVi. Dook i, it is stated that a porallclognim 
which has one right angle, has all its angles right angles. By applying this 
coroUarv, the demonstration of Prop. iv. may be considerably shortened. 

If the two parts of the line be equal, then the square of the whole line 
is equal to four times the square of half the line- 
Also, if a line be divided into any three parts, tlie square of the whole 
line is equal 10 the iquarca of the three paru, and twice the rcclanglei con- 
tained by every two parts. 

Prop. IT. Algebraically, (fig. Prop, iv.) 

Let the line AB contain a linear units, and the parts of it AC and BC, m 
tnd n Unni imiu respectively. 

Thena°m + n, 
g these equals, .-. a' ^ (m + «)', 
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Tbtd it, if a Dombar be divided into enj two p«rt8, the square of the 
number is equal to tlie tqnaKi of tlie two par tt together with twice the pro- 
duct of the two ports. 

Prop. ▼. It must be kept in mind, that the turn of two straight lines in 
Oeometrj, means the straight line formed bj joining the two lines togetlier, so 
that both may be in the same straight line. 

The fidlowins simple properties respecting the equal and unequal divisioa 
of a line are worthy of being Rmember«L 

1. SiDeeAB^2BC^2(BD+DC)»2BD^2DC, (fig. Prop.T.) 

•ndAB^AD-^DB; 

••• 2CD-k- 2DB ^AD-k^ DB, 

and by subtracting S DB from these equals, 

.-. 2CD^AD-DBy 

9ndCD=-i{AD'DB), 

That is, if a line AB be divided into two equal parts in C, and into two 
nneqnal parts In Z>, tlie part CD of the line between the poinu of section is 
equ^ to half the difierence of the unequal paru AD and DB. 

U. Here AD=sAC-\- CD^ the sum of the unequal parts, (fig. Prop, f.) 

and DB ^AC -CD their difference. 

Henoe by adding these equals together, 

.-. AD^DB^2AC^ 

m the sum and difference of two \xach AC, CD^ are together equal to twice 
the greater line. 

And the halves of these equals are equal, 

.-. ^.AD^i.DBtsAC, 

or, half the sum of two unequal lines AC, CD added to half their diffirrenoe 
is equal to the greater line AC. 

III. Agahi, since AD=zAC-k- CD, and DB » AC -CD, 
by subtracting these equals, 

.-. AD-DB = 2CD, 

or, the di&renoe between the sum and difference of two unequal lines is equal 
to twice the less line. 

And the halves of these equals are equal, 

.•. l.AD-i.DB=CD, 

or, half the difierence of two lines subtracted from half their sum is equal to 
akB less of the two lines. 

IV. Since AC-CD^DBihe difference, 

.•. AC=^CD+DB, 

and adding CD the less to each of these equals, 

.-. AC+CD = 2CD + DB, 

or, the sum of two unequal lines is equal to twice the less line together 
with the difference between the lines. 
Prop. V. Algebraically. 

Let AB contain 2 a linear units, 
its half BC will contain a linear units. 

And let CD the line between the points of section contain m linear units. 
Then AD the greater of the two unequal parts, contains a-k-m linear units ; -. 
and DB the less contains a^m units. 

o3 
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Also HI ii half thedifTerenceof a-t-maud a -mi 
to each of these equati add m' ; 

That is, if s number be divided into iwo equal parts, and also into two 
unequal pull, tile product of the unequal puts together with the squaci ' 
half their difference, is equal id the square of half (he number. 

Bearing in mind that AC, CD arc respectively half the sum and half the 
difference of the twu lines AD, OB; the corollary to this proposition may be 
expressed in the following form : " The rectangle contained by ito straight 
lines is cqnal to the diffettuce of the Equares of half thek sum and half theii 
difference." 

The rectangle tontaincd by JD and OB, atid the square of BC are each 
boimded by the same extctit of line, but the spaces enclosed differ by the 
iquare of CD. 

A given straight line is said io be produced when it has its length ioeressed 
in either direction, and the increase it receives, is called the jiart produced. 
Prop. VI. Algebraically. 

Let AB contain 2a linear units, then its half BC contains a units ; and 
let SD contun m units. 

Then AD contains 3a + m units, 
and .■.^2a.^m)m•^2am + m'i 
to each of Ibese equals add a', 

.■.(!.+„)„+.-.(.t>.).. 

That is. If a number be divided into two equal numbers, and anothtx 
number be added lo the whole and to one of the parts; the product of the 
whole number thus increased and the other niiiiitiei, together with the square 
of half the given Dumber, is equal to the square of the cumber which la 
made up of half the given number increased. 

The Algebraical reaulls of Prop, v and Prop. Ti are identical, as it If 
obsiouB thai the diiference of a + m and u-m in Prop, v is equal to the 
difference of Sa + m and «i in Prop, vi, and one algebraical result eipressel 
the truth of both propoBittona. 

This arises from the two wayi in which the diiference between two 
unequal lines may be rcpresenled geometrically, when they are in the laioe 
direction. 

In the diagram (fig. tu Prop, v.], the diiference DB of the [wo unequal 
lines A C and CO is exhibited by producing the less line CD, and making CB 
equal to AC the gnster. 

Then the part produced DB is che diflertnce between .4C and CD, 
for .^C is equal to CJf, and taking CD from each, 

the diSerence of AC and CO is equal to the difference of CB and CD. 

In the diagram (Hg. to Prop, vr.), the dKFetenee DB of the two unequal 
lines CD and CA is exhibited by cutting off'from CD the greater, a part CS 
equal to CA the leas. 

Prop. VII. Algebraically. 

Let ^0 contain B linear units, and let the parts ^C and TB contain m and 
n limar units mprelively. 

Thetla>tn + tii 
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.■. •quiring Ihnc equall, 
kdd n' to each oT ibese equali. 

But 3mn-t-3f>* = X(*i + n)fi-3ai 



■quiring these equkli, 
uid idding 4 a a to eheh of chete eqnab, 
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Er k number b« divided into any iwa ptru, the iqaare of the 
and of one of the puu, la equal to lalce the ptoduct of the 
whole number and that part, togcibet with the aquaie of the other part. 
Flop. VIII. AlgebiBirall]'. 

Let the whole line AB coutahi a Unotl units of which the paiM AC, 
CB coDtahn m, n unit* ropectirelj. 
^k Then in.|.f<-d, 

^^B and aubtiacting or taking n from each, 

H Thui% 
H^ floet of the ' 



ito any two parts, four timet 1}|« pio- 
' parti, together with the square of [he 
otbei pan, is equal to the iqitare of (he oiuabur made up of the whole and 
the part Snt taken. 

Prop. II. Algebnically. 

Let AB contain 2a litieor units. Its h&lf AC or BC will contain a units; 

rid kl CD the line between the points of section contain m units. 
Alio AD the greater of the two unequal parts contains a + m uiiits, 
and DB the less contain! a-m units. 
Then (a + m)' = fl" + 2ara + m', 
and (a-ni)'-a'-2a?!i + m'. 
Hence by adding these equals, 
.-. (a + m)= + (a-™)'=2a'+2.,.'. 
That is. If a number be divided into two equal parts, and also into two 
miequal parts, the sum of the squares of the two unequal parts is equal to 
twice the square of half the number itself, and twice tKe*squaie of hall' tha 
difierence of the unequal parts. 

Prop. I. may be put under the following form ; The square of the sum of 
wo lines exceeds the square of their dilTcrence, by four times the rectangle 
DDlained by the lines- 
Prop. X. Algebraically. 
]>t the line jIB contain 2a linear utiits, of which its half AC or CB 

and let 3D contain m units. 
Then tlie whole line and the part produced will contain 2a 4. n 
and half the line and the pait produced will contain 
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.■.(aa + w)' = 4ai + 4flm + m', 

adtl m' to each of Lbese equals, 

.■.(2a + ™)> + m' = 4a= + 4a™ + 2m» 

Again, (a + m)» = a' + 2an. + oi% 

add a' to each of these equals, 

.■.(o + m)' + a' = 2a'! + 3am + m', 

BOd dnublhig these equal), 

Bul(2a + »«J« + m' = 4o' + 4ani' + "i', 
Hence .-. {3u + I7i)'' + bi' = 2u= + 2 (o + m)'. 

Thst is, If a number be di»ii]ed into two equal paru, and the whole 
number and one of the parts be increased by (he addition of anotlier num- 
ber, the squares of the whole number thus increased, and of the number by 
which it it increased, arc equal to double the iquarea of half the number, 
and of half the number increased. 

The algcbtaical results of Prop, ix, and Prop. K, are identical, (the enun- 
eialions of the two Props, arising, as iu Prop, v, and Prop, vi, from the 
two WBjs of exhibiting the diSerence between two lines;) and both may be 
included under the following proposition : The square of iho sum of two lines 
and the square of their difleience, are together equal to double the sum of the 
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To solve Prop, xi, algebraicaUy, oi 
e leclangle contained by the whole lir 
the square of the other part AH. 

Lot AB contain a linear uniis, and . 



<ll 01 



r of tile unknown parts cc 



And 



the other part IIB conuins a - i un 
= i-", by the ptoblen 
B quadratic equation 
± « V5 - a 



Tbe former of these values of j: detetDiincs the point H. 
So that x^ —- — .AB" Ail, oat pari. 



a-s = tt-AH = 



-•/& 



AB = HB, the aihet put. 



It xa\j be obserred, that the patla AH and HB cannot be aumericaUy 
wpreised by any rational number. Approiimalion to their true values in 
1 of AB, may be made to any rcqmrcd d^ree of accuracy, by ei lending 
' in of the square root of 6 to any number of places of deciuula. 



scrtain the m 



ing of ihc other tesull r= 1 



In the equation o (a — r) = i', 
for X write - x, then a (a + j) = x', 
■rhich when translated into words gives the following problem. 

To find the length to which a given line must be produced, so that tbe 
.'rcuuigle canlained by the given line and the line made up of the givea line 
■nd the part produced, may be equal lo tbe square of the part produced. 
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Otf the problem may also bt cxpretted at followt t 
To find two lioet baYing a giyen diffiscnoe, luch that the nctangle con- 
tained bj the diffiaenoe and one of them^ may be equal to the square of the 
other. 

It may here be remarked, diat Prop. xi. Book ii, aflfbrdi a simple Geo- 
metrical construction fior a quadratic equation. 
Prop. XII. Algebraically. 
Asraming the truth of Prop, xlvii, Book i, Algebraically. 

Let BC, CA. AB contain a, 6, c linear umts respectively, 

ana let CZ>, DA^ contain m, n units, 

then BD contains a-^-m units. 

And thevefbv^ c*b (a + m)*+ a«, from the right-angled triangle ABDy 

also 6«sm*+fi*from^CD; 

... f«-ft« = (a+m)«-m« 

ao' + Sam, 

,•. c»ml^ -f o' + fiam, 

that is, c* is greater than &*+ a' by 2am. 

Prop. xiix. Case ix may be proved more simply as follows, 
Since BD is divided into two parU in the point Z>, 
therefore the squares of CBy BD are equal to twice the xectugle contained 
by CBj BD and the sauare of CD ; j[ii. 7.) 

add the square oi AD to each or these equals ; 
therefore the squares otCBy BD, AD are equal to twice the rectangle CB^ 
BD, and the sauares of CD and DA, 
but the squares of BD. DA are equal to the sauare of AB, (i. 47*) 
and the squares ot CD, DA are equal to the squares of AC, 
therefore the squares of CB, BA are equal to the square oi ACy and twioa 

the rectangle CB, BD. That is, &c 
Prop. XIII. Algebraically. 

Let BCy CA, AB contain respectively a, 6, c linear units, and let BD and 
AD also contain m and n units. 

Case I. Then DC contains a — m units. 

Therefore e^^n'^m* from the right-angled triangle ABD, 

and &»=«« + (a-f»)» from -4DC; 

... c*-6«=m«-(a-m)« 

«m*— fl"+2am-m" 

s— a* + 2am, 

... fl« + c« = 6*+2am, 

or J* + 2am*a* + c', 

that is, 6* is less than a* + c> by 2am. 

Case II. DC=m-a units, 

.*. c*^m^-^n^ from the right-angled triangle ABD, 

and 6« = (m-ay + n«from^CZ>, 

... c^-.b»^m'-(Tn-ay 

= TO* — m* + 2a m — a* 
«2am— a*, 
.*. a« + c«=6« + 2am, 



BDCLtD 8 BLKMBMTB, 

or t« + 3om = a» + c«, 

that is, A' is Icaa than a' -I- <:■ b7 a 1 m. 

Here m ia equal to a, 

Ind t' + a'-e*, from ihe right-angled triangle ABC. 

Add to each of these equals n*, 

.-. t' + 2o" = e' + a', 

that U, J* ii lew than c' + o' bj 2a', or 2aa. 



The ancient Geometry of the Greeks admitted no symbola bcaides the 
diagruna and otiliuary kngaoge. In later limeB, afler symbols of operation 
had been devised by writers on Algebra, Oiey were very aooo adnpied and 
employed, on accaunt of their brevity and convenience, in vritinga purely 
geametrical. Dr. Barrow was one of the first who introduced algebraicA 
symbols into the language of Elementary Geometry, and diatinctly states, in the 
preface to bis Euclid, that his object is " to content tbe desires of Uiose wbo 
are delighted more with symbolical than verbal demonstrations." As alge- 
braical aymbols are employed iti almost all works on the mathematics, whether 
geometrical or not, it seems proper in this place to give some brief account of 
the marks which may be regarded as ihe alphabet of symbolical language 

The mark = was first used by Robert Recotde, in his treatise on Algebra 
entitled, " The Whetstone of M'illc, &e.," for the sign of equality ; " be. 
cause," as he remarks, ''no two things can be tnorc equal tban a pair of 
parallels, or gemowc linea of one length." It was also employed by hiia 
to his algebra, aimply in thesenae of aqualur, or, ii equal to, affirming the 
equality of two numerical Or algebraical expreaaions. Geametrical equality 
is not exactly the same as numerical equality, and when this symbol Ja 
used in geometrical reasonings, it must be understood ai having refercnc* 
lo pure geometrical equality. 

The signs of relative m^^iitude, > meaning, (i greater (Aan, and <, it 
kti than, were first introduced into algebra by Thomas Harriot, in hia " Arllt 
Analylicas Praxis," which was publisbed after his death in 1631. 

The signs + and _ were first employed by lUichacl Stifel, in bis "Arith. 
melica Integra," which was published in 1544. The sign>t- was employed bj 
him for the word plat, and the sign —, for the word minHi. These signs wera 
used by Stifel strictly as the aridimetical or algebraical signs of addition and 
Subtracdon. 

The sign of multiplication k was first introduced by Oughtrede in hi* 
"Clavis Mathcmatica," which waa published in Iffill. In algebraical mul- 
tiplication he either cDnnccta the letters which form the factors of a product 
by the sign x. or writes them as words without any sign or mark between 
them, as had been done before by Harriot, who first introduced the small 
letters to designate known and unknown quantities. However concise and 
eODvenlent the notation AB x BC or AB . BC may be in practice fur " Ott 
reelSHgle eoHlaiucd i» Ifu IliKi AB and BCi" the student iscautionedagamst 
the use of it, in the early part of hia geometrical studies, as its use ia 
likely 10 occasion a miaapprvhension of Euclid's meaning. Dr. Barrow some, 
lltnes expicuei '•■the recUHgle cealainii by AB and BC" bj "IA« rtcUngU 
ABC." 
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SUiicI wi« Ihe Snl who introductd intigra] nponenti (d drnole 

poven of »lgtbniie»l lymbols of quuitii)-, for which he nnplojFd cipiu) 

htun. Victs aftetwtrd* UMd the towels to dcnou known, and ihe con- 

•onanu, unknown quuilitin, bul uud wordi lo dviignale ihc powcn. SSiroon 

Sterin, in hia tnatiie on Al^bn, whidi wu published in 1605, improtrd 

the Dotalion of Stifel, by placing ihe tifpircs that indicated the powcn within 

•mall drclo. Petfr Ratnus adopted the itiitial tctlcn /, ;, c, bq of lalar. 

qnadrulut, eufrm. Hijuodratui, a) the notation of th« fint four powcn. Ilairjot 

ohibilcd (he diAeiint poweri of algrbTaical lymboln by TCpeaCJng the ijm- 

bol, two, ihice, roar, &c lime*, accotding lo the older of the power. Detculea 

HMored the nnmeiiril exponents of powen, placing them at the right of 

Sm numbera, or lymbols of quantity, ■> at the preienl time. Dr. Barrow 

MnploTed the notation ABq, for "llie square of Ihe lite AB," in hia editioo 

tf EucUd. The notationn AB', AB', for " Ihe iquatc and cnit of Ihe line 

' DM txlrmlliti art A and B," an foand in altnoai all worki on the Malhe. 

tics, though nm whoUjr coniiilent with the algebtaica] notations a' and a'. 

Tbe lymbol if, being originaUy the initial letter of the trotd radix, wai 

I UKd by Siit'el to denote the iquare root of the number, or the ijmbol, 

an which U was placed. 

TYte Uindui, in their irtatius on Algebra, lodicaled the ntio of two 
mbcn, or of two Blgebnieal symbols, by placing one abore the other, 
itont any line of separation. The line was fint intToducxd by the Arabians, 
■n whom it passed lo the Italians, and JVom ihem to the rest of Europe, 
nil notation has been employed for the expression of geometrical ratios by 

Otighlrede Snl used pointa lo indicate proportion; thus, a -.b -.ic : d, means 
ttat a bean the tsme proportion lo A, as e daes to d. 



QUESTIONS ON BOOK II. 

1. WBEmEii* does a rirrfnn^ir differ from ttHghlanglef 

2. Is there any difference between the straight lines by which a rectangle 
ll i^d to he ci/nlained, and those by which II li houniltd $ 

3. Define a ^ nonuiH. IIow many gnonatu appear from the isine con. 
ledon in the same rectangle ? 

4. When the adjacenl sides of a retJlangle are commensurable, the area of 



10 adjacentsides contain 3 and 4 



of the factors and the units of the product. 
In what sense is the area of a trisngle said to be equal to half the pro- 
of its base and its altitude ? Wh at two propositions of Euclid may be 

6, What axiom la assumed in proving tbe first eight propositioaa of 



7. Why may not Algebrsieal or Arithmetical proofs be lubstiluled (as 
tang shorter) for the demon sirationa of the PropMilioni in the Second Book 
V Euclid ? 

fl. What is meant by Ihe mm of two, or more than two straight lines 
Geometry ? 

9. In Euclid ii. 3, wliere must be the point of division of the line, lo 
igle contained by the iwo parts may be a maximum ? Exem- 
ae where the line it IS inchei long. 



^,i 



84 BOCLID'S ELEMENTS. 



^ 



10. BoT may ihe demonaliBtiim nf Euclid t: 
end ? OWe the Algebnical proor, nnd sUte oa what Euppositioii! it can be 
regarded ai a proof. 

11. Shew that If s line be divided into (vn equal parU and icto ivo 
onequal parti; ibe part of the line between the points of gection is equal to 
half the difierence of the unequal paru. 

12. Id hov many wayi ma; the difference of (wo lines be exhibited ? 
Enunciale the propositions in Book 1 1. which depend on that circumstance. 

13. Include the first two cases Euclid has given. Book ii. Prop. 13, in 
one proof. 

14. Divide Algebraically a t;iven line (a) into two parts, such that the 
rectangle contained by the whole and one part may be equal to the square of 
the other part. Deduce Euclid's construction from one solution, and eiplain 
the other. 

15. If (he original figure, Euclid ii. 16, were a righl-angled triangle, 
whose lidei were represented by 8 and U, what number would represent the 
lide of a square of the same area ? Shew that ifae periicetei of the square is 
leas than tlie perimeter of the triangle. 

16. If the sides of a rectangle are B feet and 2 feet, what is Ihe side of the , 
equivalent square ? J 

11. " All plane rectilineal figures admic of quadrature." Point out tho I 
succession of steps by which EucUd establishes the truth of this propoiition. | 

16. How do you shew that the area of s rhombus is equal to half ihe ree- 
langle contained by the diagonals ? 

19. The area of a trapezium which has two of its aides psTsUel, is equal 
to that of a rectangle contained by its altitude and half the sum of its parallel 
sides. What propositions of the First and Second Books of Euclid are no- 
ployed to prove this ? Of what service la the above in the mensuration of Geldl 
wiOi irregular borders ? I 

20. Enunciate the Arithmetical theorems expressed bj the following Alge- I 
bralcal formula : I 

(fl4i)' = a' + 2B6 + i»! o>_5" = (a + i)(a-i): (a-i)»=o'-2o» + i>, ] 
and stale the eorreiponding Geometrical propoaitimis, 

21. Shew that the first of the Algebraical propositions, 

(o + i)(o-»)4r' = i^ : (a + i)' + (u-T)" = 2o + 2i>. 
1« equivalent to the two propoaidons v, and vi, and the second of them to the 
two proposidotis IX, and x, of the i^cond Book of Euclid. 



Might line be divided into (wo parls,_when is the rectangle 
contained by the parts, the grcairri poiiitle^ and when is the sum of iha 
squaiee of (he parts, Ihc In 



How may a series of^ lines be fimnd similarly divided to the line AB 
inEae. it. 11 F 

34. Enundilc Euc II. 13, and give an Algebraical or Arlthmedcal proof 
of It 

36. Could any of (he prapotifioni of the Second Book be made eorollatiu . 
\o other propositions, with advantage? Point out any such propoiitloDa, and 
give your reasons for the Bltemlions you would make. 

28. Ho* may a rectangle be dissKtcd so aa to form an equivalent 
IBdanigle of any proposed length p 



i 
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DEFINITIONS. 



L 

Equal drdM are thoee of which the diameters are equal, or from 
the oenteTB of which the straight lines to the circumferences are 
equal. 

This is not a definition, but a theorem, the truth of which is evident ; for, 
if the circles be applied to one another, so tliat their centers coincide, the 
circlet must likewise coincide, since the straight lines from the centers are 
eqnaL 

II. 

A straight line is said to touch a circle, when it meets the circle, 
and being produced does not cut it. 




III. 

Circles are said to touch one another, which meet, but do not cut 
one another. 

IV. 

Straight lines are said to be equally distant from the center of a 
circle, ¥aien the perpendiculars drawn to them from the center are 
equaL 




V. 

And the straight line on which the greater perpendicular falls, is 
said to be f&rther from the center. 

VI. 

A segment of a circle is the figure contained by a straight line, and 
the circumference which it cuts off. 




R 
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VII. 



The angle of a segment is that which is contained by the straight 
line and the circumference. 

VIII. 

An angle in a segment is the angle contained by two straight lines 
drawn from any point in the circumference of the segment^ to the ex- 
tremities of the straight line which is the base of the segment 

IX. 

An angle is said to insist or stand upon the circumference inter- 
cepted between the straight lines that contain the angle. 




X; 

A sector of a circle is the figure contained by two straight lines 
drawn from ^e center^ and the circumference between them. 




XL 

Similar segments of circles are those in which the angles are equal, 
or which contain equal angles. 




/2\ 



BOOK lU. PROP. I, II. 87 

PROPOSITION I. PROBLEM. 

To find the center qf a given drele* 

Let ABC be the given circle. 
It is Tequired to find its center. 




Draw within it any straight line AB, and bisect AB in JD ; (i. 10.) 

from the point D draw DC at right angles to AB^ (i* 11*) 

produce CD to E, and bisect CE in F, 

Then the point F shall be the center of the cirde ABC. 

For, if it be not, let, if possible, G be the center, and join GA, GD^ GB. 

Then, because DA is equal to DB, (constr.) and DG common to the 

two trian^es ADG, BDG, the two sides AD, DG, are equal to the 

two BD, DG, each to each ; 

and the base GA is equal to the base GB, (i. del 15.) 

because they are drawn from the center G : 

therefore the anele ADG is equal to the angle GDB : (i. 8.) 

but when a straight line standing upon another straight line makes 

the adjacent angles equal to one another, each of the angles is a right 

angle; (i. def. 10.) 

therefore the angle GDB is a right angle : 
but FDB is likewise a right angle ; (constr.) 
wherefore the angle FDB is equal to the an^le GDB, (ax. 1.) 
the greater equal to the less, which is unpossible ; 
therefore G is not the center of the circle ABC, 
In the same manner it can be shewn that no other point out of the 
line CE is the center ; 

and since CE is bisected in F, 
any other point in CE divides CE into imequal parts, and cannot 
be the center. 

Therefore no point but F is the center of the circle ABC. 

Which was to be found. 
Cob. From this it is manifest, that if in a circle a strai^t line 
bisects another at ri&^ht angles, the center of the circle is in tne line 
which bisects the other. 

PROPOSITION IL THEOREM. 

If any two points he taken in the circumference qf a circle, the straight 
line which joins them shall fall within the circle. 

Let ABC be a circle, and A, B any two points in the circumference. 
The straight line drawn from AtoB shall fall within the circle. 



For if AB do not fall witliin the circle, 

let it full, if possible, without, hb AEB ; 

find D the center of the circle ABC, (in. 1.) and join DA, DB; 

is the circumference AB take any point F, join DF, and produce it 

to meet AB in Ji. 

Then, because DA is equal to DB, (i. def. 15.) 
therefore the angle DAB is cijual to the angle DBA ; (i. 5.) 
and because AE, a Bide of the triangle DAE, is produced to B, 
the exterior angle DEB is greater than the interior and opponte 
SDgle DAE; (i.lfi.) 

but DAE was proved equal to the angle DBE ; 

therefore the angle DEB is greater than the angle DBE ; 

but to the greater angle the greater side is opposite, (i. 1&.) 

therefore DB is greater than DE ; 

hut i^B is equal to DF; (i. def. 15.) 

wherefore DF is greater than DE, the Jess than the greater, which 

is impossible ; 
therefore the strwght line drawn from AioB doea not fall without 
the circle. 

In the same manner, it may bo demonstrated that it docs n«t &11 
upon the circumference ; 

therefore it Jhlls within it. 
Wherefore, if any two points, &c «. e. d. 



PROPOSITION III. THEOREM. 
// (I tlraighl line dravrn Ibrimgh the eenltr o/ a eirctt liieet a tlraighl 
line in it it/tich does not pait through the center, it ihalt cut it at right 
aiiglet: and converiely, if it cut it at right angles, il shall biiecl il. 

Let ABC bo a circle ; and let CD, a straight line drawn through 
the center, bisect any straight line AS, which does not pass through 
the center, in the point F. 

Then CD shalt cut ^S at right angles. 



Take E the center of the circle, fiii. 1.) and join EA, EB. 
Then, because AF is equal to FB, (hyp.) and FE 
two trianglea AFE, BFE, 



eoinmoD to tba J 
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there are two aides in the one equal to two sides in the other^ each 
to each; 
and the hase EA is equal to the base EB ; (i. de£ 15.) 
therefore the angle AFE is equal to the angle BFE ; (l 8.) 
but when a straight line standing upon another straight line makes 
the adjacent angles equal to one another^ each of them is a right angle ; 
(I. def. 10.) 

therefore each of the angles AFE, BFE, is a right angle : 
wherefore the straight line C2>, drawn through the center, bisecting 
another AB that does not pass through the center^ cuts the same at 
right angles. 

But let CD cut AB at right angles. 
Then CD shall also bisect AB, that is, AF shall be equal to FB, 

The same construction being made. 
Because EA, EB, from the center are equal to one another, 
Ci. def. 16.) 

tiie angle EAF is equal to the ansle EBF ; (i . 5.) 
and the right angle AFE is equal to the right angle BFE; (i. de£ 10.) 

therefore, in the two triangles, EAF, EBF, 
there are two angles in the one equal to two angles in the other, each 

to each; 
and the side EF, which b opposite to one of the equal angles in each, 
is common to both ; 

therefore the other sides are equal ; (i. 26.) 

therefore AF is equal to FB, 
Wherefore, if a straight line, &c q. e. d. 

PROPOSITION IV. THEOREM. 

If in a circle two straight lines cut one another, which do not both pose *' 
through the center, they do not bisect each other. 

Let ABCD be a circle, and AC, BD two straight lines in it which 
cut one anoUier in the point E, and do not both pass through the center. 
Then AC, BD, sludl not bisect one another. 




For, if it be possible, let AEhe equal to EC, and BE to ED. 
If one of the lines pass through the center, 
it is plain that it cannot be bisected by the other which does not 
pass through the center : 

but if jieither of them pass through the center, 
take F the center of the circle, (m. 1.) and join EF, 
Then because FE, a straight line drawn through the center, bisects 
another AC which does not pass through the center, (hyp.) 
therefore FE cuts ^C at right angles : (iii. 3.) 
wherefore FEA is a right angle. 

h3 
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Again, because the strmght line FE bisects the straight line BD, 
■which does nut pass through the center, (hyp.) 

theretbre FE cuts BD at right ang-les: (m. a) 

wherefore FEB is a right angle : 

hut FEA was shewn to be a right angle ; 

therefore the angle FEA is equal to the an^le FEB, (ax. 1 .) 

the less equal t« the greater, which is impossible ; 

therefore AC, BD do nut bisect one another. 

Wherefore, if in a circle, &c. a.E.D. 

PROPOSITION V. THEOREM. 

If ia>o cirelta cut one aitolher, Ihey shall not have llie lamt center. 

Let tic two circles ABC, CDG, cut one another in the points B, C. 
Thej shoU not have the same center. 




Pw, If it he possible, let £ be their center : 

join EC, and draw any straight line EFG meeting them in F and G. 

And htrcauiie £ is the center of the circle ABC, 

therefore EC is equal to EF : (i. def. 16.) 

again, because E is the center of the circle CDG, 

therefore £C is eqnal to £G: (i.def.IS.) 

but EC was shewn to he equal to EF ; 

therefore EFia equal to EG, (ax. I.) 

the less equal to the greater, which is impossible. 

Therefore E is not the center of the circles ABC, CDG. 

Wherefore, if two circles, Sec «. e. d. 

PROPOSITION VI. THEOKEM. 

If aR« lArcU touch another inle-mallg, Iheg shall nol have the tame eenttr. 

Lei the circle CDE touch the circle ABC intemaUy in the point C. 

They shall not have the so 




For, if they have, let it be J": 

n FC, nnd draw any str^ght line FEB, meeting them in £ 81 

Andbecnuae/'ia the center of the circle ^JKC, 

FC b equal to FB ; (:. dof. 16.) 
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also, becaose F is the center of the circle CDE^ 

FC is equal to FE : (i. de£ U^ 

but FCwss shewn to be equal to F^B ; 

therefore FE is equal to FB, (ax. 1.) 

the less equal to the greater, which is impossible : 

therefore F is not the center of the circles ABC, CDE, 

Therefore^ if two drcles, &c. q. b. d. 



PROPOSITION VIL THEOREM. 

If mny point he taken in the diameter qf a cireU which is not the center ^ 
of all the etraight Unet which can be drawn from it to the circumference ^ 
the greaiett i» that in which the center if, and the other part tf that 
diameter i» the least ; and^ of any othere, that which ie nearer to the 
line which paeees throftgh the center, it alwaye greater than one more remote : 
and from the same point there can be drawn only two equal straight lines 
to the drcun^erenee, one upon each eide qfthe diameter. 

Let ABCD be a circle, and AD its diameter, in which let any point 
F be taken which is not the center : 

let the center be E, 
Then, of all the straight lines FB, FC^ FG &c. that can be drawn 
from F to the circumference, 

FA, that in which the center is, shall be the greatest, and FD, the 

other part of the diameter AD, shall be the least : 
and of the others, FB, the nearer to FA, shall be greater than FC, 
the more remote, and jPC greater than FG. 




Join BE, CE, GE. 

And because two sides of a triangle are greater than the third, (i. 20.) 

therefore BE, EFare greater than BF: 

but AE is equal to BE ; (i. def. 16.) 

therefore AE, EF, that is, AF is greater than BF, 

Again, because BE la equal to CE, 

and FE common to the triangles BEF, CEF, 

the two ndes BE, EF are equal to the two CE, EF, each to each ; 

but the angle BEF is greater than the angle CEF ; (ax. 9.) 

therefore the base ^jP is greater than the base CF. (i. 24.) 

For the same reason CF is greater than GF. 

Again, because GF, FE are greater than EG, (i. 20.) 

and EG is equal to ED; 

therefore GF, FE are greater than ED : 

take away the common nart FE, 

and the remainder G^is greater than tne remainder FD. (ax 5.) 
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Therefore, FA is the greatest, and FO the least of all the straight 
lines from F lo the dreumference ; 

and BF ia greater than CF, and CF than GF. 
Also, there can be drawn only two equal stmight lines from the 
point Fto the circumference, one upon each side of the diameter. 

At the point E, in the straight line EF, make the angle FEH 
equal lo the angle FEG, (i. 23.) and join FH. 

Then, becauso GE is equal to EH, (i. def. 15.) 

and EF common to the two triangles GEF, HEF ; 

the two sides GE, EFare equal to the two HE, EF, each to each; 

and the angle GEF ia equal to the angle HEF ; (conatr.) 

therefore, the base FG is equal to the base FH: (t. 4.) 

but, besides FH, no other straight line can he drawn from F to the 

circumference equal to FG : 

fur, if there can, let it be FK: 

and, because FK is equal to FG, and FG to FH, 

tiierefore i^ff is equal to FH ; {ax. 1.) 

that is, a line nearer to that which passes through the center, is oqaal 

to one which is more remote ; 

whicli has been proved lo be imttosaible. 
Therefore, if any point be taken, «c. q. e. d. 

PROPOSITION Vlir. THEOREM. 

If any point he taken ailhoul a einlt, and straight Una be draan from 
U ta Ihe circ^imference, tehertiff one posset through the center; qf theit 
mhich fall vpaa the concave circumfereTice, the greatest U that which panel 
through the center ; and if the rest, that ahieh w nearer to the one poising 
through the center ii always greater than one more remote: but if Mom 
Vihiehfalt upon the convex oireumferenee, the leail u that between the paint 
vrtlhotcl the circle and the dianuler ; and qfthi reit, that lehich is nearer lo 
the least is always leit than one more remote: and only two equal ilraighl 
linti can be drawn from the lame ^I'nf to the circurnference, one upon each 
tide if the line which poises through the center. 

Let ABC he a circle, and D any point without it, from which let 
the straight lines DA, DE, DF, DC be drawn to the circumference, 
whereof DA passes through the ci 




Of those which fall upon tlie concave part of the cireumferenee 
AEFC, the greatest shall be DA, which passes through the center ; 
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n^line nearer to it ahall be greater than one more remote, 

TJz. i>f: shall be greater than I>F, unci /)F greater Uinn DC: 

but of those which fnU upon the couTex circumference HLKG, 

the le-ast shall be DG between ihc- point D nnd the diameter AG; 

and any line nearer to it ahall be less tliun one mure remote) 

viz. DK less than DL, and DL less than DH. 

Take M the center of the cirete ABC, (m. 1.) 

and join ME, MF, MC, MK, ML, MH. 

And because AM is equal to ME, 

add MD to each of these cqnalg, 

therefore ,^i> is equal to £3/, JtfO: (as. 2.) 

but EM, MD are greater than ED; (i. 20 ) 

therefore also AD ia greater than ED. 

Again, because ME is equal to MF, and MD common to the tri- 

angles EMD, FMD; 

EM, MD, are equal to FM, MD, each (o each: 

bat the angle KMD is greater tbftn tJio angle FMD ; (ax. 9.) 

therefore the base ED is greater than the base FD. (i. 24.) 

In like manner it may be shewn that FD is greater than CD. 

Therefore, DA is the greatest ; 

and DE greater than DF, and DF greater than DC. 

And, because Jtf^, KD are greater tlian MD, (i. 20.) 

and MK is Kjual to MG, (i. def. 15.) 

the rem^dor KD is greater than the remainder <3D, (ax, C.) 

that ui, G-Dis less than KD: 
and because MI.D is a triangle, and from the points M, D, the 
extremities of i(a side MD, the straight lines MK, DK are drawn to 
"'\b point K within the triangle, 

therefore MK, KD ore leas than ML, LD : {i. 21.) 

but MK is equal to ML ; (i. def, Ifi.) 

therefore, tho remainder DKii less than the remainder DL. [ax. 5.) 

In like manner it may be shewn, that DL, is less than DH. 

Therefore, DG is the least, and DK less than DL, and DL less 

ihoa DH. 

Also, there can be drawn only two equal strtught lines from the 
point D to the druumfcrcnce, one upon each side of the line timmgh 
the center. 

At the point M, in the straight line 3fD, 
make tie angle D3fB equal to the angle DMK, [i. 2;i.) and join DB. 
And because MK is equal to MB, and MD common to the tri- 
angles XJlf A ii^WA 
the two8idesJrJIf,JIi'DareBqnalto the two BJVf.JIfD, each to each; 
and the angle KMD in equal to the angle BMD ; (constr.) 
therefore the base DK ia equal to the base DB: (i, 4.) 
but, besides DB, there can he no straight line drawn from A to the 
circumference equal to DK: 

for, if (here can, let it be DJV: 

and because DA' ia equal to DN, and also to DB, 

therefore DB is equal to DN; 

that is, a line nearer to the least ia equal to one more remote, which 

hag been proved to be impossible. 

If, therefore, aaj point, &c. Q.OJi. 
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PROPOSITION IX. THEOaSJL 



eirrle, from wAieA (S*r» /off marw (&« 



1/ a poinl be taken teilhin 
(EDO eqval itriaght finef ta the di 

L«t the pcnnt D be biken within the circle ABC, 
from which lt> Ine circumference there lall more than two equal 
ftraiKht lines, viz. DA, DB, DC. 

f hen the point D shall be the center of the circle. 



'W 



For, if not, let E be the center: 
join DE, and produce it to the circnmference in F,Gx 
then FG is a diameter of the circle ABC: (i. det 17.) 
and becuuiHi in FG, the diameter of the circle ^BC, there is taken 

the point D, which is not the center, 
therofure DG is the greatest lino from it to the circnmference, 
and DC is greater than DB, and DB greater than DA : (ui. 7.) 



In like manner it my he demonstrated, 

that no other point but D is the center ; 

D therefore is the center, 

IVlicrefore, if a point be taken^ &c. Q. b. d. 



PROPOSITION X. THEOREM, 
nop qfa eircle cannol cat another in more 



Take the center K of the circle ABC, (in. 3.) and join KB, KG, KF. 
Then because A' is the center of the circle ABC, 
Uiercfore KB, KG, KF are all equal to each other : (i. def. 15.) 
and bocaiiw within tho circle DKF there is taken the point K, from 
which t') till- circumference DUF fall more than two equal straight 
liiiw Kll, KG, KF. 

Uionforc the point K la the center of the circle DEFi (m. 0.) 
I Anl jfit alio the center oCthe circle ABC J (eonstrO 
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therefore the same point is the center of two circles that cat one 

another^ which ia impossible, (m. 6,) 
Therefore, one circomference of a circle cannot cat another in more 
than two points, q. e. d. 

PROPOSITION XL THEOREM. 

i/ one ehrete touch another mtetnatty in any pointy the etraight Une 
which Joim their oentert being produced ihall pate through that point ^ 
contact. 

Let the circle ADE touch the circle ABC internally in the point A ; 
and let F be the center of the circle ABC, and G the center of the 
circle ADE ; 
then the straight line which joins the centers F, G, being prodaced, 
shall pass through the point A. 




For, if FG produced do not pass through the point A^ 
let it £Edl otherwise, if possible, as FGDH, and join AF, AG. 
Then, because two sides of a triangle are together greater than the 
third side, (l 20.) 

therefore FG, GA are greater than FA : 

but FA is equal to Fff ; (i. def. 16.) 

therefore FG, GA are greater than FH: 

take away from these unequals the common part FG ; 

therefore the remainder AG is greater than the remainder Gil; (ax. 5.) 

but AG is equal to GD; (i. def. 15.) 
therefore GD is greater than GH, 
the less than the p^reater, which is impossible. 
Therefore the straight line which joins the points F, G, being produced, 
cannot &11 otherwise than upon the point A, 
that is, it must pass through it. 
Therefore, if one circle, &c. Q. e. d. 



PROPOSITION XIL THEOREM. 

1/ two circlee touch each other externally in any point, the etraight line 
Hslhich joins their centers shall pats through that point of contact. 

Let the two circles ABC, ADE, touch each other externally in the 
point ^; 

and let F be the center of the circle ABC, and G the center of ADE, 
Then the straight line which joins the points F, G, shall pass through 
the point of contact A, 
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For, if not, let it paaa otherwise, if possible, aa FCDG, and join FA, AQ, \ 
And bL'cause J'ia the center of ttie circle ^BC, 
FA is equal to fC: 
also, because G ia the center of the circle ADE, 

GA ia equal to GD : 

tJierafore FA, AG are equal to FC, DG; (ax, 2.) 

wherefore the whole FG is greater than J"^, AG: 

but FG is less than -r.4, ^(5 ; (i. 30-) which is impossible: 

therefore the straight line which, joins the points F, G, cannot pass 

otherwise than tlirongh the point of contact A, 

that is, FG must pass through the point A. 
Therefore, if two circles, &c. q. e. d. 



PROPOSITION XIII. THEOREM. 



For, if it he possible, let the circle EBF touch the circle ABC in 
aze points than one, 

and first on the inside. In the points B, D. 



Join BD, and draw Cff bisecting BD at right angles, fi. 11.) 

Because the points B, iJ are in tho circumferences of each of the circle^ 

therefore the straight line BB falls wiihin each of them; (iii. 2.) 

therefore tlicir centers arc in the straight line 6H' which bisects .SO 

at right angles ; (m. Cor. 1.) 

therefore GH posses through the point of contact: [lu. 11.) 

but it does uut pass tlirough it, 
because the points B, D are without the straight line Gil', 
which is ahaurd : 
there'' re one circle cannot touch another on the inside in more points 

Nor can two circles touch one another on the outside in more than 

For. if it bo possible, 
let the circle JCA' touch the circle .^C in the pointed, C; 
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Because the two points J^ C are in the drcomference of the circle 
ACK, 

therefore the straight line J C which joins them^ fiiUs within the circle 

ACK: (m. 2.) 

but the circle ACK is without the circle ABC ; (h^) 

therefore the straight line AC is without this last cucle: 

but, because the points J, C are in the circui^erence of the circle ABC, 

the straight line AC must be within the same circle, (m. 2.) 

which is absurd ; 
therefore one circle cannot touch another on the outside in more than 

one point : 
and it hss been shewn^ that they cannot touch on the inside in more 
points than one. 

Therefore, one drdey &c. q.eju 

PROPOSITION XIV. THEOREM. 

Equal itraighi Rnei in a dreie are eqnaUy dUtani firom the center ; 
and eonvereelgj tkaee which are efualfy ditkmi from ihe center, are equal 
to one an o t h er. 

Let the straight lines AB, CD, in the circle ABCD, be equal to 
one another. 

Then AB and CD shall be equally distant firom the center. 

C 
A. 




Take E the center of the circle ABDC, (m. 1.) 
from E draw EF, EG perpendiculars to AB, CD, (i. 12.) and join 

EA, EC. 
Then, because the straight line EF, passing through the center, 
cuts the straight line AB, idiich does not pass through the center, at 
right angles, it also bisects it : (m. 3.) f 

therefore AF is equal to FB, and AB doul^ of AF, 

For the same reason CD is double of €G : 

but AB is e^ual to CD : (jbgrp.) 

therefore AF is equal to CCr* (ax. 7.) 

And because AE is equal to EC, (i. de£ 15.) 

the square oiAE is eq^ to the square of EC: 

but the squares of AF, FE are equal to the square of AE, (i. 47*) 

because the angle AJFE is a right angle ; 
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and, for the like reason, the squares of EG, GC arc equal to the 

square oi EC; 
therefore the squares of AF, FE arc eqnal to the squares of CO, 
GE: {ax. 1.) 
but the square aiAF is equal to the squEu^ of CG, 
because j^Ji' is equal to CG; 
therefore the remaining square oiEF'm equal to the rera^niug 
square of EG, (ax. 8.J 

and the atraight lino £i^ is therefore equal to EG: 
but straight liues in a circle are said to be equaUy distant from the 
center, when the perpendjculara drawn to them from the center arB 
equal; (ni. def. 4.) 

therefore AB, CD are equally distant from the center. 
Ne:ct, let the straight lines AB, CD be equally diataut from the 
center, (ui. de£ 4.) 

that is, let FE be equal to EG ; 
then AB shall he equal to CD. 
For, the aame construction being made, it may, as before, be de- 
monstrated, 

that AB is double of AF, and CD double of CO, 

and that the squares of EF,J'.4 are equal to the squares of £G, GC. 

but the square of FE is equal to the square of £G, 

because FE is equal to EG ; (njp.) 

therefore the remaining square of JJ^is equal to the remuning square 

ofCG: (ax. a) 

and the straight line AF is therefore equal to CG : 
but AB was shewn to be double of AF, and CD double of CG ; 
wherefore AB is equal to CD. (ax. 6.) 
Therefore equal straight lines, &c. o. b. b, 
PROPOSITION XV. THEOREM. 
The diawitliT u i!u greatest straight line in a cirele ; and, of all 
etkers, that ahich is nearer to the cenler is alteays greater than one 
remote : and the greater it nearer to the center than the lea. 

Let^BCDbe a circle, of which the diaroeterisJD, and the center £; 
and let BC be nearer to the center than FG- 
Then AD shall be greater than any straight line BC, which is ; 
diameter, and BC shall be greater than FG. 



From the cenler B draw EIT, Sff perpendiculars to BC, FG, (i. 12.) 

Kni joia EB, EC, EF. 

And becaase AE is equiJ to EB, and ED to EC, (i. def, IS,) 

therefore AD is equal to EB, EC: (ax. 2.) 

but £fl, J?C are greater than BC; (i. 20.) 

wherefore also AD h gn'afor than BC. 

And, because BC is nearer to ihe center than FG, (hyp.) 
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therefore EH is less than EK: (m. def. 6.) 
hut, as was demonstrated in the preceding proposition^ 
BC is douhle of BH, and FG donhle of FK, 
and the squares of EH, HB are equal to the squares i^EK, KFi 
hut the square of EH is less than the square of EK, 
because EH is less than EK; 
therefore the square of BH is greater than the square of FK, 
and the straight line BH greater than FK, 
and therefore BC is greater than FG, 
Next, let BC be greater than FG ; 
then BC shall he nearer to the center than FG, that is. the same 
construction being made, EH shall be less than EK (ul def. 5.) 
Because BC is greater than FG, 
BH likewise is greater than KF: 
and the squares of BH, HE are equal to the squares of FK, KE ; 
of which the square of BH is greater than the square of FK, 

because BH is greater than FK: 
therefore the square of EH is less than the square of EK, 
and the straight line EH less than EK: 
and therefore BC is nearer to the center than FG, (m. def. 5.) 
Wherefore the diameter^ &c. o. e. d. 

PROPOSITION XVI. THEOREM. 

The straight line drawn at right angles to the diameter of a circle, from 
the extremity of it, falls withoiU the circle; and no straight line can be drawn 
from the estremity between thai ttraight line and the circun^erence, so as 
not to cut the circle ; or, which is the same thing, no straight Une can make 
so great an acute angle with the diameter at its extremity, or so small an 
angle with the straight line which is at right angles to it, as not to cut 
the circle. 

Let ABC be a circle, the center of which is D, and the diameter AB, 
Then the straight line drawn at right angles to AB from its ex- 
tremity A, shall fjEdl without the circle. 




For, if it does not, let it fall, if possible, within the circle, as ^C; 
and draw DC to the point C, where it meets the circumference. 
And because DA is equal to DC, (i. def. 15.) 
the angle DACis equal to the angle ACD : (i. 5.) 
but DAC is a right angle ; (hyp.) 
therefore ACD is a right angle ; 
and therefore the angles DAC, ACD are equal to two right angles; 

which is impossible: (i. 17*) 
therefore the straight line drawn from A at right angles to BA, does 
not fall within the circle. 
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In the same manner it may be demonatisted, 

that it does not full upon the circumference ; 

therefore it must fall without the circle, aa AE. 

Also, between the strwgUt line viE and the circumference, no straight 

line can be drawn from the point A which does not cut the circle. 

For, if possible, let AF be between thorn. 

y E 



From the point D draw DG perpendicular to AF, (l 12.) 
and let it meet the circumference in H, 
And because AGD ia a. right angle, 
and DAG less than a right angle, (i. 17.) 
therefore fl^ia greater than -DG; (i- 19.) 
but DA is equal to DH; fi. deC Ifl.) 
therefore DH is greater than DG, 
the lees than the greater, which ia impos^ble ; 
therefore no straight line can be drawn from the point A, between 
AE and the circumference, which does not cut the circle : 
or, which amounts to the same thing, however great an acute angle 
a straight line mokes with the diameter at the point A, or however 
small an angle it makes with AE, the circumference must pass i>etweeii 
that straight line and the perpendicular AE. 

"And this is all ttiat is to be understood, when, in the Greek text, 
and translations from it, the angle of the semicircle is said to be greater 
than any acute rectilineal angle, and the lemaining angle less than any 
rectilineal angle," o. e. d. 

Cuo. From this it is manifest, that the straight line which is 
drawn at right angles to the diameter of a circle m>m the extremi^ 
of it touches the circle ; {in. def. 2.) and tliat it touches it only in one 
point, because, if it did meet the larcle in two, it would fall within it. 
(in. 2.) "Also, it is evident, that there can be but one straight line 
whii^ touches the circle in tbo same point." 

PROPOSITION XVII. PROBLEM. 
To draiB a itraight lini from a ^jcnt point, either vrilhcul or in Iht 
drevtufergnce, »>hich »haSI tonoh a givtn eiraie. 

First, let J be a given point without the given circle BCD; 
it ia required to diaw a straight line from .1 which shall touch the dicle. I 



I Find the center /.' 
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and from the center E, at the distance EA, describe the circle A FG 
from the point D dnw DJ^ at right auglee to EJ, (i. 11.) and jo 
ESF, AB. 

Then AB shall touch the circle BCD in the point B. 

Because E ia the center of the circles BCD, AFG, 

therefore EA is equal to EF, (i, def. 16.) and ED to EB ; 

therefore the two sides AE, EB, ore equal to the two FE, ED, eac 

and they contain the angle at E common to the two Irinngles AEl 
FED; 
therefore the base DF is equal fo the base AB, (t. 4.) 

and the triangle FED to the triangle AEB, ■ 

and the other angles to the other angles : I 

therefore the angle EBA is equal to the sogle EDF: 
but EDF is a right angle, (conBtr.) 
wherefore ESA is a right angle : (ax. 1.) 
and EB is drawn from the center : 
but a straight line drawn from ibe extremity of a diameter, at rigk 
angles to it, touches the circle: (iii. 16- Cor.) 

therefore AB touches the circle ; _ 

and it is drawn from the given point A. I 

But if the given point he in the eircumference of the circle I 

as the point D, w 

draw DE to the center E, and DF at right angles to DE i | 

i}f touches the circle, (lu. IG. L'or.) 4.B.F. I 

PROPOSITION XVIII. THEOREM. 



•Let the straight line DE touch the circle ABC in the point C; 

take the center F, and draw the straight line FC. im. 1.) i 

Then FC shall be perpendicular to DE. ] 

D C G E 

For, if it be not, from the point F draw FBG perpendicular to DE. 

And because FGC is a right angle, 

I therefore GCF is an acute angle ; (i. 17.) 

■ and to the greater angle (he greater side ia opposite: (i. 18.) . 

therefore FC is greater thin FG : I 

buti^Ciaequal to J'B; (i. def. Ifi.) I 

therefore FS ia greater than FG, I 

I the less than the greater, which ia impossible : I 

I. therefore FG is not perpendicular to DE. 1 
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In Ihe same manner it may be Bhewn, 

that no other is perpendicular to DE besides FC, 

that IB, FC is perpendicular to DE. 

Therefore, if a straight line, &c. q.e.i>. 

PnOPOSITlON XIX. THEOREM. 

If a straight line touch a circle, and from the point ofamlael a ilraigltt f 

line be iJrauin at right angles to the louahing line, the center of the eirelt | 

ihall be in that /tie. 

Let the straight line DE touch the circle ABC it 




For, if not, lot Fhe tUo center, if possible, and join CF. 
Became DE touches the circle ABC, and FC is drawn &om tba 
center to the point of contact, 

therefore FC is perpendicular to D£; (m. 18.) 

therefore FCE is a right angle : 

but ACE is also a right angle ; (hyp.) 

therefore the angle FOB is equal to tlie angle ACE, (ax. I.) 

the less to the greater, which is impossible : 

therefore F is not the center of Ihe circle ASC. 

In the same manner it may be shewn, 

that no other point which is not in CA, is the center ; 

that is, the center of tlie circle is in CA. 

Therefore, if a straight line. Sea. <t,e~B. 

PROPOSITION XX. THEOREM, 
T>>e angle at Ihe center of a circle is double of Ihe angle at Ihe cir- 
cumference upon Ihe latae base, tltat is, upon the same part of the circun- 

Let ABC be a circle, and BEC an angle at the center, and BAC an 
angle at the circumference, which have the same circumference BC 
for thek base. 

Then the angle BEC shall he double of the angle BAC. 
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fiecause EA is equal to EB, 

therefore the ande EAB is equal to the angle EBA ; (i. 5.) 

therefore the angles, EAB, EBA are double of the angle EAB : 

but the angle BEF is equal to the angles EAB,EBA ; (i. 32.) 

therefore also the angle BEF is double of the angle EAB : 

for the same reason, the angle FEC is double of the angle EAC : 

therefore the whole angle BEC is double of the whole angle BAC. 

Again^ lei the center of the circle be without the angle BAC. 




It may be demonstrated, as in the first case, 
that the angle FEC is double of the angle FAC, 
and that FEB, apart of the first, is double of JiiS, a part of the other; 
therefore the remaining angle BEC is double of the remaining 
angle BAC. 

Theiefore the angle at the center, &c. qjb.d. 

PROPOSITION XXI. THEOREM. 

T?ie anglet in the sams $egmini (^a eweU are equal to <m$ anolher. 

Let ABCD be a circle, 

and BAD, BED angles in the same segment BAED. 

Then the angles BAD^ BED shall be tqjul to one another. 

First, let the segment BAED be greater than a semicircle. 




Take F, the center of the circle ABCD, (ni. 1.) and join BF, FD. 
And because the angle BFD is at the center, and the angle BAD at 
the circumference, ana that they have the same part of ue circum- 
ference, yiz. BCD for their base ; 

therefore the angle BFD is double of the angle BAD : (m. 20.) 

for the same reason the angle BFD is double of the angle BED : 

therefore the angle BAD is equal to the angle BED, (ax. ?•) 

Next, let the segment BAED be not greater than a semicircle. 
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Draw JF to the center, and produce it to C, and join CS, 

Therefore tlic BCgment BADC is greater than a semicircle ; 

and the anglM in it BAC, BEC arc equal, by tile fitst case : 

for the same reason, because CBED is greater than a semicircle, 

the anglea CAD, CED, are equal : 

therefore the wholeangleB/JDis equal to the whole anglcBBD. (ax.2.) 

Wherefore the angles in the same isegment, &a, tt-EJi. 

PROPOSITION XXII. THEOREM. 
The appoiila angtea of any guadjUateral figure irucribed in a circlti, art 
together equal to too right attglei. 

Let ASCD be a quadrilateTal figure in the circle ABCD. 
Then any two of its opposite angles shall together be equal to two 
right angles. 



Join AC, BD. 
And because the three angles of every triangle are equal to twn 
right angles, (i.32.) 

the three angles of the triangle CAB, viz, the angles CAB, ABC, 
BCA, are equal to two right ancles ; 
but the angle CAB is equal to the angle CDS, (in. 21.) 
lifcauac they are in the same segment CDAB; 
and the angle ACB h equal to tnu angle ADB, 
because they are in the same segment ADCB ■ 
therefore the two anglea CAB, ACB are together equal to the whole 
BBgleADC: (ax. 2.) 

to each of these equals add the angle ABC; 
therefore the three angles ABC, CAB, BCA are equal to the two 
angles J BC,^i)C> (ai. 2.) 
but ABC, CAB, BC4, are equal to two light angles; 
therefore also the angles ABC, ADC are equal to two ri^it 

angles, (ax. 1.) 
In the same manner, the angles BAD, DCS, may be shewn to ba 
equal to two right angles. 

Therefore, the opposite angles, &c. Q.K.D. 

PROPOSITION XXIII. THEOREM. 



If it be |>os8ible, upon the same straight line AB, and upon tlw 
umo^deof it, let there M two sinular segments of circles, .4Cif,.4i}A, 
iMl coinciding with one anoibcr. 
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Then, becaoae the circle ACB cats the cirde A DB in the two points 

A, B, they cannot cut one another in any other point : (m. 10.) 

therefore one of the segments must mil withm the other : 

let ACB &11 within ADB: 

draw the straight line BCD, and loin CA, DA. 

And hecause the segment ACB is similar to tne segment ADB, (hyp.) 

and that similar segments of circles contain eoual aneles; (m. del 11.) 

therefore tiie angle ACB is equal to tne angle ADB, 

the exterior to the interior, wmch is impossible, (i. 1 6.) 

Therefore, there cannot be two similar segments of circles upon the 

same side of the same line, which do not coincide, q. b. d. 

PROPOSITION XXIV. THEOREM. 

Similar MegmenU qf ohvki upon equal ttrtUght hnei, are equal to one 
another. 

Let .i^^, CFD be similar segments of circles upon the equal straight 
lines AB, CD. 

Then the segment AEB shall be equal to the segment CFD. 

B F 





A B C D 

For if the segment AEB be applied to the segment CFD, 
so that the point A may be on C, and the straight line AB upon CD^ 
then the point B shall coincide with the point D, 

because AB is equal to CD\ 
therefore, the straight line aB coinciding with CD, 
the segment AEB must coincide with the segment CFD, (m. 23.) 
and therefore is equal to it. (ax. 8.) 

Wherefore similar segments, &c. ^ s. d. 

PROPOSITION XXV. PROBLEM. 

A eegment qfa oirole being given, to deeoribe the oirele of tekieh itiathe 
segment. 

Let ABC be the given segment of a circle. 
It is required to describe the circle of which it is the segment. 
Bisect AC in D, (i. 10.) and fix)m the point D draw DB at right 
angles to AC, (i. 11.) and join AB. 

firsts let the angles ABD, BAD be equal to one another: 

B 



.£[^ 



A D C 

then the straight line BD is equal to DA, (i. 6.) and therefore^ to DC; 
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and because the three straight lines DA, DB, DC are all equal, 

therefore D ia the center of the circle, (in. 9.) 
From the cenler D, at the distance of any of the three, DA, DB, DC, 
describe a circle ; 

this shall pass through the other points ; 
and the circle of which vIBC is a segment haabcen described: 
and because the center O is in ^C, the segment JflCia a semicircle. 
But if the angles ABB, BAD are not equal to one another : 



at the pomt A, in the straight line AB, make the angle BAE equal 
to the angle ABD, _(i. 23.) 

and produce BD, if necessary, to meet AE in E, and join EC. 
And because the angle ABE is equal to the angle BAE, 
therefore (he straight hue BE ia equal to EA : (i. B.) 
and because AD is equal to D C, and DE common to the trionglea 
ADE, CDE, 
the tvo sides AD, DE, are equal to the two CD, DE, each to each; 
and the angle ADE ia eijual to the angle CDE, 
for each of them is a right angle ; (constr.) 
therefore the Irnse AE is equal to the base EC : (i. 4.) 
but AE was shewn to be equal to EB ; 
wherefore also BE is equal to EC ; (ax. 1 .) 
and therefore the three strwght lines AE, EB, EC are equal to one 
another : 

wherefore E ia the center of the circle, (m. 9.) 
From the center E, at the distance of any of the Uirce AE, EB, EC, 
describe a circle ; 

this shall pass through (he other points ; 
and the circle, of which ABC is a segment, is described. 
And it is evident, that if the angle ABD be greater than the angle 
BAD, the center E falls without the segment ABC, which therefore ii 
less than a semicircle : 

but if the angle ABD be less than BAD, the center E foils within 
the segment ABC, which is therefore greater than a semicircle- 
Wherefore a segment of a circle being given, the circle ia described 
of which it is a segment, q. E. f. 

PHOPOSITION SXVI. THEOREM. 

In tgaat aircles, equal angles stand upon eqaal oiivium/erciuiM, ahcthtr 
l/ug bt at Iht emiert or oircum/ertneei. 

Let ABC, DEF be equal circles, 

«id let the angles BGC, EHF at their centers, 

and BAC. £Z)F at tiieir circumferences bo equal to each other. 

The cipcumferenca BKC shall be equal to the circumference ELF. 



BOOK in. PROP. XXVI, XXVII. 107 





Join BC, EF. 

And becoose the circles ABC, DBF are equal, 

the straight lines drawn from their centers are equal : (m. de£ 1.) 

therefi)re the two sides BG, GC, are equal to the two iff, ffF, each 

to each: 

and the angle at G is e<jual to the angle at ff ; (hyp.) 

therefore me base BC is equal to the base EF, (i. 4) 

And because the angle at A is equal to the angle at D, (hyp. ) 

the segment BAC is similar to the se^ent EDF: (lu. de£ 11.) 

and they are npon equal straight lines BC, EF: 
but similar segments of circles upon equal straight lines, are equal to 
one another, (m. 24.) 

there&re the segment BAC is equal to the segment EDF: 
but the whole circle ABC is equal to the whole DEF; (hyp.) 
therefore the remaining segment BKC is equal to the remaining seg- 
ment ELF, (ax. a) 
and the circumference BKC to the circumference ELF, 
Wherefore, in equal circles, &c. q. e. d. 

PROPOSITION XXVII. THEOREM. 

In equal drdet, the angle* teMeh stand upon equal dreunrfereneee, are 
equal to one another, whether they he at the oenten or eireua^erenees. 

Let ABC, DEFhe equal circles, 
and let the angles BGC, EHF at their centers, 
and BAC, EDF at their circumferences, stand upon tiie equal circum- 
ferences BC, EF. 

The angle BGC shall be equal to the angle EffF, and the angle 
BAC to the angle EDF. 





If the angle BGC be equal to Ihe angle EffF, 
it is manifest that the angle BAC is also equal to EDF. (m. 20. and 
I. ax. 7.) 
But, if not, one of them must be greater than the other : 

let BGC be the greater, 
and at the point G, in the straight line BG, make the ang^e BGK 
equal to the angle EffF. (i. 2S.) 
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Then hecanse the angle BGK is eqnal to the angle EHF, 

and that eqtial angles stand upon equal circiun&rences, when thej 

are at the centera ; (iii, 2fi.) 

therefore the circumference jBjK" ia eqnal to the circumference EF : 

but EF ig equal to BC; (hyp.) 

therefore also BK is equal to BC, tiie lesa to the greater, 

nhich ia impossible.' (ax. 1.) 

therefore the angle BGC is not unequal to the angle EHF ; 

that is, it is equal to it : 

but the angle at ^ is half of the angle BGC, (m. 20.) 

and the angle at D half of the angle EffF ; 

therefore the angle at ^1 is equal to the angle at D. (as. 7.) 

Wherefore, in equal cirolea, &c. o. e. d. 

PROPOSITION XXVIII. THEOREM, 
fn equal oirclei, egval straighl lines init off egaal cireTiTa/erencts, iht 
greater equal t« the greater, and tht less to Ike Itss. 

Let ABC, DEFhe equal circles, 
and BC, EFeqaM straight lines in them, which cut off the two greater 

ciroumferoncea BAC, EDF, and the two less BGC, EHF. 

Then the greater circumlerenee BA C shall be equal to the greater £Z>F, 

and the less BGC to the less EHF. 



TakeK, Z,the centers of the circleg. (m. 1.) and join BK, KC, EL, t.F. 
Because the circles ABC, DEF are equal, (he straight Imea from 
their centers are equal; (iit. def. 1.) 

therefore BK, KC are equal to EL, LF, each to each : 

and the base BC is equal to the base EF; (Iwp.) 

therefore the angle BKC'a equal to the angle ELF : (i. 8.) 

bnt equal angles stand upon equal circumferencesj when they arc at 

the centera; {iii. 26.) 

therefore the circumference BGC is equal to the circumference EHF: 

but the whole circle ABC is equal to the whole EDF; (hyp.) 

therefore the remaining part of the circumference, 

viz. BAC, ia equal to the remaning part EDF. (ax. 3.) 

Therefore, in equal circles, &c. «j. b. d. 

PROPOSITION XXIX. THEOREM. 

In equal eircUs, equal cirewnfereneee are lu&letxUd bg eqwd straight titm. ] 

Let ABC, DEF be equal circles, 

and let the circumferences BGC, EHF also be equal ; 

and join BC, EF. 

Then the straight line BC snail be c-quul to the straight line EF. 
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Take K, L,{ui. 1.) the centers of the circles, and join Bf, KC, EL,LF: 

and because the drcumference BGCia equal to the circumference EHF, 

therefore the angle BKC is equal to the angle ELF : (ra. 27.) 

and b^use the circles ABC, DEF, are eaual, 

the straight lines from their centers are equal ; (m. def. 1.) 

therefore BK, KC, are equal to EL, LF, each to each : 

and they contain equal angles ; 
therefore the base BC is equal to the Mse EF. (l 4.) 
Therefore! in equal circles, &c. ^ b. d. 

PROPOSITION XXX. PROBLEM. 

To bUed a ifiven cireumferenee, that is, to divide it into two equal parts* 

Let ADB be the given circumference. 
It is required to bisect it. 

^^ 

A C B 

Join AB, and bisect it in C; (i. 10.) 

firom the point C draw CD at rieht angles to AB. (i. 11.) 

Then the circumference ADB shall be bisected in the point 2). 

Join AD, DB. 
And because ^C is equal to CB, and CD common to the triangles 
ACD, BCD, 

^ the two sides AC, CD are equal to the two BC, CD, each to each ; 
and the angle ACD is equal to the angle BCD, 
because each of them is a right angle : 
therefore the base AD \b equal to the base BD. (i. 4.) 
But equal straight lines cut off equal circumferences, ^ni. 28.) 
the greater equal to the greater, and the less to the less ; 
and AD, DB are each of them less than a semicircle ; 
because DC passes through the center: ^iii. 1. Cor.) 
therefore the circumference AD is equal to the circumference DB. 
Therefore the given drcmnference is bisected in 2). q. e.f. 

PROPOSITION XXXL THEOREM. 

In a circle, the angle in a semicircle is a right angle ; hut the angle in a 
segment greater than a semicircle is less than a right angle ; and the angle 
in a segment less than a semicircle is greater than a right angle. 

Let ABCD be a circle, of which the diameter is BC, and center Ei 
and draw CA, dividing the circle into the segments ABC, ADC, 

and join BA, AD, DC. 

K 



i 



110 



so cud's elements. 



Then the angle in the ecmicircle BAC shall be a right angle'f 
and the angle in the Begment ABC, which ia greater than a aemiciKle, 
shall be lesa than a right ang-Ie ; 
and the angle in the segment ADC, which is leas than a semicircle, 
shall be greater than a right angle. 




Job AE, and produce BA to F. 

Because BE is equal to EA, {i. def. 15.) 

the angle EAB ia equal to EBA ; (i. 6.) 

also, because AE ia eqaal to EC, 

the angle EAC ia equal to EGA; 

■ wherefore the whole angle BAC ia equal to the two angles ABC, 

ACS: (ax. 2.) 

hut FA C, the exterior angle of the triangle ABC, ia equal to the two 

angles ABC, ACB ; (i. 32.) 

therefore the angle BJC is equal to the angle FJC; (ax. 1-1 
and therefore each of them is a right angle : (i, def. 10.) 
wherefore the angle BA C in a aeniicircle is a right angle. 
And because the two angles ABC, BACtA tho triangle .^Care 
together leas than two right angles, (i. 17.) 

and that BAC has been proved to be a right angle ; 
therefore ^£(7 must be less than a right angle: 
, and therefore the angle in a segment ABC greater than a eeini<urc]e, 
ia less than a right angle. 

And because ABCD is a quadrilateral figure in a drcle, 

any two of its opposite angles are equal to two right anglea : (iii. 22.) 

therefore tho angles J£C, ADCare equal to two right angles: 

and ABC has been proved to be less than a right angle ; 

wherefore the other ABC is greater than a right angle. 

Besides, it ia manifest, that the circumference of the greater segment 

ABC fells without the right anglo CAB ; but the circumference of the 

less segment ADC falls within the right angle CAF. " And this ia all 

that is meant, when in the Greek text, and the translations from it, the 

angle of tho greater segment ia said to be greater, and the angle of the 

lesa segment is said to oe less, than a right angle." 

Con. From this it ia manifest, that if one angle of a triangle be 
equal to the other two, it is a right angle : because tlie angle adjacent 
tti it is equal to tlio same two ; (i. 32.) and when the adjacent angles 
are equal, they arc right angles, (i. del 10.) 
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PROPOSITION SXXII. THEOREM. 
If a ilraiffhl line touch a cireU, and from Ihe point qf eontaci a 
'raiglil tine be drawn coiling Ihe circle ; Ihe anglet which IhU lijie maliei 
Z mtlh Ihe line touching the circle, ihatl be equal to Ihe angtei tohich ard in 
I the allemale legmente ^ the circle. 

Let tho straight line EF touch tlie circle ABCD in B, 
and from the point B let the straight line BD be drawn, cutting 
the circle, and dividing it into the Hegments DCB, DAB, of whii£ 
DCB is less tlian, and DAB greater than a Bemicircle. 

Then the angles which BD makes with tho toncluQg line EF, 
shall be etiual to the angles in the alternate accents of the circle ; 
that ia, the angle DBF shall be equal to the angle which is in the 
segment DAB, 
tod the angle DBE shall he equal to the angle in the segment DCB. 




From fie point B draw BA at right angles to EF, (i. 11.) 

and take any point Cin the circumference i>jB, and join JZ),i}C', CB. 

_ And because tho straight line EF touches the circle ABCD in the 

and BA ia drawn at right angles to the tom^iing line taaa the 
point of contact B, 

the center ofthe circle is in B^: fm. 19.) 
therefore the angle ADB in a semicircle is a rignt angle : (in. 31.) 
and consequently the other two angles BAD, ABD, are equal to 
a right angle; (i. 32.) 

but ABF ia likewise a richt anele ; (constr.) 
^erefore tho angle ^iJi^'iseqaalto the angles BAD, ABD : (ax. 1.) 

fako from these equals the common angle ABD: 

ttiere&Te the remaining angle DBF is equal to the angle BAD, (ax. 3.) 

which is in the alternate segment of the circle. 

And because ABCD is a quadrilaterai figure in a circle, 

the (mposite angles BAD, ^Ci) are equal to two right angles: (ni.22.) 

but the angles DBF, DBE are likewise equal to two right angles ; 

ft. la) 

therefore the Mgles DBF, DBE are equal to the angles BAD, 
BCD, (ax. 1.) 

and DBF has been prwrcd equal to BAD ; 
therefore the remaining angle Z)BjE is equal to the angle .BCfl in 
the alternate segment of the circle, (ax. 2.) 

Wherefore, if a sti^ght line. Sec tt. b. d. 
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PROPOSITION XXXIII. PROBLEM. 



Uptm a gin 



U qf a circle, wAicA shall 



Let AB be the given straight line, 
and the angle C tho given rccllUncal angle. 
It is required to deacribe npon the riven atmight line AS, a segment 
)f s click, which shfill contain aa angle eqnal to tho angle C. 

FiiBtjlet tile angle C be a right angle. ■ ' 



Bisect AB in F, (i. 10.) 
and from tho center F, at the distance FB, doscriba the Bemicircle AHB. 
Therefore the aJigle AHB in a semicircle is equal to the light 
angle C (iii.31.) 

fiat, if the angle C be not a nght angle : 




at the point A, in the straight line AB, make the angle BAD 
equal to the angle C, (i. 23.) 

and from the point A draw AE at right angles to AD; (r, 11.) 

bisect ^B in P, (i. 10.) 

and from F draw FG at right angles to AB, Ci. 1 1.) and join GB. 

And because AF is equal to FB, and FG common to the trianglea 

AFG, BFG, 

the two Bides AF, FQ arc eqna! to the two BF, FG, each to each, 

and the angle AF6 is equal to the anrie BFG ; (i. def. 1 00 

therefore the base AG is equal to Uie base GB ; (i. 4} 
and therefore the circle described from tha center G, at the dis- 
tance GA, shall pass through the x>o>nt B : 
let this be the circle AHB. 
The segment AHB shall contain an angle eqnal to the ^ren rec- 
tilineal angle C. 

Because from the point A, the extremity of the diameter AE, 
AD is drawn at right angles to AE, 

therefore AD touches the circle : (iii. 16. Cor.) 
and because AB, drawn from tho point of contact A, cats the circle, 
the angle DAB is equal to tne angle in tho alternate 
AHB: (ni.32.) 
but the angle DAB is equal to the angle C ; (constr.) 
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therefore the angle C is equal to the angle in the segment AHB. (ax. 1,) 
Wherefore^ upon the given straight line AB, the segment AHB 
of a circle is descrihed, which contams an angle equal to the given 
angle C Q.E.F. 

PROPOSITION XXXIV. PROBLEM. 

From a given circle to cut off a segment^ wMeh shail oorUain an angle 
equal to a given rectilineal angle. 

Let ABC he the given circle, and D the given rectilineal angle. 
It is required to cut ofiP from the circle ABC a segment that shall 
contain an angle equal to the given angle D. 

A. 



/ 




Draw the straight line J?F touching the circle ABC in the point J7^ 

(in. 17.) 

and at the point B, in the straight line BF, 
make the angle FBC eaual to the angle D, (i. 23.) 
Then the segment BAC shall contain an angle equal to the given 
angle D. 

Because the straight line EF touches the circle ABC, 
and BC is drawn from the point of contact B, 
therefore the angle FBC is equal to the angle in the dtemate aeg" 
ment BA C of the circle : (ni. 32.^ 
hut the an^le FBC is equal to the angle J) ; (constr.) 
therefore the angle m the segment BAC la eaual to the angle Z). (ax. 1.) 
Wherefore from the riven circle ABC, tne segment BAC la cat off, 
containing an angle equal to the given angle 2). q. e. f. 

PROPOSITION XXXV, THEOREM. 

If two straight lines cut one another feithin a circle, the rectangle eon^ 
tained by the segments qf one qf them, is equal to the rectangle contained 
by the segments of the offier. 

Let the two straight lin^ JC, BD,cat one flcnoiher in the point E, 
within ^e circle ABCD, 

Then the rectangle contained by AE^ ECBbsUl be equal to the 
rectangle contained by BE, ED. 




If AC, BD pass each of them through the center^ so that ^ is the 
center; 



r 
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it 19 oTident thai since AE, EC, BE, ED, being all equal, (l def. 15.) 
therefore the rectangle AE, EC, is equal to the rectangle BE, ED. 
But let one of them BD pass through the center, aud cut the 
other AC, which doea not pass ihrougU the conteTj at right anglea, Jn 
the point E. 



Then, if BD be bifleded in F, 

i^ia the center of the cu«le ABCD. 

Jom AF. 

And because BD which passea throngh the center, cuts the strtught 
line AC, which does not pass through the center, at right angles in E, 
therefore AE is equal to EC: (iii. 3.) 
and becsuse the straight line BD ia cut into two equal parts in the 

point F, and into two unequal parta in the point E, 
therefore the rectangle S£, ££1, together with the square of Bi'',i9 
equal to the Bqunre ot FB; (u. 6.) 

that is, to the square of i^*^ : 
but the squares of ^f:, i'F, are equal to the iquare of J^"/!; (i. 47.) 
therefore the rectangle Bi', EH, together with the square of E/", is 
equal to the squares of AE, EF: (as. 1.) 

take away the common square of EF, 
ond the remaining rectangle BE, ED ia equal to the Temuning 
square oi AE; (ax. 3.) 

that is, to the rectangle AE, EC. 
Next, let BD, which passea through the center, cut the other AC, 
which does not pass through the center, in E, but not at right angles. 



Then, as before, if BD be bisected m F, 

F ia the center of the cirule. 

Jom AF, and from J^draw FG perpendicular to AC; (i. 12.) 

therefore ^G is equal to GC; (m.3.) 

wherefore the rectangle AE, EC, together with the square of EG, 

is equal to the square oi AGi (ii. G.) 

to each of these equals add the square of GFi 
■ therefore the rectangle ^lE, EC, together with the squares of EG, 
OF, ia equal to the squares at AG, GF; (as. 2.) 
but the squares of £G, GF, are equal to the square at EF; (i.4?.) 

and the squares of jiG, Gi^'are equal to the square of jtf: 
therefore the rectangle AE, EC, together with the square of EFf is 
equal to the square of AF} 
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that IB, to the square otFB : 
but the square of FB is equal to the rectangle BE, ED, together with 
^e square of EF ; (n. 5.) 
therefore the rectangle AEy EC, together with the square of EF, is 
equal to the rectangle BE, ED, together with the square of EF; (ax. 1.) 

take away the common square of EF, 
and the remaining rectan^e AE, EC, is therefore equal to the re- 
maining rectangle BE^ ED. (ax. 3.) 

Lastly, let neither of the straight lines AC, BD pass through the 
center. 




Take the center F, (m. 1.) 
and through E the intersection of the straight lines AC, DB, 

draw the diameter GEFH, 
And because the rectangle AE, EC is equal, as has been shewn, 
to the rectangle GE, EH; 
and for the same reason, the rectangle BE, ED is equal to the same 
rectanffle GE, EH; 
therefore tne rectangle AE, EC is equal to the rectangle BE, ED, 
(ax. 1.) 

Wherefore, if two straight lines, &c. ^ e. d. 

PROPOSITION XXXVl. THEOREM. 

If fmm an$f point without a eireie two straight lines be drawn, one of 
which cuts the circle, and the oiher touches it / the rectangle contained by 
the whole line which cuts the eirde, and the part qf it without the eUrcle, 
shatt be equal to the square qf^ line which touches it. 

Let D be any point without the circle ABC, 

and let DCA, DB he two straight lines drawn from it, 

of which DCA cuts the circle, and DB touches the same. 

Then the rectangle AD, DC shaU be equal to the square of DB, 

Either DCA passes through the center, or it does not : 

first, let it pass t&ough the center E. 

D 




Join EB, 
therefore the angle EBD is a right sngle. (m. 18.) 
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And because tlie straight line AC is bisected in E, and produced to 

the point D, 
therefore tlie rectangle AB, DC, together with the square oi EC, 
is equal to the square of ED : (ii. 6.) 

but CE is equal to EB; 
therefore the rectangle AD, DC, together with the square of EB, is 

equal to the square cf ED : 
but the square of ED is equal to the squares oiEB, BD, {u 47.) 

because EBD is a right angle : 
therefore the rectangle AD, DC, together with the square ai EB, ia 
equal to the squares of £B, 5D ; (ax. J.) 

take away the common square of EB ; 
therefore the remaining rectangle AD, DC is equal to the square of 

the tangent DB. (ax. 3.) 
But if Z>C^ does not pass Uufough the center of the circle ^JC: 
take E the center of the circle, (m. 1.) 



draw £F perpendicular to ^C, (i. 12.)and join iJfl, £C, £i). 
And because the straiglit line EF, which posses through the center, 
cuts the strmght lino AC, which does not pass through the center, at 
right angles; 

therefore jE'i''a!so bisects AC; (iii. 3.) 

therefore AFia equal to FC: 

and because the atrairfit line AC ifl bisected in J^, and produced to D, 

the rectangle AD, DC, together with the square of FC, is equal to 

the square cS FD: (ii. a) 

to each of these equals add the square ofFE; 
therefore the rectangle AD, DC, together with the squarea otCF, 

FE, is equal to the squares of DF, FE : (ox, 2.) 
but the square of ED is equal to the squares of DF, FE, (i. 47.) 
because EFD is a right angle ; 
and for the eanie reason, 
the square of ifC is equal to the squares of Cf,J^iE; 
therefore the rectangle AD, DC, together with the square of EC, is 
equal to the square of ED : (ax. 1 .) 

hut CE ia equal to EB % 
therefore the rectangle AD, DC, together with the square of EB, is 
equal to the square of £D: 
but the squares of EB, BD are ei^ual to the square of ED, (i. 47.) 
because EBD is a right atu;le ; 
therefore the rectangle .-ID, DC, together with the square of £B, is 
equal to the squares of ££, BD; 
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, take amy the conunon wjaare of BB ; 

tiierefore the remainmg rectaogle AB, DC is equal to the gqaare ■ 
DB. (an. 3.) 

Wherefore, if from ntiy point, &-c. «,e.i>.- 
Cob. If from any pciiut without a. uircle, tiiere be drawn two stiaigl 



4 



a cutting it, aa AB, ^f, the rectangles contwned by the whole lim 
md the parts of them without the circle, are equal to one onothe 
■m. the rectangle BA, AE, to the rectangle CA, AF : for each of thei 
13 equal to the square of the stiaight lino AD, which touches ii^ 
dide. 

PROPOSITION XXXVII. THEOREM. I 

T/frotna point ailhoul a nirelt there ht draan taa ttraighl lirut, M 
of which cult the arch, and the other neeti it ; if the rectanglt conlaltu 
bg tha ahale iine ahich cut! the circle, and Iht part of it ailhout the drcl 
be equal to the square of the lint which meeti if, the .tine tuhich meets, iha 
toueh the circle. 



Let any point D be taken without the circle ABC, 



1 



Draw the strught line DE, touching the circle ABC, in the poii 
E; Cin. 17.) 

find J", the center of the circle, (in. I,) 

and join FE, FB, FD. 

Then FED h a right angle : (m. IB.) 

and because DE touches the circle ABC, and DCA cuts it, 

therefore the rectangle AD, DC is equal (o the square of DE : (in. 36 

but the rectangle AD, DC, is, by hypothesis, equal to the square ( 

DB; 

therefore the square of ilS is equal to the square oi DB; (ax. I.) 
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and the straight line DE equal to the straight line DB : 

and FE is equal to FB ; (i. def. 15.) 

wherefore BE, EF are equal to DB, BF, each to each ; 

and the base FD is common to the two triangles DEF, DBF; 

therefore the angle DEF is equal to the angle DBF: (i. 8.) 

but DEF was shewn to be a right angle ; 

therefore also DBF is a n^hi angle : (ax. 1.) 

and BF, if produced^ is a diameter ; 

and the straight line which is drawn at right angles to a diameter, 

from the extremity of it, touches the circle; (in. 16. Cor.) 

therefore 2)^ touches the circle ABC. 

Wherefore, if from a point, &c. o* e. d. 
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Im- the Third Book or the Elemenu are demonstrated the moil el 
propertieB of the circle, sssunimij all the piopcctie« of figures demoostrBted in 
the First and Second Books. 

It may be woithy of remailc, that the word circle vill he found eouKtimei 
taken to mean the turfucc included within the circumference, and sometimea 
the citcumftrencc iliclf. A circle is said to be given in poailion, when thi 
position of its center U known, and in magnitude, when its ladiua is known. 

Def. I, Btatea the criterion of equal circlcj. Simion calls it a iheorcm ; and 
Etidid seems to have considered it as one of those ihcoteros, or aiioms, which 
might be admitted as a basis for reasoning on the equality of drclcs. 

Def. II. There seems to be tacitly assumed in this dednilion, that a 
itTsight line, when it mceti a circle and does doc touch it, must neceuarily, 
vhen produced, cut the circle. 

A straight line which touches a circle, is called a taagail la the circle : and 
S itialgfat Une which cut* a circle is called a iccanl. 

Def. VI, X. An arc of a circle ia tiny pordon of the circumference ; and 
a chord is the straight line joining the extiemitlea of an arc Ever]' chord 
except a diameter divides a circle into two unequal segments, one greater than, 
and the other less than a semicircle. And in the same manner, two radii 
drawn from the center to the drcumfercnce, divide the circle into two unequal 
•actors, which hecoine equal when the two radii ate in the same straight line. 
As Euclid, however, does not notice re-entering angles, a sector of a circle 
•eems necessarily teslricled to the figure which is leas than a semicircle. A 
quadrant, is a sector whose radii are perpendicular to one another, and contains 
* fourth part of the circle. 

Def. VII. No use is made of this definition in the Elements. 

Def. XT. The deSnilion of similar negmenU of circles as employed In the 
Third Book i» reslricled to such segmcnia as are also equal. Props. xXIIi. 
and XXIV. are the onl/ two instances, in which reference is made Co similar 
segmeoti of circles. 

Prop. I. If the point G be in the diameter CE, but not coinciding with 
the point F, the demonstration given in the text does not hold good. At the 
same time, it is obvious that G cannot be the center of the circle, becaose GC 
ianot equid to GE, 

Indirect demonstrations are more frequently employed in the Third Book 
than in the First Book of the Elements. In the Third Book are no less than 
fifteen indired demonstrations. The indirect is, in general, less readily appre. 
ciated by the learner, than the direct form of demonstration. The indirect 
foTin, however, is equally sadsfactorj, as itExdudes every assumed hypothesis 
at fslie, except that which is tnade in the enuncladon of the proposition. 

Prop. II. In this proposilioD, the circumference of a drcle is proved to 
be essentidly different from a straight line, by shewing that every straight 
line joining any two points in the arc falls entirely within the circle, and can 
ndlher coincide with any part of the circumference, nor meet it except in the 
two assumed paints. From which follows the corollary, that, ''a stnugbtline 
I cannot cut the circumference of a circle in more points than two." 

ICommandine'a direct demonstration of Prop. ir. depends on the foltowing 
axiom, " If a point l>e taken nearer to the center of a circle than the drcum. 
ference, that point falls within the cirde." 
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Take any point E in AB, and join DA. HE, DB. (fig. Euc, III. 2.) 

Then bECBUse DA h equal lo OB in the triangle DAB; 

(herefore the angle DAB \s equal to the angle DBA ; (i. 5.) 

but since the side AE of the triangle DAE is produrad to B, 

therefore the exterior angle DEB is greater than the Lcilerior and appori[£ 

sag\eDAE; (i. 18.) 

but the angle DAE is equal to the angle DBE, 

therefore the angle DEB is grealcr than the angle DBS. 

And in eietf triangle, the greater nde is subtended by the greater angle ; 

therefore the side DB is greater than the side DE % 

but DB itoia the center meets the circamference of the ciicle, 

therefore DE docs not meet it. 

Wlierefore the point E falls within the circle. 

And E is any point in the slraight line AB, 

therefore (he straight line AB falls within the circle. 

Prop. VII. and Prop. viii. eshibit the same property; in [h« fanner, llw 

jioint is talien in the diameter, and in the latter in the diameter produced. 

Prop. vm. An arc of a circle is said to be convex or concave with reipcct 
to B point, according as the straight lines drawn from (he point meet the out- 
tide or intide of the circular arc : and the two points found in the cinnimfeiaw* 
of a cinle by two straight lines drawn from a given point to tmich the citd^ 
divide the circumference into two jrailions, one of which is amuex and itw 
other coRcanf, with reepect to the given point. 

Prop. II. This appears to follow as a Corollary from Euc iii. 7. 
Prop. XI. and Prop. sii. In the enunciations it is not asserted that the 
coDtact of two circles is confined to a single point. The meaning appean to 
be, that supposmg two circles to touch each other in any point, the straight 
line which joins their centers being produced, shall pass through that point In 
which the circles touch each other. In I>rop. xiii. it Is proved that a circle 
cannot touch another In more point! than one, b; BSsuming two poind of 
contact, and proving that this is impoaaible, 

Pron. xiii. The following is Euclid's demonstration of the case, in vhidl 
one circle touches another on the inside. 

If possible, let the circle EBF touch the circle ABC on the inside, in mm 
points than in one point, tumely in the points B, D. (tig. Euc. tit- 13.) 
Let P be the center of the circle ABC, and (j the center of EBF. 
Join P, Q ; then 7'Q produced shall pass through the pohits of conMat 
B,D. 

For since P is (he center of the circle ABC, PB is equal to PD, 
but PB is greater than CO, 
much more then is QB greater than QD. 
Again, since the point Q is the center of the circle EBF, 
QB is equal to QD; 
bat QB has been shewn to be greater than QD, which is impossible. 
One circle therefore cannot touch another on the inside in more pcnnli than 
in one point. 

Prop. XVI. may be demonetiatcd directli/ by assuming the following axiom j 
" If a point lie taken further from Ihe center of a circle dian the circumference, 
liiat point falls without the circle." 

If one circle touch another, cither IntimaHy or cxIernaJly, the 
can have, at the point of cootact, only one common tangent. 

Prop. xvn. When the given point is without the circumference of (he 
given circle, it is obvious that two equal tangents may be drawn from ths 
given point to touch the circle, ai may be seen from the diagram to Prop. 




NOTES TO BOOK III. 121 

The belt pnetied method of dianing i tangenc lo a crtde A«m a gifra 

point withoul kbe circumference, ii tbe rollowing i join Ibe siveti point and tbe 

— ^tET of the circle, upon ihia line describe a wmicircle cuttmg the given circle, 

:n the line drawn fiom the given point to the inteiKction will be the tangent 

wquired. 

Circlei are called eimeenlric circlet when ihey have the same center. 

Prop. XVIII. appears to be nothing more ihun the converse to Prop. Tvi. 
Became a tangent to any point of the circum&rence of n circle ii a itr^ght 
lice at right nnglei at the eitiemil; of the diamclei wbich mecU Che ciicua- 
faeuce in that point. 

Prop, XX. This propmition ii proved by Euclid only in the cue in 
which the angle at ihc circumference is leas than a right angle, and [he demon- 
'"^ition fa free from objection. If, however, the angle at Ihe citcntnference 
a right angle, the angle at the center disappears by the two straight lines 
from the center to the extremities of Ihe sic becuining one straight line. And, 
if the angle at the circumference he an O'btUBt aogle, the angle formed by the 
two lines from the center, does not stand on the same arc, but upon Ihe arc 
'which the assumed arc wanli of the whole circumference. 

If Euclid's definition of an angle be atrtcUy observed. Prop. xx. is geome- 
trically true only when the angle at the center is less than two right angles. If, 
however, the defect of an angle from four tight angles may be regarded as an 
■ngle, the proposition is universally true, as may be proved by drawing a line 
from the angle in the circumference through the center, and thus ferming two 
aogin at the center, in Euclid's strict sense of the term. 

In the first case, it is assumed that, if there he four magnitudes, such that 
the iint is double of the second, and Ihe third double of the fourth, then the 
and third togcLher shall be double of the second and fourth together : alstr 

le second case, that if one magnitude be double of another, and a pact 

a from the first be double of a part taken from the second, Ihe lemaindet 
of the first shall be double the recnainder of the second, which is, in fact, a 
Jwitlctilu ease of Prop. v. Book v. 

Prop. XII. Hence, tlie locus of the Tertices of all uiangles upon the Satue 
ase, and which have the same vertical angle, is a circular arc. 

Prop. xxti. It ii obvious from the demonstration of this proposition, 
fliaC if any side of the inscribed figure be produced, tbe exterior angle is e^ual 
to (he opposite angle of the figute. 

Prop. XXV. The three cases of this proposition may be reduced to one, 
I iy drawing any two conriguous chords to the given arc, bisecting them, and 
from the points of bisection drawing perpendiculars. The point in which they 
■iaeet will be the center of Ihe circle. 

Praps. XXVI — XXIX. The properties predicated in these four proposilions 
ith respect to equal drclei, are also true when predicated of ihe lame circle. 

Prop. ixxi. suggests a method of drawing a line at right angles to another 
when the given point is at the extremity of the given line. 

Prop. Mxv. It is possible to prove the most general case of this propo. 
ation, and from it to deduce the other cnses. The converse of Prop. XXKV. 
'§ DOE proved by Euclid. 

Prop. XXX VI II. The demonslistion of this theorem may be made shorter 
>yB reference to the note on Euc. in. Def. 3 : for if DS meet the circle ia B 
md do not touch it at that point, the line must, when produced, cut the circle 

It is a circumstance vorthy of notice, that in this proposition, ax well as 
n Prop. XLViii. Book i. Euclid departs from the ordinary ex abivrdo mode 
tf proof of convetijB propoiitiotu. 




o ta^a kDO«o ID be equal to One ancMlKr ? VTut i« 
MKStt b^ a giTBi dide ? How iiuuij iNrinM an occeeuy to detFnnine iba 
— If-"— *' *~* j-wiii»- ofacude ? 

4. Whoi arc Kgrnenli of dniea nid to be lunOar ? Eootidaee the pBO* 
potitiaDi of the ifaiid book ofEodid, ia whidi tbit defiiiiiiai ii emplojed. ti 
it nupiojed id a lesaicifd or gBionJ fonn ? 

5. Id bov maof point* caa a code be cut bj n ttnught Hue and bg 
tnoAa drcle ? 

fi. When aiE ilaighc liacs wd to be equally distant from the center of 4 
ciide? J 

7- If > itnightline paising through ihercntn of a dtile biaecl annl^f 
line in it, ii ihsU cut it U right anglo. Point out the eiceptioo ; and aheVi 
llut if ■ atnight line biwct the aic slid base of a a^menc of a drde, it 
pan throogb the cfnlei- 

8. In the isnie circle equal stiaight linos cut o9* equal ditmnrecenixaf 
If dme itraigbt lioei haveaaj point common to one anothtr, itmiuc aot Im 
in the dtaunTetEDoe. Is the enundition giTen complete ? 

9. £nuaciaie Edc. hi. SO- Ii this tiue, irhea the base is greatei |hH| 
a loniciicle ? If *a, why lias Euclid omitted this case ? 

10. Mttai a a stiaight line said to touch a circle ? Shew from tl)e 1 
stmction, Euc. iii. 17i that Imo equal suaight lines, and only tiro, can 
dnirn touching a given ciide tram a given point without iL 

11. What is the locua of the leiiicea of all light-angl^ oiangles whidk, 
can be described upon the same hypoienuie F 

12. How may a perpendicular be diatm to a given snaight line froB 
(W of its eilceniiiie*i<ri(ftoii( producing (Ai/ine? ^ 

13. The angle at the ccntei of a drcIc is double of that at the ciicumbf 
Tence. How aiU it appear hence that the angle in a ■cmicircle is a aght) 
angle? 

14. What conditiosa are esseniial 10 the possibiJiiy of the inscription na^ 
dtcumscription of a circle in and about a qoadriUteral Egarf ? Can a dick 
always bs inscribed in a proposed quadrHateia] figure, or circumscribed abouf 

15. DeSne the angle In a segment of a dccle, and the angle on as^mentj 
and shew that they att ti^ethcr equaJ to two right angles. 

IG. Can a circle be made to pass through any three points ? What coiu 
dition auit be fuliUled in order that a circle may pasi through four given 

I7> If any point be taken sithin ■ circle, and a right line be dntara ftom 
it to the drcamfetence, how many lines can gcnecally be drawn equal to it f 
Draw them. 

la. Eaunciate EuE. III. 2S, and pntve the converae. 

19. Describe the cirdc of which a given segmeot ia a part. Give k 
method of solving the same ptobletu indepctidently of the magnitude of tbg 
given aegment. 

90. Pruge that the angle in a Hmiciicle is a right angle What is Iha 
angle in a quadrant ? 

21. How may a tangent be drawn at a given point in the drcumfctcnoe 
of a circle, without Imawing the center ? 
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22. The sum of the squapet of any tw» lines drawn f^m any point 
in a semidide to the extremity of the diameter is constant Express that con^ 
stant in terms of the radius. 

23. Where has Euclid given a more simple construction than in Euc. iii. 
25, for finding the center of a circle where three points in the circumference 
are given, or can be found ? 

24. Two parallel chords in a circle are respectively six and eight inches in 
length, and one inch apart ; how many inches is the diameter in length ? 

25. The radius of a circle BCDGF, (fig. Euc iii. 15.) whose center is 
E, is equal to five inches. The distance of the line JPG from the center is four 
inches, and the distance of the line BC from the center is three inches, re. 
quired the lengths of the lines FG, BC, 

26. Include the four cases of Euc iii. 35, in one general proof. 

27* Why is it considered necessary to demonstrate all the separate cases 
of Euc. III. 35, 36, geometrically, which are comprehended in one formula, 
when expressed by Algebraic s3rmbols ? 

28. Enunciate iUbe Propositions which are convene to Props. 32, 35 of 
Book III. 

29. It the chord of an sre be twdve inches long, and be divided into two 
segments of eight and four inches by another chord : what ia the length of the 
latter chord, if one of its segments be two indies ? 

30. How many circles may be described so as to pass through one, two, 
and three given points ? In what case is it impossible for a circle to pass 
thiougli three given points ? 

31. What is the radius of that circle of which the chords of an arc and 
of double the arc are five and eight inches respectively ? 

32. If the chord of an arc of a circle whose diameter is 8^ inches, be 
five inches, what is the length of the chord of double the arc of the same cirde ? 

33. Jf the position of the center of a drde be known with respect to a 
given point outside a circle, and the distance of the circumference to the point 
be ten inches : what is the length of the diameter of the drde, if a tangent 
drawn from the given point be &een inches ? 

34. If two strai^t lines be drawn from a point without a cirde, and be 
both terminated by tht concave part of the drcumferenee, and if one of the 
lines pass through the center, and a portion of the other line intercepted by 
the c&de, be equal to the radius : find the diameter of the cirde, if the two 
lines meet the convex part of the circumference, a, &, units respectively from 
tile given point. • 

35. State the converse propositions of the Third Book of Euclid which 
are not demonstrated ex dbturdo, 

36. Enunciate and classify the most remarkable properties of the circle 
which are proved in the third book of JSuclid. 



DEFINITIONS. 



L figure IB mi to be inscribed in another rectilineal 
figure, when all the angular poiats of the inscribed figure are Upoa 
the aides of the fig-ure in which it is inscribed, each upon oach- 



In like manner, a figure is said to be described about another figure, 
when all thesidesof the circumscribed figure pass through theangular 
points of the figure about wliich it ia deicriiicd, each through each. 

111. |l 

A rectilineal figure ia said to be inscribed in a circle, when all the ' 
angular points of the inscribed figure are upon the circumference of 
thedrele. 



A rectilineal figure is said to be described about a circle, when el... 
ode of the (^ircumscribed figure touches the circumierence of the circle. 



A circle is said to be described about a rectilineal figure, when (he 
circumference of the cirelo passes through all the angular points of 
the figure about which it is described. 



o 



BOOK IT. PROP. I, n. ITSb 

VII. 

A straight line is said to be placed in a ciide, when the extremities 
of it are in the circumference of the circle. 



PROPOSITION I. PROBLEM. 



In a given eirde to piaee m §iraighi Rne^ equal to a given straight 
line tvhich is not greater than the iUameter qf ^ eircle. 

Let ABC be the given circle, and D the giren straight line, not 
greater than the diameter of the circle. 

It is required to place in the drde ABC a straight line equal to D. 




Draw BC the diameter of the circle ABC. 
Then, if BC is equal to D, the thing required is done ; 
for in the circle ABC a straight line BC la placed equal to D. 
But, if it is not, BC is greater than D ; (hyp.) 
make CE equal to D, (i. 3.) 
and from the center C, at the distance C£, describe the circle AEF, 
and join CA. 

Then CA shall be equal to D. 
Because C is the center of the circle AEF^ 
therefore CA is equal to CE : (i. de£ 15.) 
but CE is equal to D ; (constr.) 
therefore D is equal to CA. (ax. 1.) 
Wherefore in the circle ABC, a straight line CA is placed equal to 
the given straight line D, which is not greater thim the diameter of the 
circle. q.e.f. 

PROPOSITION IL PROBLEM. 
In a given eircle to insert a triangle equiangular to a given triangle. 

Let ABC be the given circle, and DEF the given triangle. 
It is required to inscribe in the drde ABC a triangle equianguki 
to the triangle DEF. 




Diawihe straight line G^IT touching the circle in the point J, (nx. 17.) 
imd at the point A, in the straight Une AS, 
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make the angle HAC eqaei U> the angla DEF ; (1.23.) 

and at the point A, in the atmght line AG, 

make the angle GAB equal to the angle SFE; 

and join BC: then ABC shall be the triangle required. 

Because HAG touches the circle ABC, 

and AC is drawn frojn the point of contact, 

therefore the angle HAG is equal to the angle ABC in the alternate 

Begment of the circle : (ui. 32.) 

but HAC is equal to the angle DEF ; (constr.) 

therefore also the angle ABC is equal to DEF: (ax. 1.) 

for the same reason, the angle ACB is equal to the angle DFE : 

therefore the remaining an^e BAC ia equal to the remaining angle 

EDF: (1.82 and ax, 1.) 
wherefore the triangle ABC ia equiangular to the triangle DEF, 
and it ia inscribed in the circle ABC. ij.b.f. 

PROPOSITION III. PRUBLEM. 

Abotil a given circle to deeeribe a Iriangle equiangular to a gimn tnaitgU. 
Let ABC be the given circle, and DEF the given triangle. 
It is required to describe a triangle about the drde ABC equiiui- 
gnlar to the triangle DEF, 




Froduc 

find the center Kai 

and from it draw any straight line KB; 

at the point K in the straight line KB, 

make tlie angle SKA equal to the angle DEG, (i. 2a) 

and the angle BKC equal to the angle DFH ; 

and through the points A, B, C, draw the straight lines LAM, Mi 

iVCI., touching the circle ^BC. [in. 17.) 

Then LMN shall be the triangle required. 
Because LM, MN, NL touch the circle ABC m the points J, B, 
C, to which from the center are drawn KA, KB, KC, 
tliereforo the angles at the points A, B, C are right angles : (ni. 18,) 
and because the four angles of the quadrilateral figure AMSKaxe 
equal to four right angles, 

for it can be divided into two triangles; 

and that two of them KAM, EBM are right angles, 

therefore the other two AKB, AMB are equal to two right angles ; 

(ax. 3.) 
l)Ut the angles DEG, DEF are likewise equal to two right angles j 
(1.13.) 
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therefore the angles AKB, AMB are equal to the angles DEG, DEF; 
(ax. 1.) 

of which AKB ia equal to DEG ; (constr.) 
M'hcrefore the remaining angle AMB is equal to the remainiDg angle 
DEF. (ax, D.) 
In hke manner, the angle LNM may bo demonstrated to be ei]ual 
to DEE ; 

and therefore the remaining angle MLN is equal to the remaining 

angle EDF: (i. 32 anSax.a) 
therefore the triangle LMN b equiangular to the triangle DEF: 
and it is described about the circle ABC. Q. e. f. 






PROPOSITION IV. PROBLEM. 

To iiuerib* a eirclt In a given Iriangli. 




,' ffiseettiie angles ABC, BCA by the straight lines BD, CD meeting 

lOie another in Uie point -D, (i. 9.) 

ftom which draw BE, DF, DG perpendiculara to AB, BC, CA. Ci-12.) 

And because the angle EBD is equal to the angle FBD, 
for the angle ABC ia bisected bv BD, 
ad that the rightanglcBZTD is equal to the right angle BJ^D; (ax. 11.) 
therefore the two triangles EBD, FBD have two angles of the oaa 
equal to two ancles of the other, each to each ; 
md the side BD, which is opposite to one of the equal angles in each, 
tnoD to both ; 
therefore their other aides are equal ; (i. 26.) 
wherefore DE is equal to DF: 
for the same reason, DG is equal to DF: 
therefore DE ia equal to DG : (as.. 1.) 
therefore the three straight lines DE, DF, DG are equal to one ano- 
ther; 
and the circle deBcribed from the center D, at tlie distance of any of 
~ them, will pass through the extremities of the other two, and touch 
the straight lines AB, BC, CA, 

because the angles at the points E, F, G ate right angles, 
and the straight line which is drawn from the extremity of a diameter 

E4t right angles to it, touches the cirele : (iiL 16.) 
ifore the straight Imea AB, BC, CA do each of them toQch the 
herefore the circle EFG is inscribed in the triangle ABC, Q. e.t. 
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PROPOSITION V. PROBLEM. 

To describe a circle a&oal a (ftoen Iriangle, 
Let the given triangle be ABC. 
equired to deauribe a drcle about ABC. 




1 



Bisect AB, AC in the points D, E, (i. 10.) 

and from these pointa drawBF, EF&i right angles to AB.AC; {u 11.) 

DF, EF produced meet one another: 

for, if they do not meet, they are parallel, 

wherefore AB, AC, which are at right angles to them, are parallel; 

which is absurd : 

let them meet m F, and join FA ; 
also, if the point F be not in BC, join BF, CF. 
Then, because AD ib equal to DB, and DF common, and at right 
anglea to AB, 

therefore the base AF is equal to the base FB. (r. 4.) 

In like manner, it may be shewn that CF is equal to FA ; 

and therefore BF is equal to FC; (ax. 1.) 

and FA, FB, FC ore equal to one another : 

wherefore the cii'cle dcacribed from the center F, at the distance of 

one of them, ^vill pass through the extremities of the other two, and 

be described about the triangle ABC. Q. e. f. 

Coo. — And it is mimifest, that when the center of the circle iallt 
within the triangle, each of its angles is less than aright angle, (in. 31.) 
each of them being in a segment greater than a semtcircie ; but, when 
the center is in one of the aides of the triangle, the angle oppoaite to 
this aide, being in a Eemicircle, (in. SI.) is a right angle; and, if th« 
center falls without the triangle, the angle opposite to the aide beyond 
which it is, being ina segment leas than a semicircle, (in. 31.) is greater 
than a right angle : therefore, conversely, if the given triangle b« 
acute-angled, the center of the circle falls within it; if it be a right- 
angled triangle, the center is in the side opposite to the right angle ; 
and if it be an obtose-anglcd triangle, tlie center falls without the tri- 
angle, beyond the side opposite to the obtuse angle. 

PROPOSITION VI. PROBLEM. 

To iiacribe a sgtxart in a gipen circle. 

Let ABCD be (he given circle. 
It is required to inscribe a square in ABCD. 
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Draw the diameters, A C, BD, at right angles to one anoflicr, (iii. 1. 
uid I. 11.) 

and join AB, BC, CD, DA. 
The figure ABCD ahall be the square required. 
Because BE m equal to ED, for E is tne center, and that EA is 
:omiiton, and at right angles lo BD % 

the base BA m equal to the base AJ3: (i. 4.} 
aaA, for the same reason, BC, CD are each of th«m equal to BA, 
or AD; 

tliereforc the quadrilateral figure ABCD is equilateral. 

1 1 is also rectangular ; 

for the Etroight line BD being the diameter of tlie circle ABCD, 

BAD is a neniicircle ; 

whereforo the angle BAD is a right angle : (cii. 31.) 

for the same reason, each of the angles ^£C', ifCD, CD.-tisa right 



uieiWo 



B the quadrilateral figure ABCD ia rectangular : 
and it has been shewn to be eguikleral ; 
therefore it is a square : (i. def. 30.) 
and it is inscribed in ue circle ABCD. q.E.F. 

PROPOSITION VIL PROBLEM. 

To detcribe a iquare abmit a given eirclt. 



Draw two diameters AC, BD of the circle ABCD, at right angles 

, to one another, 

L and through the points^, J, C, D, iia,wFG,GH, HK, KF tonch- 

I ing the circle, (iii. IT.) 

I The figure GHKF shall be the square required. 

I Because FG touches the circle ABCD, and EA is drawn from the 

I > center E to the poin^of contact A, 

I therefore the angles at A are right angles; (i:i.l8.) 
I'fcr the eame reason, the angles at the points B, C, D are right angles ; 

■ and because the angle AEB b a right angle, as likewise is EBG, 

f' therefore Gfi is parallel to -^C: (i.28.) 

I for the same reason AC is parallel to FK: 

I and in like manner GF, HK may eacli of them be demonstrated to 

I be parallel to BED : 

I therefore the figures GK, GC, AK, FB, BK are paraUelograms ; 

I and therefore GFis equal to HK, and GIItoFK: (i. 34.) 

I B&d because AC is equal to BD, and that AC is equal to each of the 

I two GH, FK; 
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and SD to each of the two GF, UK : 

GH, FK are each of them equal to GF, or HK; 

therefore the quadrilateral figure fCffiTisequilateraL 

It ia also recUngnlar; 

foT GBEA being a parallelogFaro, and ABB a right angle, 

therefore AGB is likewise a right angle : (i. 34.) 

and in the same manner it may be shewn that the angles at H, K, F 

are right angles: 

therefore the quadrilaferal figure FGHKis rectangular: 

and it was demonstrated to be equilateral ; 

therefore it is a square ; (t. def. 30.) 

and it is described about the circle ABCD. 4.Z1.F. 



PROPOSITION VIII. PROBLEM. 

To inscribe a circle in a given sq-aars. 



m 



Bisect each of the sides AB, AD in the pointa F, E, (i. 10.) 

and through £ draw EJ/ parallel to AB or DC, (:. 31.) 

and through J^ draw FA' parallel to AD or BC: 

therefore each of the figures AK, KB, AH, HD, AG, GC, BG, GD 

is a right-angled parallelogram ; 

and their opposite sides ore equal : (i. !340 

and because AD is equal to AB, (i. def. 30.) 

and that AB ia the half of AD, and AF the half of AB, 

therefore AE is equal lo AF; (ax, 7.) 

wherefore the sides opposite to these are equal, viz. FG to GE : 

in the same manner it may be -dcmonalratetl that GH, GK are cacit 

of them equal to FG or GE : 
iherefbre the four straight lines GE, GF, GH, GK are equal to ons 
another ; 
and the circle described from the center O at the distance of one of 
tliem, will pass through the ex.tremitiea of the other three, and touch, 
the atcaiglit Unea AB, BC, CD, DA ; 

because the angles at the points E, F, H, E, are right anglea, (i. 290 

and that tlie str^ght line which is drawn from uie extremity of a 

diameter, at ri^t angles to it, touches the circle: (m. 16. Cor.) 

therefore each of the straight lines AB, BC, CD, DA touobes the dide, 

which therefore is inscribed in the square ABCD. a. ». f. 
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PROPOSITION IX. PKOBLEM. 
Ta deieriU a citcIb about a given aquare. 

Let ABCD be the given square. 
It is required to descri^ a circle ul>out ABCD. 



Join AC, BD. cuttSng^ one another in E-. 
and because DA is equal to AB, and AC common to tlio trianzlea 
DAC, BAC, (i. def. 30.) 
the two uAtii DA, .4C are equal to tlie two BA, AC, each to each; 
and the base DC is equal to the boso BC; 
wherefore tho angle DAC Is equal to the angle SAC; (i. 8.) 
and the angle DAB ia bisected by the atraigtit line AC: 
in the same manner it may be demonstrated that the angles ABC, 
BCD, CD A are severally bisected by Iho straight tines BD, AC: 
therefore, because the angle DAB L) equal to the angle ABC, 
(i. def. 30.) 
and that tlio angle EAB is thehalf of DAB, and EBA the half of ^SC ; 
therefore the angle EAB is equal to the angle EBA ; (ax. 7-) 
wherefore the side EA h equal to the side EB : (i. G.) 
in the same manner it may be demonstrated, that the straight linea 

EC, ED are each of them equal to EA or EB : 
therefore the four straight lines EA, EB, EC, ED are equal to one 
another ; 

and the cirole described ftrim the center E, at tlie distance of one 
of them, will pass through the extremities of the other three, aud be 
descritied about the square ABCD. 4.B.P. 

PROPOSITION X. PROBLEM. 

Ta daeribg an isotcelea triangle, having each qf Iha angUi at the base 
ioubls of the third angle. 

Tate any straight line AB, and divide it in the point C, (n. 11.) 

so that the rectangle AB, BC may be equal to the Bqimrc oiCA ; 

hod from the center A, at the distance AB, describe tlie cirvle BDE, 

jn which place the straight Une BD equal to ^ C, which is not greater 

than the diameter of the circle BDE ; (iv. 1.) 

and join DA. 

Then the triangle ABD shall be such aa is required, 

I that is, each of the angles ABD, ADB shall be double of tho angle 

• BAD. 

(Join 2)C, and about the triangle ADC describe the circle jiCZ>. (iv.B.) 
And because the rectangle AB, BC is equal to the square of JC, 

and that .iC is equal to BD, (constr.) 
the rectangle AB, BC is equal to ttie square of BD: (ax. 1.) 
and because from the point B, without the circle ACD, two straight 
lines £C.i4, j5i} are drawn to tho circumfercneo,oae of which cuts, and 
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the olIiBTineetstlie circle, and that the iectaine\& AB, BC,coateiaeAhj 
the nhole of the cutting line, and the part of it wiUiout the circle, ia 
equal to the square of BD which meets it ; 

therefore the str^ght line BD touches the circle JCD : (iii. 370 
and because BD touches the circle, and DC is drawn from the point 

of contact D, 
the angle BDCia equal to the angle 2>^Cin the alternate segmcDt 
of the circle: (iii.32.> 

to each of these add the ande CDA ; 
therefore the whole angle BDA ia oqu^ to the two angles CI>A, 
DAC: (ax. 2.) 
but the exterior angle BCD is equal to the angles CDA, DAC; {l 32.) 
therefore also BDA ia equal to BCD : fax, 1.) 
but BDA is equal to the angle CBD, (i. 5.) 
hecause the side AD ia equal to the side AB ; 
therefore CBD, or DBA, is equal to BCD ; (ax. 1.) 
and consequently the three angles BDA, DBA, BCD are equal to 
one another : 
and hecause the angle DBC is equal to the angle BCD, 
the side BD is equal to the side DC: (i. 6.) 
but BD was made equal to CA ; 
therefore also CA ia equal to CD, (ax. 1.) 
and the angle CDA equal to the angle DA C ; (i. 6.) 
therefore the angles CDA, DAC together, are double of the aaele 
DAC: 

but BCD is equal to the angles CDA, DAC ; (i. 32.) 

therefore also BCD is double of DAC: 

and BCD was proved to be equal to each of the angles BDA, DBA ; 

therefore each of the angles BDA, DBA is double of the angle DAB. 

Wherefore an isosceles triangle ABD has been described, having 

each of the an^es at the base double of the third angle. <t. e. f. 

PROPOSITION Xt. PROBLEM. 

Tt imcribt an equilateral and equiangular pentagon in a given cirele. 

Let ABCDE be the given circle. 
It ia required to inscribe an equilateral and equiangular pentagon 
mtbedrcIe<JfiCZI£'. 
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Describe an isosceles triangle FGH, haying each of the angles at 
G, H double of the angle at F\ (iv. 10.) 

and in the circle ABCDE inscribe the triangle ACD equiangular 
to the triangle FGH^ (iv. 2. J 

so that the angle CAD may oe equal to the angle at F, 

and each of the angles ACD, CD A equal to the angle ai G or H; 

wherefore each of the angles ACD, CD A is double of the angle CAD, 

Bisect the angles ACD, CDA by the straight lines CE, DB ; (l 9.) 

and join AB, BC, DE, EA. 
Then ABCDE shall be the penta^n required. 
Because each of the angles ACD, CDA is double of CAD, 
and that they are bisected by the straight lines CE, DB ; 
therefore the five angles DAC, ACE, ECD, CDB, BDA are equal 
to one another : 
but equal angles stand upon equal circumferences ; (iii. 20.) 
therefore the five circumferences AB, BC, CD, DE, EA are equal 
to one another : 
and equal circumferences are subtended by equal straight lines ; (in. 29.) 
therefore the five straight lines AB, BC, CD, DE^ EA are equal to 
one another. 

Wherefore the pentagon ABCDE is equilateral 

It is also equiangular: 

for, because the circumference AB is equal to the circumference DE, 

if to each be added BCD, 
the whole ABCD is equal to the whole EDCB: (ax. 2.) 
but the angle AED stands on the circumference ABCD; 
and the angle BAE on the circumference EDCB ; 
therefore the angle BAE is equal to the angle AED: (in. 27.) 
for the same reason, each of the angles ABC, BCD, CDE is equal 
to ihsi6Xis\e BAE, OT AED I 

theremre the pentagon ABCDE is equiangular; 
and it has been shewn that it is equilateral : 
wherefore, in the given circle, an equilateral and equiangular pentagon 
has been described, q. e. f. 

PROPOSITION XII. PROBLEM. 

To deserihe an eptilateral and equiangular pentagon ahout a given circle. 

Let ABCDE be the given circle. 
It is re(][uired to describe an equilateral and equiangular pentagon 
about the circle ABCDE. 

Let the angular points of a pentagon, inscribed in the circle, by the 
last proposition, be m the points A^ B, C, D, E, 
80 that the circumferences AB, BC, CD, DE, EA are equal ; (rv. 11.) 
and through the pomts A, B, C, D, E draw GH, HK, KL, LM, 
JfefG touching the circle; (hi. 17.) 
the figure GHKLM shall be the pentagon required. 
Take the center F, and join FB, FK, FC, FL, FD. 
And because the straight line KL touches the circle ABCDE in 
the point C, to which FCha drawn from the center F, 

FC is perpendicular to KL, (m. 18.) 
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thcTcfoTO each of the angles at C is a right angle : 
for the same reason, the angles at the points £, 2) are right angle* 




and because FCK is a right angle, 

the square of i^JTisequol to the squares of FC, CK: (•• *T-) 

for tlie same reason, the square of FK is equal to the sqoaies of FB, 

BK: 
therefore the squares of FC, CK are equal to the squares of FB, BK; 
(ax.1.) 

of which the square of FC is equal to the square of FB ; 
therefore the remaining sqxiare of Cffisequal to the remaining sqiM» 
of^ff, CaK.3.) 

and the straielit lino CE equal to BK'. 
and beeause FB is equu to FC, and FK common to the trianda 

BFK, CFK, 
the tivo BF, FK are equal to the two CF, FK, each to each ; 

and the base BK was proved equal to the base KG ; 

therefore the angle BFK is equal to the angle KFC, (i. 8.) 

and the angle BKF to FKC '. (i- 4. ) 

wherefore the angle BFC is double of the angle KFC, 

and BKC double of FKC : 

for the same reason, the angle CFD is double of the angle CFL, 

and CLD double of CLF: 

and because the circumference BC is equal to the cironmference CH, 

the angle BFC is equal to the angle CFD ; (m. 27.) 

and BFC is double of the angle KFC, 

and CFD double of CFL ; 

therefore the angle KFC is equal to the angle CFL : (ax. 7.) 

and the right angle FCK is equal to the nght angle FCL ; 

therefore, in the two triangles ii'A'C, /"if, there are two sngles of the 

one equal to two angles of tlie other, each to each ; 
and the side FC which is adjacent to the equal angles in each, b com- 
mon to both ; 
therefore the other ades are equal to the other sides, and the third 

angle to the third angle: (i.;26.) 
therefore the straight line KC is equal to CL, and the angle FKC to 
the angle FLC: 

and because KC is equal to CL, 

ffZ, is double of A'C. 

In the same manner it may be shewn that JTi' is double of Bff: 

and because BKis equal to KC, as was demonstrated, 

and that KL is double of KC, and J{K double of BK, 

therefore IIK is equal to KL : (ax. G.) 

in like manner it may lie shewn that GH, GM, ML are each of them 

eqnolto^JT, or JTX; 
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therefore the pentagon GHKLM is eqailateral. 

It is also equiangular: 

for, since the angle FKC is equal to the angle PLC, 

and that the angle flKL is double of the angle FKC, 

and KLM double of FLC, ita was before demonstraled ; 

therefore tlie angle HKL a eqoal to KLM; (ax. 6.) 

and in like mannerit may be shewn, 

that each of the angles KHGy HGM, GML is equal to the angle 

HKL or KLM: 
therefore the five angles GHE, HKL, ELM, LMG, MGHhaag 
equal to one another, 

the pentagon GHKLM is equiangular : 

and it is ei^itilaleral, aa was demonstrated ; 

andit ia described aboat the circle ABCDE. 4.B.F. 

PROPOSITION XIII. PROBLEM. 

To iiucrite a circle in a jiinsa equilateTal and Bjuiangular perilagon. 

LeiASCDE be the given equilateral and equiangular pentagon. 
It is required to inscribe a circle in the pentagon ABODE. 




Bisect the angles BCD, CDE by the afTMKlU lines CF, DF. fi. 9.) 
sad from the point F, in which they meet, draw the strwght lines FB, 
FA,FE: 

therefore since BC is equal to CD, (hyp.) 

and Ci^ common to the trianglea BCF, DCF, 

the two Bides BC, CF are equal to the two DC, CF, each to each ; 

and the angle BCF is equal to the angle DCF ; (constr.) 

therefore tiie base BF is equal to the base FD, (i. 4,) 

and the other angles to the other angles, to which the equal adea are 

opposite; 

therefore the angle CBF is equal to the angle CDF : 

and because the angle CDE Is double of CDF, 
and that CDE is equal to CBA, and CDF to CBF; 

CBA is also double of the angle CBF ; 
therefore the angle ABF ia equal to the angle CBF ; 
wherefore the angle ABC is bisected by the straight line BF : 
in the same manner it may be demonstrated, 
that the angles BAE, AED, are bisected by the straight lines AF, FE. 
From the point i^, draw J^G, FH, FK, FL, J^J/perpendiculare to 
the straight lines AB, BC, CD, DE, EA : (i. 12.) 
- and because the angle BCF is equal to KCF, and the right angle 
FHC equal to the right angle FKC ; 
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therefore in the triangleB FHC, FKC, there are two angles of the ana 

equal to two angles of the other, eaeh to each ; 

and the side FC, which is opposite to one of the equal angles in. eacl^ 

ie common to both ; 

therefore the other sides arc eqnal, each to each ; f i. 26.) 

wliereforo the perpendicular /'if is equal to the perpendicular FK: 

in the same manner it may be demonstrated, tliat FL, FM, FG axt 

each of them equal to FZT, or FK: 
therefore the five straight lines FG, FH, FK, FL, FM Bie cqiisl 

to one another : 

wherefore the circle described from the center F, at the distance of 

one of these five, will pass through the extremities of the other four, 

and touch the straight lines AB, SC, CD, DE, EA, 

because the angles at the points O, H, K, L, M are right angles, 

and that a straight line drawn from the extremity of the diamecerol 

a circle at right angles to it, touches the circle : (iii. 16.) 
therefore eaeh of the straight lines AB, BC, CD, DE, EA touchei 
the circle : 
wherefore it ia inscribed in the pentagon ABODE, q. e.p. 

PROPOSITION XIV. PKOBLEM. 

To deserilg a circle about a given equilateral and eqmangvlar ptntogm. 

Let ABCDE he the given equilateral and equiangular pentagon. 

It is required to describe a circle about ABCDE. 



Bisect the angles BCD, CDE by the straight lines CF, FD, (l 9-1 
and from the point F, in which they meet, itaw iJie straight lines FB, 

FA, FE, to the points B, A, E. 

It may be demonstrated, in the same manner as the preceding pro- 

that the angles CBA, BAE, AED are biaected by the strwght linei 

FB, FA, FE. 

And because the angle BCD is equal to the angle CDE, 

and that FCD is the half of the angle BCD, 

and CDF the half of CDE ; 

therefore the angle FCD is equal to FDC\ (ax. 7.) 

wherefore the side CF is equal to the aide FD : (i. 6.) 

in like manner it may be demonstrated, 

that FB, FA, FE, are each of them equal to FC or FD : 

therefore the five straight lines FA, FB, FC, FD, FE, are equal to 

one another: 
and the circle described from the center F, at the distance of one of 
them, will pass through the extremities of tlie other four, and be do- 
ecribed about the equilateral aod equiangular pentagon ABCDE. 
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PROPOSITION XV. PROBLEM. 

To imOTtie an equilateral and equiangular hexagon in a given oircle. 

Let ABCDEF be tlie given circle. 

Jt a icquired to inscribe on ec[uilateral and equiangular hexagon in i 



Find the center G of the circle ABCDEF, 

and draw the diameter AGD ; (m. 1.) 

«nd from D, as a center, at the d islanco DO, dcscrihc the circle EGCM, 

join EG, CG, and produce them to the points B, F ; 

and join AB, BC, CD. BE, EF, FA : 

the hexagon ABCDEF shall be equilateral and equiangular, 

because O \a iha center of the circle ABCDEF, 

GEii equal to GD: 

and because D is the center of Iho circle EGCH, 

DE ifl equal to DG : 

wherefore GE is equal to ED, {ax. 1.) 

and the triangle EGD is equilateral ; 

and therefore its three angles EGD, GDE, DEG, are equal to one 

another; (i. 6. Cor.) 

bnt the three angles of a triangle are equal to two right angles; (i,32.) 

therefore the angle EGD is the third part of two right angles : 

in the same manner it may be demonstrated, 
that the angle DGC is also the third part of two right angles : 
and because the straight line GC makes with EB the adjacent angles 
EGC, CGB equal to two right angles ; (i. 13,) 
the remaining angle CGB is the third part of two right angles : 
therefore the angles EGD, DGC, CGB are equal to one another: ' 
and to these are equal the vartical opposite angles BGA, AGF, FGE : 
O.lfi.) 
therefore the six angles EGD, DGC, CGB, BGA, AGF, FGE, are 
equal to one another : 

but equal angles stand upon equal circumferences ; (m. 26.) 
therefore the six circumferences AB, BC, CD, DE, EF, FA are equal 
to one another: 
and equal circumferences are mibtended by equal straight lines: 
(m. 29.) 

therefore the six straight lines are equal to one another, 

and the hexagon ABCDEF is equilateral, 

It is also equiangular : 

for, since the circumference AF is equal to ED, 

to each of these equals add the circumFeronce ABCD ; 

therefore the whole circumference FABCD is equal to the whole 

EDCBA: 



138 Euclid's elements, 

and the angle FED Btanda upon the circmnference FASCD, 

and the angle AFE upon EDCBA ; 

therefore the angle AFE is equal to FED : (m. 2?.) 

in the same manner it may be demonstrated, 

that the other angles of the hexagxin ABCDEF are each of tlielB 

equal to the angle AFE or FED : 

therefore the hexagon iB equiangular ; 

and it is equilateral, as was shenn ; 

and it is inacribed in llie given circle ABCDEF. q.b.f. 

Con. — From thia it ia manifeat, lliat the side of the hex^on u 

equal to the straight line from the center, that is, to the seroi-diamela 

of thecLi'cle. 

And if through the poijita^,B, C, fl,£,i''theTC be drawn strtdght 
lines touching the circle, an equilateral and equiangrilar hexagon will 
he described about it, which may be demonstrated from what has been 
said of the pentagon : and likewise a circle may be inscribed in a givoi 
equilateral and cquiongnlar hexagon, and circumscribed about it, bf I 
method like to that med for the pentagon. 

PROPOSITION XVI. PROBLEM. 
To inscribe an eguilaleral and e^iiangular quiTidecai/on in a gieen eirele. 
Let ABCD be the given circle. 
Tt is required to inacribe an equilateral and equiangular quindecft- 
gon in the circle ABCD, 



■^ 

Leti^CbetheBidBofanequiiateial triangleinscribedin thecircle, (iv.2.1 

and AB the aide of an equilateral and equiangular pentagon ioBcribea 

in the same; (iv. 11.) 

therefore, of such equal parts as the whole circumference ABCDP 

contains fifteen, 

the circumference ABC, being the third part of the whole, eontainsfiTc; 

and the circumference AS, which is tJie fifth part of the whole, coib> 

tains three ; 
therefore iiC, their difference, contains two of the same parts: 

bisect £C in £; (jii,30.) 
therefore BE, EC are, each of them, the fifteenth part of the whole 

circumference ABCD ; 
therefore if the straight lines BE, EC be drawn, and sti^ght line* 
equal to tbem be placed round in the whole circle, (iv. 1.) an equt- 
lateral and equiangular quindecagon will be inscribed in it. q. e. f. 

And in the same manner as was done in the pentagon, if through 
the points of diviaion made by inscribing the quindecagon, straight linei 
be dVawn touching the circle, an equilateral and equiangular quind*. 
cagon will bo described about it : and likewise, as in the pentagon, % 
circle may be inscribed in a given equilateral and equiangular quinde- 
cagon, and circumscribed about ic 
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The Fourth Book of the Elements contains some particular cases of four 
general problems on the inscription and the circumscription of triangles and 
regular figures in and about circles. Euclid has not given any instances of 
the inscription or circumscription of rectilinear figures in and about other iec« 
tUinear figures. 

Any rectilinear figure, of five sides and angles, is called a pentagon ; of 
seven sides and angles, a heptagon ; of eight sides and angles, an octagon ; of 
nine sides and angles, a nonagon ; of ten sides and angles, a decagon ; of 
twelve sides and angles, a duodecagon ; of fifteen sides and angles, a quin- 
decagon, &c. 

These figures are included under the general name of polygons ; and are 
called equilateral^ when theit sides are equal; and equiangtHary when their 
angles are equal ; also when both their sides and angles are equal, they are 
called regular polygons. 

Prop. III. An objection has been raised to the construction of this pro- 
blem. It is said that in this and other instances of a similar kind, the lines 
which touch the circle at ^, £, and C, should be proved to meet one another. 
This maybe done by joining AB, and then since the angles KAM^ KBM are 
equal to two right angles (iii. 18.), therefore the angles BAM, ABMaie less 
than two right angles, and consequently (ax. 12.), AM and BM must meet 
one another, when produced far enough. Similarly, it may be shewn that AL 
and CL^ as also CN and BN meet one another. 

Prop. y. The corollary to this proposition appears to have been already 
demonstrated in Prop. 31. Book iii. 

Prop. VI, VII. It is obvious that the square described about a circle is 
equal to double the square inscribed in the same circle. Also that the circum- 
scribed square is equal to the square of the diameter, or four times the 
square of the radius of the circle. 

Prop. VII. It is manifest that a square is the only right-angled paral- 
lelogram which can be circumscribed about a circle, but that both a rectangle 
and a square may be inscribed in a circle. 

Prop. X. By means of this proposition, a right angle may be divided 
into five equal parts. 

Reference has already been made to the distinction between analysis and 
synthesis^ and that all Euclid's direct demonstrations are synthetic^ properly 
so called. There is however a single exception in Prop. 16. Book iv, where 
the analysis only is given of the Problem. The two methods are so connected 
in all processes of reasoning, that it is very difiicult to separate one from the 
other, and to assert that this process is reaUy synthetic, and that is really ana-- 
lytic. In every operation performed in the construction of a problem, there must 
be in the mind a knowledge of some properties of the figure which suggest 
the steps to be taken in the construction of it. Let any Problem be selected 
from Euclid, and at each step of the operation, let the question be asked, 
<' WTiy that step is taken ?" It will be found that it is because of some known 
property of the required figure. As an example will make the subject more 
clear to the leatner, the Analysis of Euc. iv. 10. is taken from the Appendix, 
pp. 13, 14. to the larger edition of the Euclid, and to which the learner is re- 
ferred for more complete information. 
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In \Jk constructioQ of Euc. iv. 10. then ue five opentioni 
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Talte ang straight line AB. 

Divide ihe line AB in C, ao that the rectangle AB, BC, way be ■ 
Dlhe square of ^C. 

Deutlbe the circle BDE with center A and radius AB. 
Place the tine BD in that circle, equal to the liue AC. 
, Jcrin the paint! A, D. 

'tiy should dlher of these opi^rationi be pcrTonned i&ther than an; 
cithers P And what will enable us to foresee that the rctult of them will be 
Buch a triangle as waa required ? The dcmonstralion afRsed to it by Euclid 
does undoubtedl)' prore uial these r>pi>rations must, in conjunctian, produce 
such a triangle ; but we are furnished in the Elemenla with no obvious reaion 
for the adoption of these steps, except we suppose ihcm accidental. To ■np< 
pose that all the construciions, even the simpler ones, are the result of Bcddnit 
only, would be supposing more than could be shewn to be admiuible. No 
conitraclioD of the problem could hare been devised without a previoui know- 
ledge of some of the properties of Ihe figure. In fact, in directing the figun 
to be constructed, we assume the possibility of its existence ; and we study th* 
properties of such a figure on the hypothesis of its actual esisteocc. It is thil 
study of the properties of the figure thaimnililulm the Analgni of llic prabtem. 

Let then the existence of a triangle BAD be admitl^ which hu each 
of the angle* ABD, ADB double at (he angle BAD, in order to aaeerlaln 
any properties it may poseess which would assist in the conslruction of such • 
triangle. 

Then, since Ihe angle ADB is double of BAD, if we draw a line DC to 
bisect ^Z)£ BDd meet ^B in C, the angle ^OC will be equal to CAD; and 
hence (Euc. i. 6.) the sides AC, CO are equal to one another. 

Again, unce we have three points A, C, D, not in the same straight line, 
let us examine the effect of describing a circle through them i that is, deKribe 
the circle ACD about the triangle ACD, (Euc. iv. 6.) 

Then, since the angle ADB has been Uaecled by DC, and since ADB \» 
double of DAB, the angle CDB is equal to the angle DAC in the aiiemaU 
Bt^ment of the circle ; the line BO therefore coincides « ' ' 
circle at D. (Converse of Euc. 111. 32.) 

Whence it follows, that the rectangle contained by AB, BC, is equal M 
the square of BJ>. (Euc. ill. 3fi.) 

But the angle BCD is equal to the two interior opposite angles CAD, 
CDA ; or since these arc equal to each other, BCD is the double of CAO, 
that is of BAD. And since ABD is also double of BAD, by the coaditiooi 

of the triangle, the aaght BCD, CBD are equal, and SD is ei ' " 

that is, to AC. 

It has been proved that the rectangle AB, BC, is equal to the square of 
BD i and hence Ihe point C m AB, found by Ihe intersection of the bisecting 
line DC, is such, that the rectangle AB, BC is equal to the square of AC. 
[tluc. ti. II.) 

Finally, since the triangle ABD is isosceles, haring each of the anglea 
ABD, ADB double of the same aiigU>, the sides AB, AD are equal, and 
hence the points B, D, are in the circumference of the circle described about 
A with the radius AB. And since the magnitude of the triangle is not tpe^ 
cified, the line AB may be of any length whatever. 

FroiD this "Analysis of the problem," which obviously Is nothing nion 
than an examination of the properties of such a figure supposed lo exist al. 
ready, k will be at once apparent, whij those slqis which arc prescribed by 
£uclid for its coiulructioD, were adopted. 
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The line AB is taken of any length, hecaute the problem does not prescribe 
any specific magnitude to any of the sides of the triangle. 

The circle BDE is described about A with the distance AB, hecaute the 
triangle is to be isosceles, having AB for one side, and therefore the other 
extremity of the base is in the circumference of that circle. 

The line AB is divided in C, so that the rectangle ABy BC shall be equal 
to the square of AC, because the base of the triangle must be equal to the seg- 
ment AC. 

And the line AD is drawn, because it completes the triangle, two of whose 
sides ABj BD axe already drawn. 

Whenever we have reduced the construction to depend upon problems 
whidi have been already constructed, our analysis may be terminated ; as was 
the case where, in the preceding example, we arrived at the division of the line 
AB in C ; this problem having been already constructed as the eleventh of the 
seoood book. 

Prop* XVI. The arc subtending a side of the quindecagon, may be found 
by pJadng in the circle from the same point, two lines respectively equal to 
the sides of the regular hexagon and pentagon. 

The centers of the inscribed and circumscribed circles of any r^ular poly- 
g(m axe coincident. 

Betides the circumscription and inscription of triangles and regular polygons 
about and in circles, some very important problems are solved in the construc- 
tioDS respecting the division of the circumferences of circles into equal parts. 

By inscribing an equilateral triangle, a square, a pentagon, a hexagon, &c. 
in a dxcle, the circumference is divided into three, four, five, six, &c« equal 
parts. In Prop. 26. Book iii, it has been shewn that equal angles at the 
centers of equal circles, and therefore at the center of the same circle, sub- 
tend equal arcs ; by bisecting the angles at the center, the arcs which are sub- 
tended by them are also bisected, and hence, a sixth, eighth, tenth, twelfth^ 
&c part«of the circumference of a circle may be found. 

If the right angle be considered as divided into 90 degrees, each degree 
into 60 minutes, and each minute into 60 seconds, and so on, according to the 
sexagesimal division of a degree ; by the aid of the first corollary to Prop. 
32. JSook I, may be found the magnitude of an interior angle of any regular 
polygon whatever, 

liet 6 denote the magnitude of one of the interior angles of a regular 
polygon of n sides, 

then n 6 is the sum of all the interior angles. 
But all the interior angles of any rectilinear figure together with four right 
angles^ are equal to twice as many right angles as the figure has sides, 
that is, if IT be assumed to designate two right angles, 

.'. «0 + 2'jr = «'Jr, 
and ne = nw-2<3r = (n — 2).'jr, 

.". V ^ . IT, 

« 

the magnitude of an interior angle of a regular polygon of n sides. 

By taking n =: 3, 4, 5, 6, &c. may be found me magnitude, in terms of 
two right angles, of an interior angle of any regular polygon whatever. 

Pythagoras was the first, as Proclus informs us in bis commentary, who 
discovered that a multiple of the angles of three regular figures only, namely, 
the trigon^ the square, and the hexagon, can fill up space round a point in a 
plane. 
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1 shewn that the 1 




□tenor angle of a legulai figure of * 
le tbiid of two right anglei. 



and 083 = 2 IT, 
that is, six angles, each equal to the interior angle af an equilateral trif 
STe equal to four right BDglea, and therefore six equilateral triangles m. 
placed BO as coRipletel; to fill up tile space round the point at which 

In a similar vnj, it may be shewn that four gquaro and three hexagooi 
may be placed so as completely to GIL up the space round a point- 
Also it will appear (roai the results deduced, that no other regular figuret 
besides these three, can be made lo fill up the space round a point : for aaj 
multiple of the inierioc angles of any other regular polygon, will be found Ui 
be in excess above, or in defect from four right angles. 

The equilateral triangle or trignn, the square or lelragiin, the pentagon, 
and the hexagon, were the only r^ular polygona known to the Greeks, capaUe 
of being inscribt^ in circles, besides those which ma^ be derived from them. 

M. Gauss in his Disquieitiones Arithmetics, has extended the number ilf 
shewing that in general, a regular polygon of 2" + 1 aides Is capable of being 
insciibed in a circle by means of straight lines and circles, in those cue* In 
which 2* + 1 is a prime number. 

The case in which (i = 4, in 2*+ 1, was proposed by Mr. Lowty of die 
Royal Military College, to be answered in the seventeenth number of Ley- 
bourn's Madiematical Repository, in the following form : — 

Required a geometrtcal demonstration of the following method of coo- 
Etrucling a regular polygon of acTenieen sides in a circle. 

Draw the radius CO at right angles to the diameter ^B ; on OC and OB, 
take OQ equal to the half, and OH equal to the eighth part of the nidiul ; 
make DE and Df each equal to DQ, and EG and FIl respectively equal lo 
£Q and FQi take OK a mean pioportional between OH and OQ, and 
through K, draw KM parallel to AB, meeting the «emlchi:le described on OG 
in M, draw 3/^A' parallel to OC cutting ihe given circle in JV, the are JJfU 
the seventeenth part of (he whole circumference. 

A demonstration of the truth of this construction has been given by Mi' 
Lowry himself, and will be found in the fourth Volume of Leyboum'a Repi>- 
sitory. The demonsiraiion including Ihe two lemmas occupies more ' ~ 
eight p^es, and is by no means of an elementary character. 



QUESTIONS ON BOOK IV. 

1. MTien is one rectilineal figure said to e 
a circle said lo be inscribed w 



-ecli lineal figure ? 
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3. In wh»l Mnse )■ a r^ular hcingon mlso n paraJIplofjniTn ? WoulJ 
the same obierracion applf lo *U ,RgiiUc tigum with an wen numbei of 

4. Shew that if (he poinls o( inlerteclion of the circlei in Euclid's figure, 
]ti»k IT. Prop. 10, be joiaed with the verlex of the irisnglc and with each 
other, BDOther niangle will be fanned equiangulu and equal to the rormec. 

6. What i« Eudid'a dL>tinitiau of a r^ular penugon ? Would the itel. 
Uted Rgure, which it formed by joining the alternate angles of a rtgulat pen. 
togoti, ft> demibed in the Pouith Book, latiifr thii definition ? 

6. Kiew that each of the Interior angle) of a (egulai pentagon imerilKd 
in a ciKle, i> equal to three fifth* of two right angle*. 

7. Into what number of equal parts, may ■ right angle be dlrided gtome- 
Iricalljr 7 What connection has the Hilution of ^ii problem with the poui- 
bililj of inicTibing regular figures in cirdei ? 

8. What are the limits to the Geirmflrical inscription of regular flgutea 
in circles ? What does Ceomrtrical mean when used in this waj' f 

0. What are the three T^ular figures which can be used jn pating a plane 
area ? Shew that no other regular HguTci but iheic will fill up (he spaec 
iDond a point in a plane. 

10. An equilateral (rtongte ia inscribed in a circle by joioing the first, 
third and fifth angles of the inscribed hexagon. 

11. How niany square inches are in the area of a r^ular octagon whose 
lide ii eight inches F 

12. If a side of an equiUlcral triangle be aix inches: what !■ the 
ladiui of the inscribed circle ? 

13. fiow do you shew that the radius of (he circle inscribed in an eqoi- 
hleial triangle is half the radius of the circle described about the same triangle 7 

14. What ligure is farmed by the production of the alternate sides of a 
ngnlai octagon ? 

15. If two sides not adjacent of a rogular pentagon be produced to meett 
-wbal i> the m^pilude of the angle contained at (he point where they meet ? 

10. Find the area of a tegular hejtagon inscribed in a circle whose diameter 
is twdve inches. What is thediflennce between the inscribed and the drcum- 
Kribed hexagon F 

17. If one side of a quadrilateral figure innciibed in a circle be produced, 
the Exterior angle is equal to the interior and opposite angle of the figiiiv. Is 
this property true of any inscribed polygon having an even number of sides ? 

18. What consideration renders necessary the first praposition of the fourth 
Book of Euclid ? 

IS. Is (here any method more direct than that of Euclid's fur inscribing 
a regular pentagon in a circle ? 

30. What relation tubiiists between the square inscribed in, and the 
iquBTC drcotnscribed about the tame circle? 

SI. In the conBCTUclion of Euc. iv. 3. Enrlid has omitted lo shew that 
(he tangents drawn through the points ji and B will meet in some point JIT. 
Bow may this be shewn ? 
I 22. Why has Euclid not shewn how to inscribe an equilateral triangle In 

L» circle, before he requires the use of it in Prop. IIS. Book iv ? 
I 23. Which is tlie greater, the difference between the side of the square 
■!s^ the side of the regular hexagon inscribed in a circle wtiose radius is unity; 
T' M the difference between the side of the equilateral triangle and the side of the 
legiilaT pentagon inscribed in the same circle ? 

2i, How is it made to appear that the line BD is the side of a regular 
drcagnn inscribed in the larger circle, and the aide of a i^ulac pentagon int- 
■cri^in the smaller circle F fig. Euc. ir '" 




DEFINITIONS. 
I. 
A LESS ma^tude ia said to be a part of a greater magnitude, when. 
the less measures the greater ; tliat is, 'when the less is contained ft 
certsia number of times cxoctlj in the greater.' 
II. 
A greater magnitude is said to be a multiple of a less, when th« 
ejoater is measured by tbe less, that ia, 'when. Uie greater contuns iba 
lesa a certain number of times exactly.' 



"Hatio ia a mutual relation of tw 
I another, in respect of quantity," 



The first of four magnitudes is said to have the same ratio to {lie 
second, which the third has to the fourth, when any equimultiples 
whatsoever of the first and third being taken, and any equimultiples 
whatsoever of the second and fourth ; if the multiple of tliefiret belesa 
tlian that of the second, the multiple of tbe third ia also less than that 
of the fourth: or, if the multiple of tbe first be equal to that of the 
second, the multiple of the thinl is also equal to that of tbe fourth : or, 
if the maltipla of the first be greater than that of the second, the mul- 
tiple of the third is also greater than tliat of the fourth. 



vr. 



DG ratio are called proportionals. 
a proportionals, it is usually ei- 
-jnd, as the third to the fourth.* 



Magnitudes which have the si 
N.B. Wlien four magnitudes a 
pressed by saying, the first is to the st 
VII. 
When of the equimultiples of four magnitudea (taken as in the 
fifth definition), the ranltiplo of the first is greater than that of the 
second, but the multiple of the third h not greater than the multiple 
of the fourth; then the first ia said to have to the second a greater 
ratio than tho third magnitude has to the fourth : and, on the contraty, 
the third is said to hare to the fourth a less ratio thim the first has to 
the second. 

VJII. 
"Analogy, or proportion, is the aimilitude of ratios." 



DBFINITI0N8. 145 

IX. 

Proportion consists in three terms at least. 

X. 

When three magnitudes are proportionals, the first is said to have 
to the thirds the duplicate ratio of that which it has to the second. 

XI. 

When four magnitudes are continual proportionals, the first is said 
to have to the fourth, the triplicate ratio of that which it has to the 
second, and so on, quadruplicate. Sec. increasing the denomination still 
by unity, in any number of proportionals. 

Definition A, to wit, of compound ratio. 

When there are any number of magnitudes of the same kind, the 
first is said to have to the last of them the ratio compounded of the 
ratio whidi the first has to the second, and of the ratio whidi the 
second has to the third, and of the ratio which the third has to the 
fourth, and so on unto the last magnitude. 

For example, if A, £, C, D be four magnitudes of the same kind, the first 
A is said to have to the last Z>, the ratio compounded of the ratio of A to B, 
and of the ratio of B to C, and of the ratio of C to Z> ; or, the ratio of A to 
D is said to be compounded of the ratios of ^ to B, £ to C, and C to D, 

And if A has to B the same ratio which E has to F ; and £ to C the 
same ratio that G has to H; and C to D the same that K has to L; then, by 
this definition, A is said to have to i> the ratio compounded of ratios which are 
the same with the ratios o( EtoF, GtoH^ and Kto L. And the same thing is 
to be understood when it is more briefly expressed by saying, A has to D the 
ratio compounded of the ratios of E io F^G to Hy and K to L, 

Id like manner, the same things being supposed, if M has to iV the same 
ratio which ^ has to D ; then, for shortness' sake, M is said to have to iV the 
ratio compounded of the ratios of J5 to jP, G to IT, and K to L, 

XII. 

In proportionals, the antecedent terms are called homologous to one 
another, as also the consequents to one another. 

' Geometers make use of the following technical words, to signify certain 
ways of changing either the order or magnitude of proportionals, so that they 
continue still to be proportionals.' 

XIII. 

Permutando, or altemando, by permutation or alternately. This 
word is used when there are four proportionals, and it is inferred that 
the first has the same ratio to the third which the second has to ihe 
fi)urth ; or that the first is to the third as the second to the fourth : as 
is shewn in Prop. xvi. of this Fifth Book. 

XIV. 

Invertendo, by inyersion ; when there are four proportionals, and 
it is inferred, that the second is to the first, as the fourth to the third» 
Prop. B. Bpok V, 

■ - • N 
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XV. 

Componendo, by ooinpoaitioa ; when there are four proportionals, 
and it is inforred that the first tozetlier with the second, is to the 
second, as the third together with the fourth, is to the fourth. Prop. 
18, Book V. 

XVL 

Dividendo,by divi^on,- when there are four proportionals, and it is 
inferred, tliat the excess of the first above the second, is to the second, 
as the excess of the third above the fourth, is to the fourth. Prop. IT, 
Book V. 

XVII. 

Convertendo, by conversion ; when there are four proportionals, and 
it is inferred, that the first is to its excess above the second, as the 
third to its excess above the fourth. Prop. E. Book v. 
XVIII. 

Ex ffquali (sc. distantia), or ex a?quo, from equality of distance; 
when there is any nu nibcr of nutgnitudes more than two, aad as many 
others, such that they are proportionals when taken two and two <i 
each rank, and it is inferred, that the first is to the last of the first lank 
of magnitudes, as the first is to the last of the others : ' Of this tbers 
are the two following kinds, which arise from the different order in 
which the magnitudes are taken, two and two.' 
XIS. 

Ex Eequali, from equality. This terra is used simply by itself, when 
the first magnitude is to the second of the first rank, as the first to the 
second of the other rank ; and as the second is to the third of Uie fint 
rank, so is the second to the third of the other; and so on in order: and 
f he inference is as mentioned in tile preceding definition ; whence this 
is called ordinate proportion. It is demonstrated in Prop. 22, Book r. 
XX. 

Ex Ecquali in proportione pertubatS sen inordinate, from equality 
in pertubate or disorderly proportion*. This term is used when the 
first m^nitude is to the second of the first rank, as the last but one ii 
to the lost of the second rank ; and as the second is to the third of the 
first rank, so is tlic last but two to the last but one of the second rank; 
and as the third is to the fourth of the iirst rank, so is the third from 
the last to the last but two of the second rank ; and so on in a cius 
order : and the inference is as in the 18th definition. It is demon- 
strated in Prop. 23, Book v. 

AXIOMS. 
I. 

IT of equal magnitudes, are equal ta 

[L 

Those ni^itudes, of which the same or equal magnitudes are 
equimultiples, are equal to one another. 

I. 4. Lib. 11. Archimedii de sph^rfl ci cyllndio. 



A multiple of a greater magnitude is greater thiui the same mul- 
tiple of a less. 

IV. 

That mf^initnde, of which a multiple is greater than the same 
multiple of another, is greater than that other magaitade. 



PROPOSITION I. THEOREM. 

If any numbtr nf magniludea bt ejuimti/dpfci of at many, taeh of laeh; 
tehat multiple tonw any one qf Ihem it qf ill pari, the lamt mullipU shall 
aU thefirit magnitudet be of all the other. 

Let any nnmber of magnitudes AB, CD be equimultiples of as 
many others E, F, cocli of each. 

Then whatsoever multiple AB is of E, 
the same multiple shall AB and CD together be of £ and F together. 



Because AB 'a the same multiple of E that CD a of F, 
aa many magnitudes as tlierc are in AB equal to E, so many are 
there in CD equal to F. 

Divide AB into magnitudes equal to E, via. AG, GB ; 
and CD into CH, HD, equal each of them to F : 
therefore the number of the magnitudes CH, HD shall be equal to 
the number of the others AG, GB : 

and because AG is equal to E, and CH to F, 

therefore ^G and CH together are equal to £ and Ftogether; (i. as.2.) 

for the same reason, because GB is equal to E, and HD to F; 

GB and HD together are equal to E and F together ; 

wherefore aa many magnitudes as there are in AB equal to E, 

flo many are there in AB, CD together, equal to E and F together : 

therefore, whatsoever multiple AB is of E, 

the same multiple is AB and CD together, of E and F together. 

Therefore, if any maenitndea, how many soever, be equimultiples 

of as many, each of each. ; whatsoever multiple any one of them is 

of its part, the same multiple shall all the first magnitudes be of all 

the otiiers : ' For the same demonstration holds in any number of 

magnitudes, which was here appplied to two.' a. e. d. 

PROPOSITION II. THEOREM. 

If the firit magnitude be the lame muiliple ef Ihe leuond thai the third 
U of Ihe fourth, and the fifth the same multiple of the lecond thai Ihe si/clh 
ia (t/ the fourth ; then ehall Ihe first together with the fifth be ihe tame 
multiple of the teoond, that Ihe Ihird together inith Ihe tixth ii of the fourik. 

Let AB the first be Ihe same mulliplo of C the second, that DE 
the third ia of F tile fourth : 
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and BG the fifth the sume multiple of C tho second, that EH tiie 
sixth is of ii' the fourth. 
Then eWI AG^ the first together with the fifth, he the same mul- 
tiple of C the Hecond, that DH, tho third together with the sixth, ii 
of F the fourth. 

A II G D B H 



JJocauae AB is the same multiple of C that D£ is of i^!_ 
there are as many magnitudes in AB equal to C, as there are in DE 

equal to F: 
in like manner, aa many as there are in BG equal to C, ao moi^ ate 
fJiereinJ^ffequaltoi^: 
therefore as many as there are in the whole AG equal to C, 
so many are there in the whole DH equal to F : 
therefore AG is the same multiple of C that DH is of F; 
that is, AG, the first and fifth together, is the saine multiple of tha 
second C, 

that DH, the third and sixth together, is of the fourth F. 
If therefore, the first bo the same multiple, Stc. <i-e.d. 
Cob. From this it is plain, that if any number of magnitudes AB, 
BG, GH be multiples of another C ; 

and as many DE, EK, EL be the same multiples of F, each of each: 

then the whole of the first, viz. AH, is the same multiple of C, 

that tho whole of the last, viz. DL, is of F. 



PROPOSITION III. THEOREM. 

If the first he the same multiple qf the second, vrhieh iJtt thiri it qf tht 
fourth; and if of the first and third there be taken equimullipleif these iluia 
be equimultiples, the one of the second, and the other of the fourth. 

Let A the first be the same multiple of B the second, that C the 
third J8 of D the fourth; 

and of A, C let equimultiples EF, GH be taken. 
Then EF shall be the same multiple of B, that GH is of D. 



Because EF is the same multiple of A, that GH is of C, 
there are as many magnitudes in EF equal to A, as there are in GH 

let EFbe divided into the raagnitudes EK, KF, each equal to A ; 
and GH into GL, LH, each equal to C; 
therefore the number of the loapnitudcs EK, KF shall be equal to 
the number of the others GL, LH : 
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and b«cAUBe A is the saioe multiple of B, that C'uof D, 

and thai EK a equal to A, and GL equal to C ; 

therefore fJtT is the same multiple of ij, that GLisofD: 

le same reason, KF is the same multiple of £, that I.H isot D; 

and BO, if tliere be more [larts in EF, Gil, equal to A, C: 

fikerefore, becanae the first EK is the same multiple of the second B, 

which the third GL ia of the fourth D, 
nd that tlie fifth KF h the same multiple of the second B, which the 
sixth LR is of the fourth D ; 
F the first, together with the fifth, ib the same multiple of the second 

B, (y. 2.) 
which GH the third, together with the uxth, is of the fourth D. . 
If, therefore, tlie first, £cc Q. E. d. 

PROPOSITION IV. THEOREM. 
1/ tht fint BffoitT magnitudes har the lome ratio to th« aecond tchich 
M« third hat to tliafovrlh; then any egHimalliplc$ ahalmier of Ihg Jirit 
^md third ihall havg the tam» ratio to any equiaulliplet of tht nicond and 
J^ttrlh, viM. 'thg eguimulHpIt of the first ihall havt tha tantt ralio to that 
'afAa MBimd, tehich the equintulHple of the thini hat to that qf the fourth.' 
Let A the first have to B the second, the same ratio which the third 
Chastothefourtlii); 
fOd of A and C let tlierc he taken any equimultiples whatever JS, F ; 
and of Band D any equimultiples whatever G, H. 
Then E shall have the same ratio to G, which J" has to H. 



Take of E and F any equimultiples whatever K, L, 

and of 6, H any equimultipleB whatever M, N: 

then because E is the same multiple of A, that F is of C ; 

and of E and J*' have been taken equimultiples K, I. ; 

therefore iC is the same multiple of A, that LaafC: [v, S.) 

for the same reason, Mia the same multiple of B, that A^isof B. 

And because, as ,4 la to B, so is C to D, (hyp.) 

and of A and C have been taken certain equimultiples K, L, 

Biid of B and D have been taken certain equimultiples M, iV; 

therefore if iT be greater than M, L is greater than N ; 

and if equal, equal ; if less, less: (v. det 6.) 

hut K, L are any equimultiples whatever of i', F, (constr.) 

and M, N any whatever of G, H- 

therefore aa -E is to G, so is i^ to H. {v. def. S.) 

Therefore, if the first, &c. «. b. d. 

Cor. Likewise, if the first hits the same ratio to the second, which 

ihe third has to the fourth, then also aiiy cnuimultiples whatever of 
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the first and third shall have the same ratio to the second and fourth; 
and in like manner, the flrat and the third ahnll have the same ratio to 
any equimultiples whatever of the second and fourth. 

Ijct A the first have to B ttie second the same ratio which tbe 
third C has to the fourth B, 

and of A and C let E and F be anv equimultiples whatever. 

Then £ shall be to B as J" to 2). 

Take of E, E any equimultiples whatever, K, L, 

and of B, JD any equimultiples whatever G, H '• 

then it may be demonstrated, aa before, that K a the same multipb 

of .d, that Z, is of C: 

and because A la io B, as C \& io D, (hyp.J 

and of ,^ and C certain equimultiples have been taken viz., JTand L; 

and of B and D certain equimultiples G, H; 

therefore, if A' be greater than G, I, is greater thati M; 

and if equal, equal; if leas, less: (v. def 5.) 

but JT, L are any equimultiples whatever oiE, F, (constr.) 

and G, H any whatever tS B, D; 

therefore, as £ is to B, so is J' to 2). {v. def 5.) 

And in the same way the other case is demonstrated. 



PROPOSITION V. THEOREM. 

If one magnitude bs the same tmilliple qf another, which a magn 
taken from Ike Jirsl is of a magnitude taken from the other ; the remoiwJjf 
ahall be the same multiple of the remainder, (hat the whoU it <tf the vihole. 

Let the magnitude AB be the same multiple of CD, that AE taken 
from the firat, is of CF taken from the other. 

The remainder EB shall be the same multiple of the remainder 
FD, that the whole AB is of the whole CD. 



Take AG the same multiple oi FD, that AEiaaiCF: 
thrreforo AE ia the same multiple of CF, that EG is of CD : (v. I.) 
but AE, by the hypothesis, is the same multiple of CF, that AB is 
of CO; 
therefore EG is the same multiple of CD that AB is of CD ; 
wherefore EG is equal to AB: (v. ax. 1.) 
take from. each of them llie common magnitude AE; 
and the remainder AG is equal to the remainder EB. 
■>nicrefore, since AE is the same multiple of CF, that AG ia of FD, 
(eonstr.) 

and that AG has been proved equal to EB ; 

therefore AE\a the same multiple of CF, that EB is of FD : 

but .*£ is the same multiple of CF that .45 is of CD: (hyp.) 

therefore EB is the same multiple of FD, that AB ia of CD. 

Therefore, if one magnitude, 8;c. o.e.d. 
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PROPOSITION VI. THEOREM. 

If two mofftUtudet be eguimulHplet of two others^ and \f equimultipiet 
of these be taken from the JSrst two; the remainders are either equal to 
these others, or equimultiples qfthem. 

Let the two magnitudes AB, CD be equimultiples of the two E, jP, 
and let AG, CH taken from the first two be equimultiples of the 

same E, F. 
Then the remainders GB, HD shall be either equal to E, F, or 
equimultiples of them. 

* q » B 



K C H D - 

I I 

Firsts let GJ? be equal to ^: 

HD shall be equal to F. 

Make CJT equal to jP: 

and because AG is the same multiple of E, that CH is of F: (hyp.) 

and that GB is equal to E, and CJTto F; 

therefore AB is the same multiple oiE, that KH is of F: 

but AB, by the hypothesis^ is the same multiple of E, that CD is of F; 

therefore KH is the same multiple of F, that CD is of F: 

wherefore KH\b equal to CD : (y. ax. 1.) 

take away the common magnitude CH, 

then the remainder KC is equal to the remainder HD : 

but KC is equal to jP ; (constr.) 

therefore HD is equal to F. 

Next let GB be a multiple of E, 

Then HD shall be the same multiple of F. 

A o B 



H P ,_ 



Make CiTthe same multiple of F, that GBkofE: 
and because AG is the same multiple ofE, that CH is of F: (hyp.) 

and GB the same multiple of E, that CKjb of jP; 

therefore AB is the same multiple of jE, that KH is of jP: (v. 2.) 

but AB is the same multiple of E, that CD is of F; (hyp.) 

therefore KH is the same multiple of F, that CD is of F ; 

wherefore KH is equal to CD : (v. ax. 1.) 

take away CH from both ; 

therefore the remaiader KC is equal to the remainder HD: 

and because GB is the same multiple of E, that KC is of F, (constr.) 

and that KC is ejual to HD ; 
therefore HD is the same multiple of F, that GB is otE, 
If, therefore, two magnitudes, &c. q. e. d. 
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PROPOSITION A. THEOitEM. 

If the finl of four magnilvdei has the same ratio to the aemnd, iflSio* 
(he third hat to the fourth ; then, \f tlie fktt be greater than the seamd, 
the third ii also greater than the fourth ; atul if egual, equal ; if lees, teit. 
Take any equimultiples of cacli of (iem, as the douHea of each: 
then, by def. Bth of this book, if the double of the firat bo greatet 
than the double of the second, the double of the third ia greater than 
the double of the fourth: 

but, if the firat be greater than the second, 
the double of the first is greater than the double of the second ; 
wherefore also the double of the third is greater than the double of 
the fourth ; 

therefore the third ia greater than the fourth ; 

in like manner, if the first be equal to the second, or less than it, 

the third can he proved to be equal to the fourth, or less than it. 

Therefore, if the first, &c q.e.d. 

PROPOSITION B, THEORKM. 
If four magnitudes are propartionale, they are proportianals also itlfli 
taken inversily. 

Let ^ be to J, as C U to -D. 
Then also invei^ly, B shall be to .1, aa Uto C 



Take of B and D any equimultiples whatever E and F; 

and of A and C any equimultiples whatever G and H. 

First, let E be greater than G, then G ia lesa than E : 

and because ^ is to if, as C ia to D, (hyp-) 

and of A and C, the first and tliird, G and H arc equimultiples ; 

and of £ and D^ the second and fourth, £ and /'are equimultiples; 

and that Gislesa than E, therefore /T is less than i^; [v, deft 5.) 

that is, F is greater than H ; 

if, therefore, E be greater than G, , 

F is greater than H ; 

in like manner, if £ be equal to G, 

F may be shewn to be equal to H', 

and if leas, less ; 

but E, F, are any equimultiples whatever of B and J>, (constr.) 

and G, H aay whatever of ^ and C; 

therefore, as B is to J, so is U to C. {v. def. 6.) 

Therefore, if four mngnitudea, &c. a- e.d, 

PROPOSITION C. THEOREM. 
// the first le the same multiple of the sfcond, or tht same part nf it, ] 
that tht third is vf the fourth ; the first is to the seoond, at the Ihtrtt it U 
the fourth. 

Let the first A be the same multiple of the second B, 
that the third C is of the fourth D. 
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Then JahallbetoJ^asCistoi). ' 
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Take of A and C any equimultiples whatever E and F ; 
and of B and D any equimultiples whatever G and H. 
Then^ because J is the same multiple of B that C is of X> ; (hyp.) 
and that j& iB the same multiple ot J, that Fis of C; (constr.) 
theiefoie j& is the same multiple of B, that jP is of I> ; (v. 3.) 
that is, E and F are equimultiples of B and D : 
but Q and H are equimultiples of J? and D ; (constr.) 
therefore, if F be a greater multiple of B than G is of ^, 
FiAdk greater multiple of D than HiAoiD; 
that is, if £ be greater than G, 
F is greater than Hi 
in like manner, if J? be equal to G, or less than it, 
F may be shewn to be equal to H, or less than it : 
but E,Fare equimultiples, an^ whatever, ofA,C; (constr.) 
and G, H any equimultiples whatever of B,D; 
therefore ^4 is to J?, as Cis to />. (v. def. 5.) 
Next, let the first A bo the same part of ike second B, that the 
third C is of the fourUi />. 

Then A shall be to J7, as C is to />. 



For since A is the same part of J9 that C la of D, 
therefore B is the same multiple of A, that DiaofC: 
wherefore, by the preceding case, BiBioA,aaDviioC; 
and therefore inversely, J^ is to J7, as C is to jD. (v. b.) 
Therefore, if the first be the same multiple. Sec q.bj>. 

PROPOSITION D. THEOREM. 

If the first be to tite ueond at the third to the fourth, and if the first be 
a multiple^ or a part of the second; the third is the same multiple, or the 
same part €f the fourth. 

Let ulbeto^asCistOjD: 
and first, let il be a multiple of B. 
Then C shall be the same multiple of D. 

A B C • D 

E F 



Take E e^ual to A, 
and whatever multiple A or E -ia of B, make F the same multiple 
ofDz 

then, because ^listoJ?, asCisto/>; (hyp.) 
and of B the second, and D the fourth, equimultiples have been 
taken, J& and jP; 

therefore ^ is to F, as C to F: (v. 4. Cor.) 

but A is equal to Et (constr.) 

therefore C is equal to Fi (v. a.) 
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and Fh tlie BBme multiple oiB, that -4 ia of B ; (constr.) 

therefore C ia the aame multiple of D, that -* is of B. 

Next, let A the first be a part of B the seconii. 

Then C the third shall be the same part of D the fourth. 

Because ^iatoB, aaCistoiJ; (hyp.) 

theUj inTerBely, B is to J, aa 2J to C : (v. b.) 

but Aiea, part of B, therefore B is a multiple of J : (hyp.) 

therefore, by the preceding case, D ia the same multiple of C; 

that is, C ia the aame part of D, that ^ is of JS. 

Therefore, if the first, &e. o.e.d. 

PROPOSITION VII. THEOREM. 

Equal magnil-adee ham the lame ratio to the same magailude i and Iht 
same has the same ratio la equal magnitudes. 

Let A and B be equal magnitudes, and C any other. 

Then A and B shall each of them have the same ratio to C : 

and C shall have the same ratio to each of the magnitudes A and if. 



Take of A and B any equimultiplea whatever D and E, 

and of C any multiple whatever F. 

Then, because D U the same multiple of A, that E is of B, ( coi 

and tliat A is equal to B : (hyp.) 

therefore D is equal to .E : {v. ax. 1.) 

therefore, if Z> bo greater than F, E is greater than F; 

and if equal, equal ; if leas, leas ; 

but D, B are any equimultipleB of A, B, Cconstr.) 

and F is any multiple of C ; 

therefore, aa J is to C, ao is B to C. (v. def. S.) 

Likewise C shall have the some ratio to A, that it has to B. 

For having made the same eonatruetion, 

D may in like manner be shewn to be equal to E ; 

therefore, if JF ba greater than 2), 

it is likewiaa greater than E ; 

and if equal, equal ; if less, less : 

but F is any multiple whatever of C, 

and D, E are any equimultiples whatever of A, B ; 

therefore, C is to .i as C is to S. (v. def. 6.) 

Theretbre, equal magnitudes, &c. q.e.d. 

PROPOSITION Vm. THEOREM. 

Of two tituqual magnitudes, the greater has a greater ratio to any oliiT 
magniltidt than the Uu has : and the tame tnagnilude has a greaitr rati* M 
the lets oj two other magnitudes, than it has to the gre. 

Let AB, SC be two unequal magnitudes, of which AB is the greater, 

and let D be any other magnitude. 
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Then AB ahall have a greater ratio to JD than BChaaioD: 
and D shall have a greater ratio to BC than it has to AB, 



E 



fig. 1. 
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Figr. 8. 
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If the magpltade which is not the greater of the two AC, CB, be 
not less that D, 

take EF, FG, the doubles of AC, CB, (as in fig. 1.) 

Bat if that which is not the greater of Uie two ACy CBy m less than D, 

(as in fig. 2 and 3.) this magnitude can be multiplied, so as to 

become greater than D^ whether iih^AC or CB, 

Let it be multiplied until it become neater than D, 

and let the other be multiplied as often ; 

and let EF be the multiple thus taken of AC, 

and FO the same multiple of CB : 

therefore EF and FG are each of them greater than D : 

and in every one of the cases, 

take H the double of D, K its triple, and so on, 

till the multiple of D be that which first becomes greater than FG : 

let L be that multijple of D which is first greater than FGy 

and K the multiple of D which is next less than L. 

Then because X is the multiple of D, which is the first that becomes 

greater than FG, 

the next preceding multiple K is not greater than FG : 
that is, FG is not less thim Ki 
and since EF^a the same multiple of AC, that FG is of CB ; (constr.) 
therefore FG is the same multiple of CB, that EG is of AB; (v. 1.) 
that is, EG and FG are equimultiples of AB and CB ; 
and since it was shewn, tnat FG is not less than K, 
and, by the construction, EF is greater thim D ; 
therefore the whole EG is greater than K and D together : 
but JT together with D is equal to Z; (constr.) 
therefore EG is greater than L : 
but FG is not greats than L : (constr.) 
and EG, FG were proved to be equimultiples of AB, BC; 
and X is a multiple of Z) ; (constr.) 
therefore AB has to JD a greater ratio thui BC has to D. (v. def. 7*) 
A\bo D shall have to ^C a greater ntio than it has to AB. 
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For hsTing made the eame construction, 

it may !« aliewiij in like manner, that L is ^^reater than FG, 

hut that it is not gruator than EG: 

and Z- is a multiple of O ; (conetr.) 

and FG, EG were proved to be equimultiples of CB, AB : 

therefore D has to CB a greater ratio than it has to AB. (v. def. 7.) 

WheieCbre, of two unequal magnitudes, &c. q. s. d. 



PROPOSITION IX. THEOREM. 

Sfagnittidet which have the same ratio la the same magmtudt are tq' 
I one another t and those to which ike same masnitude haa the tajM ro 
•e egaai to one another. 



f they ars not equal, one of them must be greater than the other: 
let A be the greater : 
then, by what was shewn in tne preceding proposition, 
le equimultiples of J and jB, and some multiple of C, such, 



Let these multiples be taken ; 

and let I), E be the equimultiples of A, B, 

and F tile multiple of C, 

such that D may be greater than F, but E not greater than F. 

Then, because yl is to C as B isto C, (hyp.) 

and of A, B, are taken equimultiples D, E, 

and of C is taken a multiple F; 

and that D is greater than F ; 

therefore E is also greater than F: (v. def. 5.) 

but E is not greater than F ; (constr.) which is impossible : 

therefore A and B are not unequal ; that is, they are equal. 

Next, let C have the same ratio to each of the magnitudes A and A 

Then A shall be equal to B. 

For, if they are not equal, oneof them must bo greater than thcothor; 

let A be tho greater: 

therefore, as was shewn in I^p. vin. 

there is some multiple F of C, 

and some equimultiples E and D of B and A such, 

that /' is greater than E, bat not greater than D : 

and because C ia to 5, as C is to J, (hyp.) 

Diid that F the multiple of tho iirst, is greater than E the multiple of 

the second ; 
therefore F the multiple of the third, is greater than D the multiple 
of the fourth: (v. def. G.) 



bat i^ ia not greater than i> (hjrp.) ; which la imponible: 

therefore .-( is equal to B, 
Wherefore, magnitudes which, &c. q. k. d. 

PROPOSITION X. THEOREM. 
Thai nagmlude which hai a griaUr ralio than another hat u 
tame nagniltide, ii Ikt grealer of lh» li 
lame hat a grealir mlio than if Aoj 
Bf the itea. 

Let A have to C a greater ratio than B has to C : 
then A shall be greater than B. 



For, because ^ has a greater ratio to C, than £ hu to C, 

there are some equimaltiples of ^ and B, 

and some multiple of Csuch, (v. def. 7.) 

that the multiple of ^ ia greater than the multiple of C, 

but the multiple of B is not greater than it : 

let them be taken ; 

and let D, E be the oquimiiltiples of A, B, and F the multiple of C ; 

such, that D is greater than F, but £ is not greater than F: 

therefore D is greater than E : 

and, because D and E are equimultiples of .4 and B, 

and that D is greater than E ; 

therefore A is greater than B. (v, ax. 4.) 

Nest, let C have a fp'eater ratio to S than it has to A. 

Then B shall be less than A. 

For there is some multiplu F of C, (v. def. 7.) 

and same equimnltiples E and Z) of £ and A such, 

that F'is greater than E, but not greater thnu i) ; 

therefore E is leas than JD : 

and because E and D ore equimultiples of B and A, 

and that E is leas than D, 

therefore B is less than A. (v. ax. 4.) 

Therefore, that magnitutie, &c. q.e.d. 

PROPOSITION SI. THEOREM. 
Ratios that are Ihe tame lo the tame ralio, are the same lo ons another. 
Let ^ be to B 83 C is to D ,■ 
and as C to i), SO let £ bu to F. 
Then A sliall be to B, as £ to f. 



Take of A, C, E, any equimultiples whatever Q, H, f: 
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and of B, D, F any equimultiples whatever L, M, N. 

Therefore, since ^ is lo ii as C to D, 

and G, H are taken equimultiples of A, C, 

aniL,M,ofS, D ; 

if (5 be greater tlian i, H is greater than M ; 

and if equal, equal ; and if less, less. (v. def 5.) 

Again, hecauEe C is to A as £ is to i^, 

and ff, K nre taken equiranltiples ot C, E; 

and JI/, JV,of D, F; 

if IT he greater tlian M, K ia greater than N; 

and if equal, equal ; and if less, leas : 

but if G he greater than L, 

it has been shewn that H is greater than M ; 

and if equal, equal ; and if less, less : 

therefore, if G be greater than L, 

K IB greater than iV; and if equal, equal ; and if less, less : 

and G, K are any equimultiples whatever of A, E ; 

and L, N any whatever ot B, F: 

therefore, as ^ is to B, ao is E to F. (v. def. 5.) 

Wherefore, ratios tliat, &c. q. e. d. 

PROPOSITION XII. THEOHEM. 

If any number of magnitudes be proporlianali, at one qfihe anleadinli 
ii to ill conseguenlj so shaU all the antecedenli taken together be to ^ At 
eomeguenls. 

Let any number of magnitudea A, S, C, D, E, F, be proportionals; 

that U, aa ^ is to fl, BO C to A ™d £ to Ji'. 

Then w A is to B, no sliall A, C, E together, be to B, D, F together. 



Then, because J is to B, aa Cis to A andas E to J^; 
and that O, H, K are equimultiples of A, C, E, 
and L, M, N, equimultiples of a,D,F; 
therefore, if G be greater than //, 
Jt ia greater than M, and K greater than N; 
andif equal, equal; and if less, Jess; (v. def. 5.) 
wherefore if G be greater than /., 
then G, H, K together, are greater than Z,, M, N together ; 
and if equal, equal ; aod if less, less : 
hut G, and G, H, K together, are any equimultiples of A, and A, C, 
E together ; 
because if there be any number of magnitudea equimultiples DC 
roauy, each of each, wliatcver multiple one of them is of its port^'. 
--- —iltiplc is the whole of the whole: (v. I,) 



I as many 



I 
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for the suae reason i., and L.M, A'are «iiy equimultiples ofB.aad 

B, n, F: 
therefore aa Ais\o B.eoarc A, C, E tocother to B, D. F tojrclher, 

(v.def.5.) 

Wherefore, if any number, &e. q.e.d. 



PROPOSITION Xlll. THEOREM. 

// Ae fifit hat U Iht iceond Iht Maine ratio a^inh the third hoMtellU 
fouTlh, bul the third to the fourth a greater ratio than the Ji/lh hat to the 
tixlh ; the firil thai! also haee to the second a grealfT ratio than the fifth 
hat to the sixth. 

Let A the first Imva the same ratio to B the second, which C tb« 
third has to D the fourth, but C tbe third a greater ratio to Z) the 
fourth, than E the fifth has to F the sixth. 
Then also the first A shall have ta the seeond B, a greater ratio thaa 
the fiiUi E lias to tbe sixth F. 



Because C hna a ^atcr mtio to D, than E to F, 
there are some equimultiples of Cand£, and somcofZ'audFsucli, 
Qiat the multiple of C is greater than tho multiple of I), but the mul- 
tiple ofi' is not greater than the multiple oSF: (v. def. 7.) 
let these be talfen, 
and let G, if be equimultiples of C, E, 
■nd K, L equimultiples of D, F, such that G may be greater than K, 
but II not greater tlian L : 
and whatever multiple G is of C, take M the same multiple of A ; 
and whatever multiple A' is of D, take N the same multiple of B : 
then, because ji is to S, as C to Z>, (hyp) 
and of A and C, M and G are equimultiples j 
and of B and D, N and K are ec[uiniultiplea ; 
therefore, if M be greater than A', G is greater than K ; 
and if equal, equal ; and if less, less: (v. de£ 6,) 
but G is greater than K; (constr.) 
therefore M is greater than A' : 
I lint H is not greater than L ■■ (eonstr.) 

" and M, H are equimultiples of ^, E ; 

and N, L equimultiples of B, F; 
thcTetbre A has it greater ratio to B, than E has to F- {v. def. 7.) 
Wherefore, if the first, &c. q.e.d. 
Cor. And if the first have a greater ratio to the second, than the 
ihird has to the fourth, but the third the same ratio to the fourth, 
Trhich the fifth has to the sixth ; it may be demonstrated, in like 
manner, that the first has a greater ratio to the second, than the fifth 
;bas to Uie uxth. 
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PROPOSITION XIV. THEOREM. 

If the first has the same ratio to the lecond which the third hai It 
the fourth ,■ then, if the first be greater than the third, the second shall is 
greater than the fourth ! and if equal, equal i and if less, less. 

Let the first A have the same ratio to the Eecond B which the 
third C has to the fourth D. 

If A be greater tlian C, S ahall be greater than D. (fig. 1.) 



Because A is greater than C, and B ta any other mi^itude, 

A has to £ a greater ratio thaa C nas to B: (v. 8.) 

but, as ^ is to B, so is C to D ; (hyp.) 

therefore also C baa to i) a greater ratio than C has to B : (v. 13.) 

but of two magnitudes, that to wtueh the sauo has the greater ratio 

is the leas: (v. 10.) 

therefore D is less than B ; 
that is, B is greater than D. 
Secondly, HA be equaj lo C, (fig. 2.) 

then B shall be equal to D. 
For J is to fl, aa C, that ia, J to D: 
therefore B is equal to D. (v. 9.) 
Thirdly, if J be less than C, (fig. 3.) 

then B ahall be less than D. 

Far C is greater than A ; 

and because C is to D, as ^ is to B, 

therefore D is greater than B, by the first case ; 

that is, B ia loss than D. 

Therefore, if the fitst^ &c. o.e.d. 

PROPOSITION XV. THEOREM. 



Let AB he the same multiple of C, that HE is of F. 
Then Cshall be toF.wABU) DE. 



Because AB is the same multiple of C, that DE is of F ; 
there are as many magnitudes in AB equal to C, as there are in i>£ 
equal to F: 
let AB he divided into magnitudes, each equal to C, viz. AG, GH, HB; 
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•nd DE into magniiudeB, each e<iua] to /". vw. DK,EL,LE: 
then the numlier of tho first AG, GH, /f A is equal to tho number 
of the last DK, KL, LE : 

and because All, GH, HB are all equal, 

and that DA', KL, LE, are also equal to one another ; 

therefore AG ia to DK aa GH to KL.aad as HB to LE : (7. 7.) 

bnt as one of tha antecedonla is to its consequent, so are bU the 

antecedents together to all the conseqiienls together, (v. 12.) 

wherefore, as ^C; is to i>A',so ia AB to DEt 

bat JG ia equal to C, and DK to F; 

therefore, as C is to F, so is ^ iJ to DB. 

Therefore, magnitudes, &c n. b. d. 

PROPOSITION XVI. THKOREM. 

' fivr magtiiludei of tlio samo kind it praporlionali, Ihtg ahall alto 6e 
... rtimiala ahen taken allemalels. 

Let A, B, C, I) he four magnitndea of the same kind, which arc 
proportionals, viz. as A to B, ao C to D. 

They shall also be proportionals when taken alternately, 
that ia, A ahall be to C, as .B to D. 



Tate of A and B any equimu Itiplea whatever E and F; 
and of C and D take any equimultiples whatever G and H^ 

and because £18 the same multiple of j1, that J^is oi B, 
and that magnitudes have the same ratio to one another which 
their equimultiples have ; (v. 16.) 

therefore ^ittoB.asEistoi'': 

but as ^ is to J so ia C to i) ; (hyp.) 

whcreforeaaCisto J>, sois.Et<» J": (v. II.) 

again, because G, H are equimultiples of C, D, 

therefore as C is to 21, so ia G to ^ : (v. 16.) 

bnt it was proved that as C ia to Z», so is £ to f ; 

therefore, as E ia to F, so is G to /T. (v. II.) 

But when four magnitudea are proportionals, if tho first be greater 

titan the third, the second is greater than the fourth : 

and if equal, equal; if less, less; (v. 14.). 

therefore, if £ be greater than G, F likewise ia greatw than H; 

and if equal, equal ; if less, less : 

and E, F are any equimultiples whatever otA,B; (constr.) 

and G, H any whatever ot C,D: 

therefore ^ is to C aa fl to D. (v. def. 6.) 

If then foux_magnilu<Ic8, &c, a. e. d. 
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proposition XVII. THEOREM. 
If mugnihide), taken jainitg, he proportiimah, they shall alie te pre- 
porlionala ichcn taken wparaltlgt thai ii, if tioo magniludea (ogtiher ham 
to one Iff them, the tame ratio which (too ethers have f« one nf llieis "' 
remaininff one of the first two shall have to the other the lanig ratio u 
the remaining one of the last tico has to Iht other iff these. 

Let AB, BE, CD, DF be the magnitudeB, taken jointly which 
are proportionals ; 

tliflt is, as AB to BE, bo let CB be to DF. 

Then they bhall also he pTojiortionala taken separately, 

viz. as AE to EB, so shall Ci^ be to FD. 



Take oiAE, EB, CF, FD any cquiniultiplea whatever GH, HS, 

I.M,MN; 

and ag^, of EB. FD take any equimultiples whatever EX, NF. 

Then because GH ia the samt multiple of AE, that HK is of EB, 

therefore GHia the same multiple of ^E, that GS' is of J-B; (v.I.) 

but G/r is the same multiple of JjB,that iitfis of CF; 

therefore GK ia the same multiple of 4 J, that I.M is of CF. 

AgMn, because JjJIf is the same multiple of CF, that -MiV is of FD; 

therefore LM ia the same multiple of CF, that iiVis of CD ; (v. 1.) 

but iMwas shewn to be the same multiple of CF, that GK '^(^AB; 

therefore GK is the same multiple of AB, that i,2V is of CXI ; 

that is, GK, LN are equimultiples of AB, CD. 

Next, because HK is the same multiple of EB, that MN is of FD ; 

and that KX ia also the same multiple of EB, that NP is of FD ; 

therefore HX is the same mnlUple of EB, that MP is of FD. (v. 2.) 

And because AB is to SB as CD is to DF, (hyp.) 

and that of AB and CD, G£'and LNaxn equimultiples, 

and of EB and FD, HX and MP are equimultiples ; 

therefore if GZ"be greater tlian if A', then LiV is greater thwiJlfP; 

and if equal, equal ; aod ii' less, less ; (v. det 6.) 

but if GH be greater than KX, 

then, by adding the Mmmon part HK to both, 

GK is greater than HS ; (i. as. 4.) 

wherefore also ijVis greater than MP; 

and by taking away MN from both, 

Z,Jtf is greater than iVF; fi. ax. .5.) 

therefore, if GH be greater tnan KX, 

LM is greater tlian NP. 
In like manner it may be demonstrated, 

that if GH he equal to KX, 

LM is equal to iVF ; and if less, less : 

but Gff, LM are any equimultiples whatever of AE, CF, (constr.) 

and KX, NF are any whatever of EB, FD : 

Uierefbre,as4FistoFJ9,BoisCFtoFI>. (v. def. 6.) 

If then magnitudesy &c. n. e.s. 
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PROPOSITION XVIII. THEOREM. 

If maffnUudet, taken teparaUly, be proportionaU, they ehall alto be 
proporOonalt when taken jointfy : that it, if the Jirat be to the second, ae 
the third to the fourth, the fir it and second together shall be to the second, 
as the third and fourth together to the fourth. 

Let AE, EB, CF, FD be proportionals ; 

that \B,nAAE to EB, so let CF be to FD. 

Then they shall also be proportionab yrhea taken jointly ; 

that is, as ^^ to BE, so shall C2> be to DF. 

O KOH L NPM 



II II 

ABB C FD 

I I 

Take of AB^ BE, CD, DF any eqnimnltiples whatever GH, HK, 
LM, MN; 

and again, of BE, DF, take any equimultiples whatever KO, NP: 
and because KO, NPare equimultiples of BE, DF; 
and that KH, NM are likewise equimultiples of BE, DF; 
therefore if KO, the multiple of BE, be greater than KH, which 

is a multiple of the same BE, 
then NP, the multiple of DF, is also greater than NM, the mul- 
tiple of the same DF ; 

and if KO be equal to KH, 
NP is equal to NM; and if less, less. 
First, let KO be not greater than KH ; 

therefore NP is not greater than NM: 

and because GH, HK, are equimultiples of AB, BE, 

and that AB\a greater thim BE, 

therefore GH is greater than HK; (v. ax. 3.) 

but KO is not greater than KH; 

therefore GH is greater than KO. 

In like manner it may be shewn, that LM is greater than NP. 

Therefore, if KO be not ^[reater than KH, 
then GH, the midtiple of AB, is always greater than KO, the 

multiple of BE ; 
and likewise LM, the multiple of CD, is greater than NP, the 
multiple of 2>-F. 

Next, let KO be greater than KH; 
therefore, as has been shewn, NP is greater than NM, 

6 KHO LNMP 



I I « 

A E B C FD 



And because the whole GH is the same multiple of the whole 
AB,ih&tHK]&oiBE, 

therefore the remainder GKia the samb multiple of the remainder 
-4jE; that G^ is of ^^, (v. 5.) 

which is the same that LM is of CD^ 
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In like manner, because LM is the aame multiple of CD, ibaiXA 
isoiDE, 

therefore the remamdcr Z A'is the same multiple of the remainder 

CF, that the whole LM is of the whole CD ! [v. 5.) 
but it was shewn that LM is the same multiple of CD, that GZ" 

isolAE; 
therefore GK is the same nmltiple of AB, that LN is of CF; 
that ia, GK, LN are equimultiples <^ AE, CF. 
And because KO, NP are eqwimultiples of BE, DF, 
therefore if front KO, NP ihern be taken KH, JVM, which an 

litemise equimultiples oi BE, DF, 
the remainders HO, MP are either equal to BE, DF, or equi- 
multiples of them. (v. 6.) 

First, let HO, MP be equal to BE, DF: 

then because AE ia to EB, as CF to FD, (hyp.) 

and that GK, ZJVare equimultiples of AE, CF; 

therefore GK is to EB, as LN to FD : (v. 4. Cor.) 

but HO is eqnal to EB, and MP to FD ; 

wherefore Gff is to HO, as iiVto MP: 

Ihereforeif GA' be greater than ffO.iA'is greater than Jlfi"; (v. a.) 

and if equal, equal ; and if less, lesa. 

But let HO, MP he equimultiples of EB, FD. 

Theiiheca.me AE IB to EB.bbCF to FD, (hyp.) 



and that of AE, CF are tafecn equimulliples GK, LN; 

and oiEB, FD, the equimultiples HO. MP; 

if GA" be greater tliau^O,Z,jV is greater than MP; 

and if equal, equal; and if less, less; (r. def 5.) 

which was likewise shewn in the preceding cose. 

But UGH he greater than KO, 

taking KB from both, GK is greater than HO : (i. ax. 5,) 

wherefore also iA''is greater than MP ; 

and consequently adding NM to both, 

LM is greater than NP : {i. ex. 4.) 

therefore, if GH be greater than KO, 

LM is greater than NP. 

In like manner it may be shewn, that if GH he equal to KO, 

LM is equal to NP ; and if less, less. 

And in the case in which KO is not greater than KH, 

it has been shewn that GH is always greater than KO, 

and hkewise LM greater than jVP : 

but G^,I.3f are any equimultiples whatever of ^B, CD, (conatr.) 

and KO, NP aro any whaiever of BE. DF ; 

therefore, an ABiataBE.aa is CD to DF. (v. def. 6.) 

If then magnitudes, &c. «.e.i>. 
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PROPOSITION XIX. THEOREM. 

If a whole magnitude be to a whole, at a magnitude taken from the first 
is to a magnitude taken from the other ; the remainder shall be to the 
remainder as the whole to the whole* 

Let the whole AB be to the whole CD, as ilE a magnitude taken 
from AB is to CF a magnitude taken from CD. 
Then the remainder EB shall be to the remainder FD, as the whole 
AB to the whole CD. 

A F B 



C F D 



Because AB \aio CD, as ili? to CFi 
therefore alternately, B^ is to AE, as DC to CF: (v. 16.) 
and because if magnitudes taken jointly be proportionals, they are 
also proportionEds, when taken separately ; (v. 17.) 

therefore, as jB^ is to EA, so is DFtoFC; 
and alternately, as BE is to DF, bo iaEA to FC: 
but, as AE to CF, so, by the hypothesis, is AB to CD ; 
therefore also BE the remainder ia to the remainder DF, as the whole 
AB to the whole CD. (v. 11.) 

Wherefore, if the whole, &c. q.e.d. 
Cor. — If the whole be to the whole, as a magnitude taken from 
the first is to a magnitude taken from the other ; uie remainder shall 
likewise be to the remainder, as the magnitude taken froia the first 
to that taken from tiie other. The demonstration is contained in the 
preceding. 

PROPOSITION E. THEOREM. 

If four magnitudes be proportionals, they are also proportionals hy oon^ 
version ; that is^ the first is to its excess above the second, as the third to its 
excess above the fourth. 

Let AB be to BE, as CD to DF. 
Then BA shall be to AE, as DC to CF. 

A E B 

C F D 

J 



Because ^^ is to BE, as CD to DF, 
therefore by division, AE is to EB, as CJ* to FD ; (v. 17.) 
and by inversion, BE is to EA, as DF to FC ; (v. b.) 
wherefore, by composition, BA is to AE, as DC is to CF. (v. 18.) 

If therefore four, &c« q.e.d. 
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PROPOSITION XX. THEOBBM. 

// there be three magniludet, onrf allier three, which, taken two and loo, 
have the same ratio i then if the first be greater than the third, the fottrtk 
thatl he greater than the sixth ; unrf (/" equal, equal i and if lea, less. 



D E F 

Because A is greater than C, and B is any other magnitDde, 
and that the g;reater has to the some magnitude a, greater ratio than 
the leag has to it ; (v. a) 

therefore A has to B a greater ratio than C has to B : 

but as D is to -E, BO is J to J3 ; (hyp.) 

therefore 2» lias to JS a greftter ratio than C to B : (v. 13.) 

and because B ia to C, as £ to F, 

byinveraion, Ci3to.fl, asi^iatoEi (v. a) 

and D was sliewn to have to £ a greater ratio than C to B ; 

therefore D has to E a Ereatcr ratio than Fto E: (v. 13. Cor.) 

but the magnitude wlitch has a greater ratio than another to the Sam 

magnitude, is the greater of thu two ; (v. 10.) 

therefoi-B D ie greater than F. 

Secondjy, let A be equal to C. 

Then Z) shall he equal to F. 



BecauHo A and C are equal to one another, 

^istoB.aaCistoB: {v. 7.) 

but .d is to B, as O to £ J (hyp.) 

andCistoB,asi^to£; (hyp.) 

wherefore i> is to £■, as F to £ ; (v. 11. and v. b.) 

and therefore D is equal lo F. (v. 9.) 

Next, let A be less than C. 

Then D shall be less than F. 



For C is greater than A; 

id as was shewn in the first case, C is to B, as £" to £, 

and in like manner, B is to /(, as £ to C ; 

therefore F is greater than D, by the first c< 

that is, fl is leas than F. 

Therefore, if there be three, Sus, «. e, 
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PROPOSITION XXI. THEOREM. 

IfthtTf ie Arte muffniladei, and olber Ihret, which Aid* Ihe tanu ralia 
lakea two and tico, bvl in a ctom order v thm if Ihe firti magnilude be 
greater than the IhinI, Ihe fourth ihall ie greater than Ihe lixlh; and if 
fjuof, eqiad ; OTid if lea, lest. 

Let A, B, C he three magnitudea, and D, E, F other three, which 

have the some ratio, taken two and two, but in a cross order, 

viz. as ^ iBto if, ao is £ to F, 

and as .B is to C, eo is H to £. 

If^bflffrealerthanC, D shall he mater than F; 

and if equal, equal ; and if less, less. 



Because A is greater than C, and B ia anj other magnitude, 
J has to i( a greater ratio than C has to B : (t. 8.) 
butasEtoF, aois^ toB; (hyp.) 
therefore E has to F a greater ratio than, C to B ; (v. 13.) 
and because £ is to C, as i] to £ ; (h^.) 
by inversion, C is to S, aa £ to i): 
and E was shewn to have to F a greater ratio than C has to B ; 
therefore F has to F a greater ratio than £ has to Z» : (v. 13. Cor.) 
but the magnitude to which the same has a greater ratio than it has 
to another, is the less of the two: (v. 10.) 
therefore F ia less than D ; 
that is, D ie greater than F. 
Secondly, Let A be equal to C ; 

B shall be equal to F. 



BeoiuBe A and C ai 

AisioByBsC is to . 
but J istoB, asi'tc 



: (v.V.) 
" (hyp.) 



axii. Cisto B, as E Ui D ; 

wherefore £ is to F, aa /i' to D ; i 
and therefore D is equal to F. ( 
Next, let A be less than C: 
D shall be less than F. 



For C is greater than A ; 

and, as was shewn, C ia to B, as £ to 7J, 

and in like manner B ia to ^, as F to £ ; 

Uierefbre F ia greater than D, by case firat ; 



EXtCLID S ELEMENTS. 



PROPOSITION XXII. THEOREM. 

If thgre be anf/ number of magnitudes, and as many olheri, vihieh (nJcn 

(too and lao in order, have the same ratio ,- the first shall have to Ihe latl rf 

the first magnitudet, the aame ratio mhich the first hat la the latt af tht 

others, y. B. Tlus U asually cited by the words " ei tequoli," 

Fireti, let there be three magnitudes A, B, C, and as many othen 
D, E, F, irhich taken two and two in order, have the st 
that is, such that .(iiatoBaaJ[)to£; 
and as B is to C, so is £ to F. 
Then A shall he to C, as O to F, 



Take of A and D any equimultiples whatever G and H ; 

and of B and E any equimultiples whatever K and L ; 

and of C and F any whatever M and N: 

then because ^ is to B, as D to £^, 

and that G, H are equimultiples of A, D, 

and K, L equimultiples of B, E ; 

therefore as G is toff, so iafl' to i: (v. 4.) 

for the same reason, Xia to M as Z. to iV": 

and because there are three magnitudes G, K, M, and other three 

H, L, JV, which two and two, have the same ratio ; 

therefore if G be greater than M, H is greater than JV; 

and if equal, equal ; and if less, less ; (v. 20.) 

but 6, H are any equimultiples whatever of A, D, 

and M, N are any equimultiples whatever of C, F ; fconstr.) 

therefore, as ^ is to C, so is D to F. (v. def, 6.) 

Next, let there be four raagnitndes. A, B, C, D, 

and other four E, F, G, H, which two and two have the same ratio, 

viz. as ^ is to B, so is £ to F; 

andasBto C, softo G; 



E.F.O.H 

Because A, B, C are three magnitudes, and E, F, O other three, 
which taken two and two, have the same ratio ; 

therefore by the forgoing case, .^4 is to C, aa £ to G : 

but C is to i), as G is to //; 

wherefore ^ain, by the first case, ^1 is to 2), as £ to H: 

and so on, whatever he the number of magnitudes. 

Therefore, if there be any number, &c. Q e.d. 
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PROPOSITION XXIII. THEOREM. 

If (here be any number of magnitudet, and at tnany others, which 
taken two and two in a crou order, have the same ratio ; the first shall have 
to the last of the first magnittules the same ratio which the first has to the 
last of the others, y. B. This is usually cited by the words '' ex sequali 
in proportione perturbata ;" or *' ex squo perturbato." 

First, let there be three'magnitudes A, B, C, and other three D, E, 
F, which taken two and two in a cross order have the same ratio, 

that is, such that AiaioB^aBEioF; 

and as J9 is to C, 80 is D to £. 

Then A shall be to C, as D to K 

G H L ^- 

A B C- 

D E P 



M N- 



Take of A, B, D any equimultiples whatever O^H,K\ 
and of C, E, F any equimultiples whatever L, My N: 
and because G, H are equimultiples of A, B, 
and that magnitudes have the same ratio which their equimultiples 
have ; (v. 16.) 

therefore as ^ is to B, so is G to IT: 
and for the same reason, as^istOjP, soisJIfto N: 
but as ^ is to J9, so is i? to jP; (hyp.) 
therefore as G is to ^y so is JIf to iV: (v. 11.^ 
and because as J9 is to C, so is D to i?, (hyp.) 
and that H, Kaie equimultiples of B, D, and L, Mof C,E ; 
therefore as/TistoZr, sois£'to M: (v. 4.) 
and it has been shewn that G Ib to IT, as If to N: 
therefore, because there are three magnitudes O, H, L, and other 
three JT, M, N, which have the same ratio taken two and two in a 
cross order; 

if G be greater than L, Kia greater than N: 

and if equal, equal ; and if less, less : (v. 21.) 

but G, JTare any equimultiples whatever of ^, D ; (constr.) 

and L, N any whatever of C, F; 

therefore as ^ is to C, so is £> to jP. (v. def. 5.) 

Next, let there be four magnitudes A, B, C, D, and other £)ur E, 

F, G, Ht which taken two and two in a cross order have the same 

ratio, 

viz. ^ to B, as G to IT; 

JBtoCas FtoG; 

and C to D, as j^ to F. 

Then A shall be to />, as ^ to IT. 



A.B.C.D 
E.F.6.H 



Because A,B,Cbx% three magnitudes, and Fy O, H other three, 
which taken two and two in a cross order, have tjiie same xatio ; 

P 
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by the first caw, A ieio C, ai F to IT; 

but CUto Aas^iato-f ; 

wherefore again, by the first case, A into D, as E to Hi 

and BO on, whatever be the number of magnitudes. 

Therefore, if tliere be any number, &c. q. e. u. 

PROPOSITION XXIV. THEOREM. 
// the first has lo the second the >ama ratio which l/u third has la lit 
fourth ,- and the fifth to th$ second the aame ratio which the sixth has I 
fourth ; tlie first and fifth together shall have ta the second, the same 
which the third and sixth together have to the fourth. 

Let AB the first have to C the aecond the same ratio which DE the 
third has to F the fourth ; 

and let BG the fifth have to C the second the same ratio whiuh 
JBH the sixth has to J' the fourth. 
Then AG, the first and fifth together, shall have (o C the second. 
le same ratio which DH, the third aud sixth together, haa ta J" the 



Because BG is to C, as EH to F; 

byinveraon, C h to BG, aaF to EH: (v. b.) 

and because, as JiJ is to C, so is DE to F ; (hyp.) 

and as CtoBG, so is J" to ^ZT; 

ex leqaan, AB ia to BG, aa DE io EH : (r. 22.) 

and because these magnitudes are proportionals when taken separately, 

they are likewise proportionala when taken jointlji ; (v. 18.) 

therefore as ^G is to GB, so is DH to HE : 

but as GB to C, so is ff£ to F: (hyp.) 

therefore, ex ^uah, as .4 G is to C, so is DH to F. (v. 22.) 

Wherefore, if the first, &c. o. e. d. 

Con. 1- — If the same hypothesis be made as in the propoaition, the 

_xcesB of the first and fifth shall be to the second, as the excess of the 

third and sixth (o the fourth. The demonstration of this is the same 

■ith that of the proposition, if division be used instead of compoaition. 

Cob. 2. — The proposition holds true of two ranks of magnttudtis, 

whatever be their number, of which each of the first rank haa to the 

second magnitude the same ratio that the corresponding one of tho 

second rank has to a fourth mc^^tude : as is manifest. 

PROPOSITION XXV. THEOREM. 
tffour magnittidet of the same kind are proportionals, the greaittl and 
Hul qf them together are greater than the other two together. 

Let the four magiiiludes AS, CD, E, Fhe proportionals, 
y'lz. AB ta CD, ea E to F ; 
and let AB be the greatest of them, and oousequently F the least, 
(v. H. and A.) 
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Then AB together with F shall be greater ihan CD together with E, 

A 6 B C H D 

m I ■ .^M>— ■ M ■■» -- - m^^ . 

I I 

E F 



Take AG equal to E, and Cff equal to F. 

Then because as AB is to CD, Boia E to F, 

and that ^G is equal to E, and CH equal to F, 

therefore AB is to CD, as AG to Cff: (v. 11, and 7.) 

and because AB the whole, is to the whole CD, as ^G is to Cff, 

likewise the remainder GB is to the remainder ffD, as the whole AB 

is to the whole CD: (v. 19.) 

but AB is greater than CD ; (hyp.) 

therefore GB is greater than ffD : (v. a.) 

and because ^G is equal to E, and Cff to F; 

AG and F together are equal to Cff and E together : (i. ax. 2.) 

therefore if to the unequal magnitudes GB, ffD, of which GB Is 

the greater, there be added equal magnitudes, viz. to GB the two AG 

and F, and Cff and E to ffD ; 

AB and F together are greater than CD and E. (1. ax. 4.) 
Therefore, if four magnitudes, &c. q. e. d. 



PROPOSITION F. THEOREM. 

JiaHos which are eompounded <ifth4 tame ratioiy are the same to &M aiMther, 

LetAheioB,aaDtoE;ajkdBtoC,B3EioF. 
Then the ratio which is compounded of the ratios of ^ to B, and B 

to C, 
which, by the definition of compound ratio, is the ratio of ^ to C, 
shall be the same with the ratio of 2> to i^, which, by the same 
definition^ is compounded of the ratios of Dio E, and E\o F, 



A.B.C 

D.B.F 



Because there are three magnitudes A, B, C, and three others D, E, F, 
which, taken two and two, in order, have the same ratio ; 

ex sequali, .4 is to C, as 2> to jP. (v. 22.) 
Next, let ^ be to ^, as J^ to IT, and ^ to C> as D to jE:: 



A.B.C 
D.E.F 



therefore, ex tsquali m proportione pettarbatA, (v. 23.) 

^isto C, asDto jP; 
that is, the ratio of A to C, which is compounded of the ratios of 
A to B, and B to C, is the same with the ratio of D to F, which is 
compounded of the ratios of X) to -B, and E U) F. 

And in like manner the jproposition may be demonstrated, what- 
ever be the number of ratios in either case. 
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proposition o. theorem. 

// levtral ratios he the inme to aeveral ratioi, each to each ; the ratia 
which u camjKitmfUd of ratios which an the aame to the firtt ralioi, laeh 
to each, ihall be the aame la the ratio canpounded of ratio) which art Iht 
tame to the other ratios, each to each. 

Let A he to B, as E to F; and C to D.as G to H: 

Bad kt A be to B, as Kta L; aaA Cta D,6& LUt M. 

Then the ratio of ff to M, 

l)y the definition of compound ratio, is compounded of the ratios 

of £" to L, and L to M, whioh are the same witii the ratios of ^ to £ 

and C to D. 

Again, asjBtof, aolet JVbeto O; and as G to ^, so let O he to P. 
Tlicn the ratio of JV to P is compounded of the ratios of N to O, 
and O to F, which are the same with the ratios of E to F, and G to 
H: 

and it is to be shewn tliat the ratio of JT to M, is tlie same witfa 
the ratio of A* to P ; 

orthatjCiato M.SANtoP. 



Becaiue£'iatoZ.,asMto£, that i3,e3£ top, that is, as) JVto O: 
Bod aa Z. to JIf, BO is (C to D, and so is G to 0, and so is) O to F ; 

ex fequali, ff ia to JW, as N to P. (v. 22.) 
Therefore, if several ratios, &e, q.e.d. 

PROPOSITION H. THEOREM. 
If a ratio which ii comjtounded of leveral raiiot be the aami to a rati* 
which ii compounded of teverai other ralioi ; and if one nf the first ratio*, 
or the ratio which is compounded nf severai of them, be the same to one nftht 
tail raiiot, or to the ratio which is compounded of leveral of them ; then Iht 
remaining ratio of the first, or, if there be niore than one, the ratio com* 
pounded of the remaining ratios, shall be the same to the remaiiung ratio i^ 
the last, or, if there be more than one, to the ratio compounded of Ihet* 
remaining ratios. 

Let tlie first ratios be those oi A to B,Bta C, C to D, D to E, and 
EXaF; 

and let the other ratios be those of Gio U, H to A', Kta L, and 
Z,toM: 

also, let the ratio of A to F, which is compounded of the first ratios, 
be tiie same with the ratio of G to M, which ia compounded of the 
other ratios ; 

and besides, let the ratio of ^ to 2), which is compounded of the 
TutioB i\iAU3B,BtoC,C to D, be tbe same witli the ratio of O to 
K, which is compounded of the ratios of G to /f, and H to K. 

Then the ratio compounded of the remaining fiiBt ratios, to wit, of 
tbe ratios of D to E, and Eta F, wiiich compounded ratio is the latio 
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of Dto F, shall be the same with the ratio of K to M, which is com- 
pounded of the remaining ratios of Kto L, and Lto M of the other 

ratios. 



A. B.C.D. E.F 
G.H.K.L.M 



Because, by the hypothesis, ^ is to 2>, as (x to JT, 

by inversion, 2> is to ^, as JT to G; (v. b.) 

and as^istOjP, soisGtoM; (hyp.) 

therefore, ex sequali, 2> is to jP, as JT to Af . (v. 22.) 

If, therefore, a ratio which is, &c. q. e.d. 

PROPOSITION K. THEOREM. 

If there he any number q/ rtUios^ and any number of other ratios euchy 
that the ratio which is compounded of ratios which are the same to the first 
ratiosy each to each, is the same to the ratio which is compounded of ratios 
which are the same, each to each, to the last ratios ; and {f one of the first 
ratios, or the ratio which is compounded of ratios which are the same to 
several of the first ratios, each to each, be the same to one of the last ratios, 
or to the ratio which is compounded of ratios which are the same, each to 
each, to several of the last ratios ; then the remaining ratio of the first, or, 
if there be more than onej the ratio which is compounded of ratios which are 
the same each to each to the remaining ratios of the first, shall be the same 
to the remaining ratio of the last, or, if there he more than one, to the ratio 
which is compounded qf ratios which are the same each to each to these 
remaining ratios. 

Let the ratios of A to B, C to D, E to F, be the first ratios : 
and the ratios of G to ^, JT to i, M to JV, O to P, Q to i8> be the 

other ratios : 
and let -4 be to B, as 5^ to. T; and C to D, as T to F; and -F to P, 

as r to Xi 
therefore, by the definition of compound ratio, the ratio of iS^ to Xis 
compounded of the ratios of jS to T, T to V, and Vto X, which are the 
same to the ratios of Aio B, Cio D, E to Fi each to each. 

Also, as 6r to /T, so let F be to Z ; and JT to /r, as 21 to a ; 

3/ to iV, as a to 6 ; O to P, as 6 to c ; and Q to ii, as c to df : 

therefore, by the same definition, the ratio of F to cf is compounded 

of the ratios of Y to Z, Z to a, a io h, b io c, and cio d, which are the 

same, each to each, to the ratios of (x to /T, JT to Zf, ilf to iV, O to P, 

and QioRx 

therefore, by the hypothesis, <S is to X, as Yio d. 
Also, let the ratio of A to B, that is, the ratio of iS^ to T, which is 
one of the first ratios, be the same to the ratio of e to^, which is com- 
pounded of the ratios of eiof, and/to^, which, by the hypothesis^ 
are the same to the ratios of G to H, and K to L, two of tne other 
ratios; 

and let the ratio of ^ to / be that which is compounded of the ratios 
of h to k, and k to /, which are the same to the remaining first ratios, 
viz. of C to D, and E io F', 

pa 
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alao, let the ratio of m top, be that which is compounded of tha 
ratios of m to n, n to o, and o top, which are the same, each to each, to 
the remaning other ratios, viz. of Jlf to A^, O to P, and Q to R. 
Then the ratio of A to i shall be the same to the ratio of >» to p ; (X 
h shall be to /, as m to p. 



Because e is to/, as(G to ff, that is, as) r to Z; 

BDd/ia to jf, as Ifi" to Z,, that is, as) Z to a ; 
therefore, ex iequali, e ia to (/, as Yioa: (v. 22.) 
and by the hypothesis, AhtaB, that is, S to T, as « to o ; 
wherefore 5 is to r, as r to a; (v. 11.) 
and by mvereion, T is to S, as a to I' : (v. b.) 
but S is to X, as y to Z» ; (hyp.) 
therefore, ex Kouaii, 3" is to Jf, as o to d : 
also, because A is to ^, as (C to D, that is, as) 7* to T; (hyp.) 
and fc is to / as [E to J", that is, as) Tto X; 
therefore, ex lequali, fi is to /, as Tto X: 
in like manner, it may he demonstrated, that in is to p, aa a to d; 
and it has been shewn, that Tisto X, aaatoif; 
therefore hhta i,as m top. (v. 11.) oe.d. 
The propositions G and K are usually, for the sake of brevity, ex- 
pressed in the same terms with propositions F and H: and therefon 
it was proper to shew the true meaning of them when they are so 
iressed; espeeially since they are vary ireqncntly made use of bj 



NOTEa TO BOOK T. 



Ih the iirat fouT Books of the Element! are emiBideted, onlf the abaolutc 
cqudilf and inequality of Geooielrtcal maitniludec The Fifth Book contaiiu 
Bn eipoHidon of the principlcB wherebf a more definite comparison may be 
instiluted of the leUtion of nugnitudei, beiidei theii limple equality or in- 

Oef. I, 11. In the first four Books tbe word pari it utei in tbe same lenie 
as we find it in (lie ninth axiam, " The whole is greater than iti part :" where 
the word pari means any portion whatever of any Khole magnitude : but In 
the Fifth Book, the word part is reairicted to mean thai portion of magnitude 
which is contained an exact number of times in the whole. For inaiance, if 
my atraight line he taken two, three, four, or any number of times another 
straight line, by Enc. i. 3 j the U'ss line is called a part, or rather a submul. 
tiple of the greater line; and the giEBter, a multiple of the leas line. The 
multiple is composed of a reprliiion of the same magnitude, and these dt^fi- 
riiiions suppose that the multiple may be divided into its parts, any one of 
which is a measure of the multiple. And it is also obTious that when there 
are two magnitudes, one of which is a multiple of the other, the two magni- 
tudes must be of the same kind, that is, they must be two lines, two angles, 
twOEUrfaces, or two aolids; thus, a HlHngle is doubled, trebled, &c., by doubling, 
trebling, &c. the base, and completing the figure. The luiie may be lald of 
a parallelogram. Angles, arcs, and aectors of equal circles may be doubled, 
trebled, or any multiples found by Prop, xxvi — xxix. Book iii. 

Two magnitudes are said to be comtimiiurahle when a third magnitude of 
the same kind can be found which will meaaure both of them ; and this [bird 
magnitude is called their cavimon mcanurc: and when it is the greatest mag- 
nitude which will measure both of them, it i> called the prcalat cumniun 
tneasuri of the two magnitudes : also when two magnitudes of the same kind 
Bare no common measure, they are said to be iiicomniiiuurablc. The same 
terms are also applied to numbers. 

yoity has no magnitude, propo-ly ao called, but may represent that portion 
of every kind of magnitude which is assumed as the measure of all magnitudes 
of the same kind. The composition of unities cannot produce Geometrical 
magnitude; three units are more in numlier than one unit, but atill as much 
difierent from mafrnirude as unity iiself. Number* may be considered as 
quantities, fur we consider every thing that can be exactly measured, tu a 
quantity. 

Unity is a common measure of all rational numbeis, and all numerical 
reasonings proceed upon the hypothesis that the unit is the same throughout 
the wbole of any particular process. Euclid has not fixed the magnitude of 
any unit of length, nor made reference to any unit of meaaure of angles, aur- 
facei, or volumes. Hence arises an essentia] difference between number and 
magnitude; unity, being invariable, measures all rational numbers; but 
though any quantity be assumed aa tbe unit of magnitude, it ia impossible 
to assert that this assumed unit will measure all other magnitudes of the same 
fcind. 

All whole numbers therefore are com mensurable ; for unity is their ctnn- 

ion meaaure ; also all rational fractions proper or improper, are commenaur. 

, able; for any aucb tractions may be reduced to other equivalent iractioa* 



I 176 EUCLID S ELEMBNT8, 

having one common denomlna 



Ihe fractioQB. Two magnitudes hiring a commod measure can be represenled 
by two Qumbets which cspreta the number of til 
conlained in boih the magniliudEa. 

But two incommensurable magniludea cannot be esactlj repreiented by 
BDj two whole numbers or fractions whatever; as, for instance, the side a 
» square la iticummcnsurable to the diagonal of the square. For, It may be 
abeirn numerically, thac if the side of the square contain one unit of lenet' 
the diagonal contains more than one, but less than two units of length. If I 
aide be divided into 10 units, the diagonal contains more than 14, but lets th 
16 such units. Also if the aide contain 100 units, the diagonal contains mi 
(han 141, but less than 142 luch units. It is also obvious, that ai the ai 
ia successively divided into a greater number of equal parts, the error in tbs 
m^nitude ot the diagonai will be diminished contiaually, but never can 1w 
entirely exhausted ; and therefore into whatever number of equal parti tht 
side of a square be divided, the diagonal will never contain an eiact nutnbct 
of such pans. Thus the diagonal atid side of a square having no comnxn 
measure, cannot be exactly represented by any two numbers. 

The term e^nioiulllph in Geometry is to be understood of roagnitode* of 
the aame liind, or of different kinds, taken an equal number of timei, anl 
implies only H division of the magtiiludes into the same number of equal 
parts. Thus, if two given lines are trebled, the trebles of the lines are eju(. 
tauiUplei of the two lines ; and if a given line and a given triangle be treble^ 
the trebles of the line and triangle are equimultiples of the line and uisnglet 
as (VI. I. fig.) the straight line ITC and the triangle AHC arc cquimultipH* 
of the line flCand the triangle .rfflC : and in the same manner, (vT. 33. fle.) 
the arc EN and the angle EHN are equimultiptes of the arc EF and On 
angle EHF. 

Dcf. III. Aiyoi i<,Tt lio uf7£e<:i' i/ioyiv^v rf kbtb w . , _ . ,__. 

uXXitXa 'n-Dia trxims. By lliia deBnition of ratio is to be understood the con- 
ception of the mutual relation of two magnitude* of the lame kind, ai m 
■ -aighl lines, two angles, two surfaces, or two solids. To prevent any mil. 
nceptioD, Def. iff lays down the criterion, whereby il may be known (rfaat 
kindx of magnitudes can hare a ratio to one another ; namely, Aoysr fx'O 
■rpi^ a\Ki\a iiiyiBii \4ye-rai, a Suhuthi TTokXaTrXaaia^afuiia dKinXaiii iwrp- 
cvdi'. " Magnitudes ace said to have ■ ratio to one another, vltich, wbM 
they are multiplied, can cxc«d one Btiother ;" in other words, the maenitudet 
which are capable of mutual comparison must be of the same kind. The 
former of the two terms is called the anieccdeni ; and the latter, the eoiiHONmrt 
of the ratio. If the antecedent and consequent ate equal, the ratio is called i 
ido of equality ; but if the antecedent be greater or less than ihg coniequenl, 
le ratio is called a ratio of greater or of k-Ks inequality. Care must be — ' — 

IK 10 confound the eKpressions "ratio of equality" and "equality of n. 

ie former is applied to the terms of a ratio when they, the antecedent and 

Jnsequent, art equal to one another, but the laf— ■- "— — - 

hen they are equal. 

Arithmetical ratio has been defined to be the relation which one numba 
ntrs to another with respect to qiiolity ; the comparison being made by coo- 
sidering what multiple, part or parts, one number is of the other. 

' I arithmetical ratio, therefore, is represented by the quuticnl which arlsct 

liviiling the antecedent by the consequent of tile ratio ; or by the hae- 

tiftt which has the antecedent for its numctilor and the consequent for ita 

I deaominiuor. Hence it will at once te oVivicnit, a\w, vVe ■^Jto^wi.iM of aritb< 

'Vl/atl ratlot will be made to depend ott ^ ^^u^'net QtllBc^^lHa. 



» 
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borne in mind tbst ihc subject o( Geometry ia not number, 
but the msgnilade of line!, snglct, surfaces, ud solids ; and in object is lo 
denionstrBle their properties by a compuison of their absolute and relative 
nagtiituiles. 

Also, in Oeometry, mulliplkalian is Dnlf a repeated addition of the aame 
nagnilude; and dMiiim is only a rrpesled suhtrsclion, or the taking of a leu 
magnitude successively from a greater, until there be either no remainder, or 
», remainder less than the msgnilnde which is luccetsively subtracted. 

The Oeametrical ratio o( any two given mignitudea of the same kind Irill 
obviously be represented by the maguirudes themselves; tbos, the ratio of two 
lines is represented by the lengths of the lines ihenaelves ; and, in the some 
manner, the ratio of two angles, two surfaces, or two solids, will be properly 
lepresented by the mi^iludes ihemietves. 

In the deiinltion of ratio as given by Kuclid, all reference to a third mag- 
nllude of (he same geoDietrical species, by means of which, to compare the two, 
whose ratio is the subject of conception, has been carefully avoided. The ratio 
of the two magnitudes is ihelr nUlion one to the other, widiout the intervention 
of any standard unit whatever, and all the propositions demonsltaled in the 
Fifth Book reipccung the equality or in/ijuallty of two or more ratios, arc 
demonstrated independently of any knowledge of the exact numerical measures 
of the ratios; and their generality includes all ratios, whatever distinctions may 
be made, as to the terms of them being commensurable or incommensurable. 

In measuring any magnitude, it is obvious that a magnitude of the same 
kind must be used ; but the ratio of two ma^itudea may be measured by 
everything which has the properly of quantity. Two straight lines will measure 
the ratio of two triangles, or parallelograms (vi. I. fig.): and two triangles, 
or two parallelograms will measure the ratio of two straight lines. It would 
manifestly be sbsuid to speak of the line as measuring the triangle, or the tri- 
angle measuring the line. {See notes oa Book ii.) 

The ratio of any two quantities depends on their relative and not their 
aiioliiU magnitudes; and it is possible for the aluolute magnitude of IWo 
qnantilies to be changed, and their relalise magnitude to continue the same as 
before; and thus, the lame raliii may Bubaist between two given magnitudes, 
and any other two of the same kind. 

In this method of measuring Geometrical ratios, the measures of the ratios 
•re the same in number as the magnitudes iheraaclyeB. It has however two 
advantages ; first, it enables us to pass from one kind of magnitude to another, 
and thus, Independently of any numeiicBl measure, to institute a comparison 
between such magnitudes as cannot be directly compared with one anoilicr ! 
■nd secondly, the ratio of two roagnitudea of the same kind may be measured 
by two straight lines, which form a simpler measure of ratios than any other 
kind of magnitude. 

But the simplest method of all would be, to eipreas the measure of the 
nlio of tvto masiiUiidea by onf ; but this cannot be done, unless llie two m^. 
jritudea are commensurable. If two lines AB, CD, one of which AB con- 
tains 12 unit* of any length, and the other CD contains 4 units of the aame 
lenjtth : then the ratio of the line AB to the line CD, is the aame as the ratio 
of the number 12 to 4. Thus, two numbers may represent the ratio of two 
lines when the lines are commensurable. In the same manner, two numbers 
may represent the ratio of two angles, two surfaces, or two solids. 

Thus, the ratio of any two magnitudes of the aame kind may be expressed 
by two numbers, when the magnitudes arc commensurable. By this means, 
the consideration of the ratio of two magnitudes is changed W il\e tqwisi'iH^ssB. 
«f the ratio of two numbers, and when one niuiAiEt is 6Js\i^Nil ^la s:S»m., 
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die quotient wiU he ■ riafflr number, or afiactioH, which will be 
the ratio of the two numbeta, and therefore of the (wo quandtiei. If 12 
divided by 4, the quotient is 3, which meuaica the ratio of the two numben 
IS and 4. Again, if beiidea the ratio of the linea ^B and CD which contUB 
12 and 4 unita respectively, wa consider two other litiei EF and GH whidi 
contain 9 and 'i units reipeclively ; it ia obvious that the ratio of die line 
SF to GH is the aame as the ratio of the number 9 to tlie number 3. And 
the measure of the ratio of to 3 is 3. That is, the numben 9 and 3 ban 
the same ratio as the numbers 12 and 4. 

But this is a numerical measure of ratio, and can only be applied stricllj 
when the antecedent and consequent are to one another as one number W 
another. 

And generally, if the two lines AE, CD contain a and i units nspectiTely. 
and q be the quotient which indicates the number of times the number b i| 
contained in a, then q la (he measure of the ratio of the two numbers a and ti 
and if EF and GH contain c and d units, and the number d l>e contained f 
times in c ; the number a has to h the aame ratio a* the number c hu to d. 

This is the numerical deHnition of proportion, which ia thus expressed il 
Euclid's Elements, Boolt vii, delinition W. '■' Four numbers are proporlJOTklll 
when the tirst ia the same multiple of the second, or the same part or parts d( 
il, aa the third ia of the ft ' " "" * ' " ' ' " ' ' "' - 



for, since a cont^ns h, q timet; — = ;: 
and aince e contains d, g timet i — = q : 

therefore -= — which is the fundamental equation upon which all (he k» 

toning* on the proportion of numbers depend. 

8onie(in:ies a propoiiion ia dejined tn be the eqiuiIUi/ of two TBtioa. 

But we are anticipating the subject of the aixth and eighth deCnitions. 

Def. VIM declares the meaning of the term analogy or proportion, 
ratio of two lines, two angles, (wo surfaces or two solids, means nothing mora | 
than their reUtive magnitude in conUHdistinction to their absolute magnitudes e 
Hnd a similitude or likeness of ratios implies, at least, the two ratios of thr' 
four magnitudes which constitute the anali^j or proportion, 

Def. IX states that a proportion consists in three terms at least; ' 
meaning of whicli is, that the second m^nituda ia repeated, being mad« 
consequent of the first, and the antecedent of the lecond ratio. It is a 
obvious that when a pioportion consists of three magnitudes, all ihrea ilk- 
of tile same kind, Def. vi appears only to be a Airther eiplanation of what. 
it implied in Def. nil. ] 

Def, y. Proportion having been defined to he the limifidufe qf ratify' 
or more properly, t/ie rqualUy or identity of rolhs, the fifth definition la;>i 

down a criterion by which two ratioa may be known to be ccjual, or fi 

magnitudes ptoportionala, without involving any inquiry leapecting the B 
qnaiititica, wheLher ihe antecedents of the ratios conuin or are contained M 
their consequents esaetly : or whether there are any magnitudes which mnuun 
Ihe terms of the two ratios. The criterion only requires, that the reUtiM . 
of the equimultiples rtpresacd, ahould hold good, not merely for any particute 
multiples, ai the dnubles Or tlehlet, bat fm an; multiples whatever, trh** 
I Iter Juge et smail. 
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This criterion of proporlfon may be applied to bQ Geomelricil mBgnitudei 
vbich can be mulliplied, that is. to all which can be doubled, trebled, quad. 
zapled. &C. But it muiit be borne in mind, that ihts criterion does not eihibit 
• deflnile Dieaaure for either of the two ratios which conmilule the prnporlion, 
but only, an undetetmined messure fur the laniencaii or equalilf of the two 
' ntios. The nature of the proportion of Geometrical magnitudea neither 
(equirn nor admita of a numerical nKaiure of either of the two ratios, for diii 
'would be to luppOK that all magnitude* are commeaaurable. 'Dtough we 
Inow not the deSniie meatuic of either of the ratio*, further than that they 
ate both equal, and one tna; be lakea as the meature of the otliei, yet 
pirticular conclusiona may be aniTed at by this method : far by the teat of 
propottionslity here laid down, it can be proved that one magniiude ia gmter 
tban, equal to, or kas ibmi another : that a third proportional can be found to 
n>a, Bnil a fourth piopurtional to three gtraighi linea, aleo that a mcBD propot- 
lioaal can be found between two atiaight lities i and further, that nhich ii htiv 
'ated of Btrsight lines may he extended to other Geometrical mugniiudes. 
The fifth definition ia that of equal mtioa. The definition of ratio itself 
(defs. 3,4) conlaiiiS no criterion by which one ratio maybe known to be equal 
lo another ratio : analogoua to that by which one magnitude ii known to be 
equal to ano^et magnitude [Eve. i. Ax. 8}. The preceding drSoitions (:t, 4) 
only reitricc the conception of ratio within Ecrtain liinita, but lay down no leit 
On compoiiaon, or the deduction of properliea. All Eudid'a reasonings were 
to turn upon this comparison of ratios, and hence it was competent to lay down 
K criterion of equality and inequality of two ratios between two pairs of msg. 
niludes. In short, his c/firr/ive definition is a definition of proportionals. 

The precision with which this dcfl.nition is eipiesacd, conaidering the 
ttumlier of conditions iniolved in it, is remarkable. Like all complete de6ni~ 
tions, the terras (the subject and predicate) are convertible : that is, 

(a) If fonr msgnitudea be proporiionals, and any equimultiples be 
ttkea aa preacribed, they shall have the specified relations with respect (o 
"greater, greater, Itc" 

(i) If of four magnitudes, two and two of the same Oeometricsl Specie*, 
it con be shewn that the pceicribcd equimultiples being taken, the conditions 
DDder which those magnitudes exiat, ntuit be such as to fulfil the criterion 
"greater, greater, Slc." ; then tltese four mognitudei shall he proportionals. 

It may be temaiked, that the cases in which the secnnd part of the criteiiaa 
(" equal, eqnal") can be fulGllEd, are comparatiTely few : namely, those in 
arhJdi the gieen inagnitudea, whose ratio is under conaidcration , are both exact 
mtdtiples of some ihicd magnitude — or those which are called mmTneiuurable. 
When this, however, is fulfilled, the other two will be fulBUed aa a connqMna 
of thit. When thia is not the case, or the mSRnitudes are mcinnmciiiurahit, 
the other two criteria determine the proportionality. However, when no hypo- 
thesis respecting commcnsurahility is involved, the contemporaneous existence 
of the three caaea (■' greater, greater: equal, equal ; leas, leas") must be de- 
duced from the hypothetical condidonB under which the magnitudes eiiu, lo 
lender the criterion valid. 

With respect lo this test or criterion of the proportionality of fonr magni. 
EDdes, it has been objected, that it is utterly impossible to make trial of all 
dK poaaiblc equimultiples of the fiist and third m^^tudes, and also of 
the second and fourth. It may be replied, that the point m question is not 
determined by making such trials, but by shewing from the nataie of the 
magnitudes, that whatever be the multipliers, if the multiple of the first 
exceeds the multiple of the second magnitude, the multiple of t,h«. ^.W^ -nnW 
exceed the multiple of the fourth magnitude, aJiA i£ etvaaX, ■»«!>« eopii-\ 
mod if leu, mill be less, in any case which toaj be U^ii< 
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Ttw Arithmetical deSnidon of propoitioo in Book vii, Def. 30, < 
if it vcre equally general vith the OeomeCrica] delinitioD in Book v, . 
5, ia b; no means uniitiBally applicable to ihc subject of Oeometrieal trn^ 
nitudes. The Oeornetiical crliciion in founded on muliiplication, which ii| 
alwA^a possible. When the magnitudes are commensurable, the multiplol 
of the tirst and second mag be equal ot unequal ; but when the magniludcc 
are incommcnsutable, any multiples whatever of the first and second mwC 
be unequal; but the ArithmeLieal criterion of prDportion is founded on di*i- 
sion, which is not alwaya possible. Euclid has not shewn in Book v, ' 

10 take any paii at a line ai other magnitude, or that the two terma 

rado have a common measure, >jid therefore the numerical definition could iu( 
be strictly applied, even in the limited way in which it may be applied. 

yumber and Magnitude do not correspond in alt their relations; 
hence the dislinclion between Geometrical ratio and Arithmetical ratio., 
former is a comparison -ca-rd Tii^itri-niTa, according to quantity, but tlw 
[alter, according to quotity. The former gives an undetermined, though defi- 
nite measure, in magnitudes; but tlw latter attempts to give the exuct valuo 

The lifth book exhibits no method wherebji two magnitudes may be de- 
termined to be commensurable, and the Geometrical conclusions deduced ftom 
the multiples of magnitudes are too general to fumiah a numerical meaniK 
of ratios, being all independent of the commensurability or incommeo 
bilily of the magnitudes themseNei. 

It ia the numerical ratio of two magnitudes which will more certainly 
discorer whether they are cammenaurable or incommensurable, and hen«^ 
recourse must be had to the fonna and properties of numbers. All numben 
and fractions are either rational or irrationid. It has been seen that ralloul 
numbers and fractions can exprcis the ratios of Geometrical magnitudes, whas 
they are commensurable. Similar relations of incommensurable magnitudes 
may it exprciKd by irrational numbers, if the Algebraical expressions fbr 
such numbers may be aiaumed and employed in the same manner as rariood 
numbers. The irrational exprcaaions l>eing considered the exact and definite, 
though undetermined, values of the ratios, to which aserjes of rational numbeiK 
may successively approximate. 

Thongh two incommensurable magnitudes have not an assignable n 
rieal ratio (o one another, yet they have a certain definite ratio to oni 
other, and two other magnitudes may have the same ratio as the first 

and it will be found, that, when reference is made lo the numerical vali 

the ratios of four incommensurable magnitudes, the same irrational numbw 
appears in the two ratios. 

The sides and diagonals of aquarra can be shewn to be proportionala, 
and though the ratio of the side to the diagonal ia represented Geomelii- 
esUj by the two lines which form the side and the diagonal, there ia no 
rational number or fraction which vill measure exactly their ratio. 

If the side of a square contain a units, the ratio of the diagonal lo chl 
aide ia numerically as V^ to 1 ; and if the side of another square contain 1 
units, the ratio of the diagonal to the side will be found to be in the ratio of 
V3 10 I. Again, the two ports of any number of lines which may be divided 
In extreme and mean ratio will be found to he respectively in the lada of tbC 
imtjonal number *J6—\ to 3- VS. Also, the ratios of ihe diagonals of 
cubes to the diagonals of one of the faces will be found to be in the irrationil 
H incommensurate ratio of V3 'o V2. 
Thua it will be found that the ratios of all ineommenaurable magnittidM 
which »ie pnrpoKionals do involve th« wm« Irxaijoni^ nuvcftien, and these ma.j 
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be naed a* the numericid meuurea of ntloa in the lame inanDer u ratlonsl 
munbere and tncttons. 

It li not howETir to such enquiriti, nor to the ratios of magniwdea when 
expreued aa TStianal or inatiooHl aumbcn, that Euclid*! dactiuie of propor- 
tion in legidm&tely diiecled. There is no oiquiry into wiist h rntlo is in 
mnmberi, but vheihei in diagnnis formed according Coauigned condicions, the 
tatiol between certain puts of the one ore (he same ai [he raiioa between cot- 
Ksponding parts of iheolhci. Thug, with rtipect to any two squares, the ques- 
tion Ihsl properlf belongs lo pure Oeon^ecrJ is : — whether the diagonala of two 
■qaares bave the lamc raliii aa the sides of the squarEi ? Or wlietber the side 
of one square baa to its diagDnal, the tamt ratio M the lide of Che other iquare 
has to its diagonal? Or again, whether fai Euc. vi. 2, when BC and DB 
■re parallel, (he line BD ha* (o the line DA, tht same ratio that (be line CE 
has to the line AE ? There is no purpose, on the part of Euclid, lo assign 
dtber of these ratios <n numicri ; but onlji to prove that their unirersal same- 
ness is inevitably a consequence of (he original conditions sciordlng (o which 
the diagrams were constituted. There 1h, consequent!;, no introduction of the 
idea of incommensursblea : and indeed, with such an object a* Euclid had in 
view, the simple mention of (hem would have been at least irrelevant and 
BuperBuouB. If however it be attempted to apply numetical coniidemtlDns (o 
pure geometrical investigations, incoiiinwnsarablea will soon be apparent, and 
difficoides will arise which were not foreseen. Euclid, however, elRcla his demon, 
stiadons without creating this artificial dilHcultir, and hence without recogtiiiing 
its existence- Had he assumed a standard unit of length, he would have 
involved the subject in numerical considerations ( and enluled upon the subject 
of Geometry the almost insuperable difHculties which a((ach (o oil such methods. 
I. I 1. .__ 1 —o frequently Impressed upon the 



learner's mind, that all Euclid's reasonings are independent of the numerical 
exposidtniB of the magnllndes concerned. That the enquiry as to what numeri- 
cal {bnction anf magnitude is of another, belongs not to Pure Geometry, but 



[o another Science. The consideration of any intermediate standard unit doM 
not enter into pure Geometry : into Algebraic Ueometry it essentially enters, 
and indeed constilules the fundamental ides. The former is wholly free from 
nmnerical considerations ; the latter is entirely dependent upon them. 

Def. vir is anal<^ous to Def. v, and lays down the criterion whereby 
■he ratio of two magnitudes of the same Mnd may be known lo be greater or 
Itn than the ratio of tno other magnitudes of the same kind. 

Def. XI includes Def. x, as three magnitudes may be continued propor- 
tionals, as well as four or more than four. In continued proportionals, all the 
terms eicept the first and last, are made successively the^consequent of ono 
ratio, and the antecedent of the next ; whereas in other propottionBls, this is 
Dot the case, 

A series of numbers or Algebraical quantities in continued proportion, is 
called a Geomttrical progresiioii, trom the analogy they bear to a series of 
Geometrical magnitudes in continued proportion. 

Def. A. The term compound ratio was devised fir the purpose of avoiding 
dtcumlocutlon, and no difGculty can arise in the use of it, If its exact mean- 
ing be atricdy attended to. 

With respect to the Geometrical measures of compound ratios, three 
ilraight lines may measure the ratio of four, as in Prop. 23, Book Ti. Fur 
Ku> L measures (ho ratio of BC to CG, and t to jtf measures the ratio of 
, and the ratio of JV to JIf is that which is said (o be compounded 
r of the ratios of K to L, and L u> M, which is the same as the lacia vibv^ 

impounded of the ratios of the sides vi tite 'paii^\£\Q^t&m&. 
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Both duplicate and Iriplicale ratio are spreiea of compound ratio. 
Duplicate ratio is a latio compounded of two equal ntiOB ; and in the cut 
ef thne magnitudes whicli are continued pioponioDBb, means Lhe tatia of ik 
£nt to a third propoitional to the first and second. 

Triplicate ratio, in the same mariner, is a ratio compounded of dm 
tqual ratios; and in the case of four magnitudes which are continued pto- 
porlionals, the triplicate ratio of the first to the second means the ratio oi 
the first to a fourth piopoctional to the first, second, and ihird magiitDdEt 
Instances of the compoaition of three ratios, and of triplicate ratio, vOl be 
found in the eleventh and twelfth boolts. 

The product of the fractions which represent or measure the radoi of 
jnunbera, corresponds to the composition of Geomelrica] ratios of tnagniiudcL 
II has beeti shewn that the ratio of two numbers is representHl by a Fnc. 
tion, whereof the numerator is the antecedent, and ihc denominator the cob 
sequent of the ratio ; and if the antecedents of two ratios be multiplied to- 
gether, as also the consequenls, the new ratio thus formed is said to Ik am- 
pounded of these two ratios ; and in the same manner, if there be more tiai 
two. It is also obvious, that the ratio compounded of two equal ratios a 
equsl ID the ratio of the aqnarea of one of the antecedents to its conseqomt: 
bIso when there are three equal radgs, the ratia compounded of the dii« 
ratios is equal to the ratio of the cubes of any one of the antecedents to in 
consequent. And further, it ma]' be observed, that when several numlMrsiii 
continued proportionals, the ratio of the first to the last is equal to the ratio 
of the product of all the antecedents to the product of all the consequenti. 

It may be here Temarl<ed, that, though the constructions of Che propoutiau 
in Book V ate exhibited by straight lines, the enunciationa are expresseit of 
magnitude in getietal, and are equally true of angles, ttiangles, paiallelogranu, 
prcB, sectors, &c. 

The two following axioms majr be added ID the four Euclid has giren. 
Ax. 6. A pan of s greater magnitude is greater than the aame part of ■ 
less magnitude. 

Ax. 6. That magnitude of which any part is greater than the same put 
of another, is greater than that other magnitude. 

The learner must not foi^et that the rapito/ Mien, used generally by EticHi 
in the demonstraiions of the fifth Book, represent the mi^iitiirfa, not «nj 
numerical or Algehraical measures of them : sometimes however the m^nitud* 
of a line is represented in the usual way by two letters which are placed at ll" 
exlremitiesof tbeline. 

Prop. c. This is frequeutly made use of by geometers, and is necessary u 
the 5th and 6th Propositions of the 1 0th Book. Claviua, in his notes sub- 
joined to the 8lh dcf. of Book 6, demonstrates it only in numbem. by help «f 

some of the propositions of the 7ih Book; in order to df ■ ' 

petty ctmtained in the Sth definition of tlie 5th Book, when 
from the property of proportionals contained in the SOth def. of the 7tli Book: 
and most of the commentators judge it difficult to prove that four niagnitodd 
which are praportionais according to the SOth def. of the 7th Book, are also 
proportionals according to the 5di def. of the 6th Book. But this is easily 
made out as follows : 

First, i{A,Bf C, D,be four magnitudes, such that j4 is the same multiple 
Ct the same part of B, which CiiafD: 

Then A, B, C, D, are proportionals : 

this is demonstrated In propositioti (c). 

Seeondlj, If ^B contain the aame porta of Ci) that £/* don oTGJTi 

hi this case likewise ^£ Is to CD, u£Fto GH. 



NOTES TO BOOK ' 



Let CK he ■ p«t of CD, ud GL the wme pari of GH , 

and let JB be the ume multiple of CIT, that EF ii of CL : 

therefore, by Prop, c, of Book v, AB I> to CK, u EF to GL : 

and CD. GH, aie equimuliipleB of CK, GL, the leeond and fourth g 

wherefore, by Cor, Prop. 4, Book v, AB ie ID CD, u EF Xo GH. 

And if four magnitudes be proportinniU acnndiiig to the fith dcf. of Book v 

they are oUo pioportionsla according to the SOth def. oFBook vii. 

First, if^betoJS, asCtoO: 
then if A be any multiple or part of B, C is the lame multiple oi 
part of D, by Prop, c, Book v. 

.. ._. — ^p^^ ^g._ 



C K D G L H 

for kl CK be a part of CD, and GL the same part of GS, 

Btid let ^fi be a mullipU of CK ; 

EF is the tame multiple of GL -. 

lake M the lame multiple of GL that AB ii of CK: 

therefore, by Prop, c. Book y, AB ia to CK, M M v> GL; 

and CD, GH, are equiinulliplea of CK, GL ; 

wherefore, by Cor. Prop. 4, Book r, AB ia to CD, as AT to GH. 

And, by the hypolheiis, AB ia to CD, as EFlo GH; 

therefore M ia equal to EF by Prop. 9, Book v, 

and conaequently, EF ia the same multiple of GL that AB ia of CK. 

Thia j> the method by shlch Simaon ahewg that the Geometrical definitioa 

of proportion i> a eoDsequetiee of the Arithmetical deilnitioa, and converiely. 

It may however be shewn by employing the equation j" -v, M>d taking 
ma, mc any equimultiple* of a and c the first and third, and «b, nd imy 
equimultiples of 6 aod d the second and fourth. 

And eonversely, it may be shewn fX abtnrdo, that if four quandtiea are 
pioportioaals according to the fifth definition of the fifth book of Euclid, they 
are also proportionals according to the Algebraical definition. 

The atudenl must however bear in mind, that the Algebraical definition is 
Dot equally applicable to the Geometrical dcmoaatrationa contained in the sixth, 
eleTenth, and twelhh books of Euclid, where the GntmeCrical definition is 
employed. It has been before remarked, that the science of Qeometry ia magnU 
(iHii;, and not twmier ; and though a sum and a difference of two magnitude* can 
be represented (Seometrically, as well an a multiple of any given magnitude, 
there is no method in Geometry whereby the quotient of two magnitudes of the 
aame kind can be expressed. The idea of a quotient is entirely foreign to the 
principles of the fiftii book, as are also any distinctions of magnitudea as being 
commensurable or incommensurable. As Euclid in Books vii^it has treated 
of the properties of proportion according to the Arithmetical definition and 
of their application lo Geometrical magnitudes ; there can be no doubt that his 
Intention was to exclude all reference to numerical measures and quotients 
in his treatment of the doctrine of proportion in the fifth hook; and Id his 
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itioQB of that doctrine in the sixth, elcvenlb and twelfth books of the 

op. icviii, U the convEtBe of Prop. 3cvii. 

le foUowing is Euclid'a indirect demon atration. 

Let AE, EB, CF, FD be proportionals, 

that IB, taAEm EB, no let CF be to Ffl i 

then ibae ahaH be propottionsls also when taken jotntlj ; 

that U, as AB to BE, so shall CD be to DF. 



First, let AB have to BE a leu rado than CD hu to DFl 

and let i)Q be taltcn so that .<4B has to BE the same ratio u CD 10 DQ\ 

and since magnitudes when taken jointly are proportioQalt, 

they are also proportionals when taken Bcparately ; (v. 17.) 

therefore AE has to EB the same ratio as CQ to QH ; 

but, by the hypothesis, AE has to EB the same ratio be CF (o FD ; 

therefore (he ratio of CO to QD is the same as the ratio of C/- to fO. (v. 11.) 

And when four magnitudes are proportionals, if the flrsl be greater thin 

the second, the third is greater than the fourth ; and if e^ual, equal ; sod IT 

less, less; (v. U.) but CQ is less than C, 

thcr^ore QD is less than FD; which is absurd. 

Whereforelheralioof /<B toflEisnotless than (he ratio of CD to Z>f j 

that ia, AB has the same ratio to BE as CD has to DF. 

Secondly. By a similai mode of reasoning, it may liliewiBe be shewn, ^t 

AB has the saiae ratio to BE as CD has to DF, if ^fi be assumed to have to 

BE a greater ratio than CD has (o DF. 

For further itiformation on the lery important Rubject of Ratio and Pro- 
portion, reference may be made to Profeasor Powell's Tract on the Theory of 
Ratio and Proportion, Professor De Morgan's Connection of Number and 
Magnitude; and the Chapten on Ratio and PcopottioQ in Hind's, Wood'i, 
or Peacock's Algebra. 



QUESTIONS ON BOOK V. 

I. Explain and esemplify the meaning of the (rrms, mulliplc, n 
tijAf., equimuHipIt, 

5. What operations in Geometry and Arithmetic are analogtni) ? 

3. What are the different meanings of the term nifoiiire in " " 
When are Geometrical magnitudes said to have a eemtnm iitcasHrc f 

4. When are msgnitudca said to have a ratio ? What mDicdon (h 
this impose upon the magnitudes in regard to their ipecici f 

6. When are magnitudes said to be eommensurahle or Incommensurabls 
to each other ? So the d^nitions and theorems of Book v include IncotameD- 
■urables ? 

6, What 1) roeani by the term ^eDmcfrical nirl0? How is it repmnttsd ? 
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7* How is a ratio repreiented AlgehraicaUy $ Is there any distinction 
between the tenns, a ratio of equality , and equality of ratio $ 

8. In what manner are ratios, in Geometry, distinguished from each other 
as equal, greater, or less than one another ? What objection is there to the 
use of an independent definition (properly so called) of ratio in a system of 
Geometry ? 

9. What is the geometrical definition of proportion ? Whence arises the 
necessity of such a definition as this ? 

10. Shew the necessity of the qualification *'any whatever** in Euclid's 
definition of proportion. 

11. Point out the connexion between the more obvious definition of pro- 
portion and that given by Euclid, and illustrate clearly the nature of'^the 
advantage obtained by which he was induced to adopt it. 

12. Why may not Euclid's definition of proportion be superseded in a 
system of Geometry by the following ? <^ Four quantities are proportionals, 
when the first is the same multiple of the second, or the same part of it, that 
the third is of the fourth.'* 

13. The Geometrical definition of proportion is a consequence of the Alge- 
braical definition ; and conversely. 

14. What Geometrical test has Euclid given to ascertain that four quan- 
tities are not proportionals ? What is the corresponding Algebraical test ^ 

15. Shew in the manner of Euclid, that the ratio of 15 to 17 is greater 
than that of 1 1 to 13. 

16. How far may the fifth definition of the fifth Book be r^arded as all 
axiom ? Is it convertible ? 

17. Def. 9, Book v. ** Proportion consists of three terms at least." How 
is this to be understood ? 

18. Define duplicate ratio. How does \t appear hotoi Eadid thai the 
duplicate ratio of two magnitudes is the same as that of their squares ? 

19. What is meant by a ratio compounded of any number of ratios ? 

20. By what process is a ratio found equal to the composition of two or 
more given ratios ? Give an example, where straight lines are the myignitudes 
which express the given ratios. 

21. What limitation is there to the alternation bf k Geometrical proportion f 

22. Exemplify the expression, <^ ex sequali in proportione perturbata." 

23. Exemplify the meaning of the word homologous as it is used in the 
Fifth Book of the Elements. 

24. \^^y fin Euclid v. 11.) is it necessary to prove that ratios which are 
the same with the same ratio, are the same with one another ? 

25. Apply the Geometrical criterion to ascertain, whether the four lines 
of 3, 5, 6, to units are proportionals. 

26. Prove by taking equimultiples according to Euclid's definition, that 
the magnitudes 4, 5, T, 9, are not proportionals. 

27. Give the Algebraical proofs of Props. 17 and 18, of the Fifth Book. 

28. Explain why the properties proved in Book v, by means of straight 
lines ^ are true of any concrete magnitudes. 

29. What grounds are there for the opinion that Euclid intended td 
exclude the idea of numerical measures of ratios in his Fifth Book of the 
Elements ? 

30. What is the object of the Fifth Book of Euclid's Elements ? 
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DEFINITIONS, 



Stmhab rectilineal figutpB are those which have their se 

angles equal, each to each, and the aides about the equal angles pn>- 
poTtionals, 



" Heciprocal figures, viz. triangles and parallelograms, are such a 

have their aides abont two of their angles proportionals in such t 

wanner, that a side of the first figure is to a side of the other, as tlla 

remaining side of the other is to the remaining side of the first." 

III. 

A strright line is said to he cut in extreme and mean ratio, when 
the whole is to the greater segment, aa the greater segment is to the 



peipendicular U> the h 



h. 



zh 



PROPOSITION I. THKOREM. 



Trian^Ui and parollehgratiu tif Qa tamt allUadt an one l« the oth4T at 
their baiti. 

Let the triangles ABC, ACD, and the parallelograms EC, CF, 
have the same altituiJc, 

viz. the perpendicular drawn from the point A to BD or BD pro- 

As the base £C is to the base CD, aa shall the triangle ABC be \A 
the triangle^ CD, 

find the paiallelogram EC to the parallelogram CF. 



w 



BOOK VI. PROP. I. 



Produce SD both ways to the points If, L, 
and take any number of straight lines BG, GH, each equal to the 
I base BC; (i. 3.) 

I and DK, KL, any natnber of them, each equal to the baae CD ; 
I and join AG, AH, AK, AL. 

\ Then, because CB, BG,. GH, are all equal, 

the triangles AHG, AGB, ABC, are all equal : (i. 38.) 

therefore, whatever multiple the base HC h of the base BC, 

the sajne multiple is the triangle AHC of the triangle ABC : 

£)r the same reason, whatever multiple the base LC is of tlie base CD, 

the same multiple is the triangle ^Z.Cof the tnmgleADC: 

and if tne base HC be equal to the base CL, 
the triangle AHC is also equal to the triangle ALC : (i. 38.) 

ana if the base HC he greater than the base CL, 

likewise the triangle ^JTC is greater tlian the triangle ^iC; 

and if less, less ; 

therefore, Bince there are four magnitudes, 

Tie. the two bases BC, CD, and the two triangles ABC, ACD ; 

and of the base BC, and the triangle ABC, the first and third, any 

equimultiples whatever have been taken, 

viz. the base HC and the triangle AHC ; 
and of the base CD and the triangle A CD, the second and fourth, 
have been taken any equimultiples whatever, 
viz. the base CL and tlie triauKle ALC ; 
and since it has been shewn, that, if the nose HC be greater than 
the base CL, 
the triangle ARC is greater than the triangle ALC; 
and if equal, equal ; and if less, less : 
therefore, as the base BC is to the base CD, so is the triangle ABC 
to the triangle ^ CD. (v. def. 6.) 
And because the parallelogram CE a double of the triangle ABC, 
(t. 41.) 
and the parallelogram CF double of the triangle ACD, 
and tliat magnitudes bare the same ratio which their equimultiples 

Iiave ; (v. 15.) 
as the triangle ABC is to the triangle ACD, so is the parallelogram 

EC to the parallelogram CF ; 
and because it has been shewn, that, as the hose BC is to the base 

CD, so is the triangle ABC to the triangle A CD ; 
and as the triangle ABC is to the triangle ACD, so is the parallelo- 
gram EC to tlie paraUelogram CF ; 
therefore, as the base BC is to the base CD, so is the parallelogram 
EC to the parallelogram CF- (v. 11.) 

Wherefore, triangles, Etc. 4.E.D. 
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Cor. Prom this it is plain, that triangles and paTallelograaia 
have eqaal altitudes, are to one another as their baaea. 

Let tho figarea be placed ao as to have their bases in the muih 
straight line ; and having drawn perpendiculars from the vertices of 
the triangles to the baaee, the straight line which juias the vertices h 
parallel to that in wluch their bases are, (t. 33.) because the perpen- 
diculara are both equal and parallel tu one another, (i. 2S0 Then, if 
tl)e same construction beniode aain the proposition, the demonstratioit 
will be the same. 

PROPOSITION II. THEOREM. 

1/ a itraight line be drauin parallel to one of the liiUi of a trianglt, 
il ahallcul the other tidet, or these proditced, propnrlionaJIt/ : and convertelg, 
if the aides, or the aides proilueed, be cut pToportionaliy, the straighi Am 
whioli joint the poinia iffteclion shall be parallel to the Temaitiinn side qf Oi» 
triangle. 

Let DE be drawn parallel to BC, one of ihe sides of the triangle ASC. 
Then BD ahall be to DA, as C£ to EA. 



Join BE, CD. 
Then the triangle BDE ia equal to the triangle CDS, (i. 37-) 
because thej are on ths same base J)E, and between Oie same 
parallels I>£, BC: 

but ABE is another triangle ; 
and equal magnitudes have the same ratio to the same mi^nitnde ; 

iv. r.) 

therefore, as tho triangle BDE is l^i the triangle ADE, so is the 
triangle CDE to the triangle ADE: 
hot as the triangle BDE l« the triangle A DE, so is BD to DA, (vi. 1 .) 
because, having tlic aame altitude, viz. the perpendicular drawn 
from the point E to AB, they are to one anotiier as their bases; 
and for the same reason, as the triangle CDE to the triangle ADE, 
so IB CE to EA: 
therefore, as BD to DA, so is CE to EA. [v. 11.) 
Next, let the sides AB, AC of the triangle ABC, or these wdei 
produced, be eut proportionally in the points D, E, that is, eo tliat 
BD may be to DA as CE to EA, and join DE. 

Then DE shall ho parallel to BC. 

The same construction being made, 

because as BD to DA, so is CE to EA ; 

and as BD to DA, so is the triangle BDE to the triangle ADE ; (vi. 1.) 

and as C£ to EA, so is the triangle CDE to the triangle ADE ; 

therefore the triangle SDE is to the triangle ADE, as the trianglo 

. CDE to the triangle ADE ; (v. 11.) 



r 



BOOK VI. PROP. II, III. 189 

that it, the tiianglea BDE, CDE have the Bame ratio to the triangle 

ABE: 
therefore the triangle BDE is equal to the triangle CDE : (v. 9.) 
aod they are on the same tuise DE : 
but equal triangles on the same base and on the samo side of it, are 
beCweea the same parallels ; (i. 39.) 

therefore DE ia parallel to SC. 
Whcrefoie, if astraight line, &c q.s.d. 



PROPOSITION in. THEOREM. 

If (he angle qf a IriangU be divided inio iao tgual angles, liy a alraighl 
fin< which alto culi the ban ; the aegmenU (jf tht iate ahait have (he tame 
ratio lehieh Ihe other aidet qf tha triangle have ta one another i and Don- 
verielj/, if the tegmtntt of the base have the tame ratio vihich Ihe other rides 
Iff the triangle have to vae another ; Ihe alraighl line draien from the vertex 
to the point <^ section, dividet the vertical angle into two equal anglee. 

Let ABC be a triangle, and let the angle SAC be divided into (wo 
equal angles by the straight line AD. 

Then BD shall be to DC, as BA to AC. 



^ 



Through the pohit C draw CE parallel to BA, ft. 31.) 

and let BA produced meet CE in E. 

Because the straight line ^C meets the parallels jli?, EC. 

the angle ACE is equal to the alternate angle CAD-, (i. 29.) 

hut CAD, by thehypothesia, is equal to the angle BAB j 

wherefore BAD is equal to the angle ACE. (ax. 1.) 

Again, because the straight line BAE meets the parallels AD, EC, 

the outward angle BAB is equal to the inward and opposite angle 

AEC: 0.29.) 
buttheanglejiC£ has been proved equal to the angle BAD; 

therefore also ACE is equal to the angle AEC, (ax. 1.) 
and consequently, the side AE ia equal to the sido AC : (i. fi.) 
and because AD ia drawn parallel to EC, one of the sides of the tri- 
angle BCE, 

therefore .B-D is to DC, as a^ to ^£; (vl 2.) 

but.d£isequalto./<IC; 

therefore, as BD to DC, so is BA to AC. (v. 7.) 

Next, let BD be to DC, as BA to AC, and join AB. 

Then the angle B^CflhaU be divided into two equal angles by the 

straight line AD. 

The same constmction being mode ; 
la BD to DC, so is B^ to AC; 
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and as BD to DC, so ]aBA to AE, because AD ia parallel to EC ; 
tv.. 20 

therefore flJia to ilC, as BJ to -<£: (v. 11.) 

consequently AC is equal to AE, (v. fl,) 

and therefore the angle Ji'C is equal to the aogle ^CE: (i. S.) 

but the angle AEC m equal to the outward and opposite angle BAD ; 

and the angle ACE is equal 1o the alternate angle CAD: (i. 29.) 

wherefore rdse the angle BAD Ib equal to the angle CAD ; [ax. 1.) 

that ia, the angle BAC is cut into two equal angles by the straight 

VumAD. 

Therefore, if the angle, &c. q-i^.d. 

PROPOSITION A, THEOREM. 

If the oulieard angle of a triangle mads by producing one t^ U* n^^ 
he dvMed into luso equal anglei, fig a straight line, tehiah also cuts the hot* 
praduced ; the aeffmenle belmeen the dividing line and the exlremitiet of Ihl 
bate, have the same ratio »AicA the other eidei of the triangle have to out 
another i and converseli/, if the aegmentt iff the bale produced haee the aamt 
ratio ahich the other aidei nfthe triangle have ; the siratghlline draumfrom 
the vertex to the paint of leetion divides the outward angle of the Irianglf 
into two equal anglei. 

Let ABC he a triangle, and let one of its sides BA be produced to E; 
and let the outward angle CAE be divided into two equal angles by 
the straight line AD which meets the baae produced in D. 
Then SD shall bo to DC, as BA to AC. 



Through C draw CF parallel to AD. (i. 31.) 

And because the straight line AC mceta the parallels AD, FC, 

the angle ^CJi"ia equal to the alternate angle CAD: (i. 29.) 

but CviD is equal to the angle DAE ; (hyp.) 

therefore also DAE is equal to the angle ACF. (ax. 1.) 

Again, because the straight line FAE meets the parallels AD, FC, 

the outward angle DAE is equal to the inward and opposite angle 

CFA: (1.29.) 

but the angle ACF has been prored equal to the angle DAE; 

tliercfore also the angle ACF ia equal to the angle CFA ; (ax. 1 

and consequently the side AF is equal to the ^de AC: (i- ^■) 

and because AD is parallel to FC, a side of the triangle BCF, 

therefore BD a 1* DC, as BA to AF: (vi. 2.) 

but AF JB equal to ^ C ; 

therefore, as -Bfl ia to UC, BO is fl/1 to ^C. (v. 7.) 

Next, let BD l« to DC, a»SAto AC, and join AD. 

The angle CAD shall be eq^ual to the angle DAE. 

The same construction being niade, 

because BD is to DC, as BA to AC; 



BOOK vr, PHOP. iir, iv, lyi 

and that BD is also to DC, aa ^^ to AF; (vi. 2.) 

therefore BA is to AC, as BA to AF: (v. 11.) 

wherefore AC is equal to AF, (v. 9.) 

and the angle AFC equal to the angle ACF: ( i. 6. ) 

but the angle AFC h equal lo the outward angle EAD, (i. 29.) 

and the angle ACFto the alternate angle CAD; 

thireforc also EAD ia equal to the angle CAD. (ox. ].) 

Wherefore, if the outward, Sto. q.b. d. 



PROPOSITION IV. THEOREM. 

The aidti aboal the egttal angles rff equiatiffular Manglei are prapot- 
lianala ; and thoie which are opposite io the equal anglei an homohigiaa 
adei, that w, are the antecederUa or cotaegtietitt nf the TOlioi. 

Let ABC, DCE be equiangular triangles, having the angle ABC 
equal to the angle DCE, and the angle ACB to the angle DEC; and 
consequently the angle BAC equal to the angle CDF. (i. 32.) 

The udeH about the equal onglea of the triangles ABC, DCE shall 
be proportionals ; 

and those shall be the homologous sides whieh are opposite to the 
equal angles. 



Let tho triangle DCE be placed, so that its side CE may be con- 
tiguous to BC, and in the same straiglit line with it. (i. 22.) 
Then, because tho angle BCA is equal to the angle CED, (hyp.) 
add to each the angle ABC ; 
therefore the two angles ABC, BCA are equal to the two angles 

ABC, CED: (as. 2.) 

but the angles ABC, BCA are together leas than two right angles ; 

(1.17,) 

therefore the angles ABC, CED are also less than two right angles : 

wherefore BJ, BiJ if produced will meet; (i. ai. 12.) 

let them he produced and meet in the point F: 

then because the anfjle ABC is equal to the angle DCE, (hyp.) 

BF ia parallel lo CD; (i, 23.) 

and because the angle ACB is equal to the angle DEC, 

J C is parallel to PB; (r. 28.) 

therefore FACD is a paraJlelogram ; 

and consequently AF is equal to CD, and AC to FD : (i. 34.) 

I and because .JCisparaUel to FE, oa« of theaidesof thetriangle.F.^.E, 

BA IB to AF, as BC to CE : (tl 2.) 

but ^i^ia equal to CD; 

therefore, as SA to CD, aoiaBCioCE: (v. 7.) 

and ahemately, as -IB to BC, so is DC to CE ; (v. 16.) 




but the angle ^Ef'- 

and the angle ACl- 

wherefore tuse tlie ;i 

that is, the aagli: 

line ^ A 



1/ the oulivard iinjih <ij 
he divided into two epial aitf • 
produced ; the legmenti 
base, have Ih, 
another ! and com 
ratio which the other lidn n! 
the vertex to the paint (^ 
iitio iao egual angle$. 

Let ABC be a triangle, 
and let the outwan 
the Btrsigiht line AD > 
Thea BD .1 



Througli ( 

AnJ because the =1) ■ 

the angle jIC/" is r.j.. 

but CADin^'::' 

therefore also DJt < 

AguD, because the stnii[,-ii 

the oatward angle D.i' 

CFA: (1.29.) 

but the ai^Ie ACF hr- 

therefore also tlie sngit -' 

and conBequently tbr 

and because AD ' 



therefore ,' 



L Next let each ot ^^J-^^^S"' es at C,F be not leas tfaan ft t 
fcThen tbe triWS" ^^^<~^ * Ji a.l l also in thia cose boeqniani 



The sa-m^ cionstruclion being made, ' 

it may he proved irx Like manner that BC is equal to J 

> and therefore the a.r»srIo at C equal to the angle SG 

but the angle at C is not leas tlian a right angle ; (h; 

therefore the angle JiG^C ia not leas than a right ang 

■oerefore two angles of tlxe triangle BGC are together m 

, two right angles: 

wluch is impossible; (1.17-) 
therefore tbe triangle ^^ JiC may be proved to be eqii 
the triangle BEF, as in tlie first case. 
(fly. 1^* **''^ °^ angles lat C, F, viz. the angle at C, 
■nirle: in thia case likci.v-is<i th.e triangle JfiC shall be e 
the triangle HE^"^ 

A »-=sdc A i 



angle: 



For, if til.. 
L»t the point -B J»„'i!.'^„^' 



y l>e not equiangular, 

, „„^ ^lit line JB make the angle j 

to ae angle DBF; 
B it may be proved, as li» t,lio first case, that BG la eqni 
d therefore the angle .eC^O? equal to the angle BGC: 
but the angle -BCC? is a right angle, (hyp.) 
therefore the angle .B^«:7 is also a right angle; (nx. 
tence two of the angles of the triangle BGC are togeth 
than two right angles ; _ 

which IS impossiHe: (l 17.) 
[ IheiBfore the triangle ABC is equiangular lo the triangl 
^uicrei" vfherefore, if two triangle, &c. ij.e.d. 
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"V"!!!, THEOREM. 

r'B^fi-ndicnlar be drau 
«f<»eA aide of it are tir 



./™ 



^t ABC be .« n^'ef Jo bo d^^. having lie right a 
from the P°?^* Is ^flO. ^-O^^^ l'"P«^"'.V^^'^^ 
Then the ^"^"^ne anothw. sOiaSi te gumiar to thi 

.« ASC, and to <• 



L^t ^aC be .( 
from the p"} 
Then the tri. 
le ABC, and 
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19^ EnCLID''s ELBMBNTS. 

PROPOSITION Vri. THEOREM. 
If (too iriar^tes have one angle of ik» one equal la ei 
other, and the aides about Imo other anglea propnTtioiiali ; then, i/ each ^ 
the remaining anglii be cither leii, or not leis, than a right angle, or if 
on» <^ them be a right angle ; the trianglea ihall be eqjiiaiigalar, and ihaB 
have thou anglei equal aboat tahich the aides are proportiet 

Let the two triangles ABC, DEF have one angle in the one equal 
to one angle in the oUier, 
viz, the angle BvlCto the angle £ZI J", and the sides ahout two other 
angles ABC, DEJ'' proportionals, 

so that AB U to BC, as BE to EF; 
and in the first case, let each of the remaining angles at C, F be l 
than a right angle. 

The triangle JBC shall be equiangular lo the triangle JDiTJi', 

viz. the angle ABC shall be equal to the angle DEF, 

and the remaining angle at C equal to the remaining angle at F. 



.^: A 



Fot if the angles ABC, BEF be not equal, 

one of them must be greater tlian the other: 

let ABC be the greater, 

an<J at the point if, in the straight line AB, 

make the angle ABG equal to the angle DEF; (i. 33.) 

and because the angle at A is equal to the angle at D, (hyp.) 

and the angle ABG to the angle DEF\ 
the remaining angle JGB is equal to the remaining angle DFff J" 

(i. .?2.) 

therefore the triangle ABG is equiangular to the triangle BEF: 

wherefore as ^B is to BG, so is DE to EF: (vi. 4.) 

but as DE to EF, so, by hvpothcsis, is AB to BC; 

therefore as ^B to 5C, so IS .4B to BGi {v. ll.) 

and because AB has the same ratio to each of the lines BC, BO, 

BC is equal to BG ; (v. 9.) 

and therefore the angle BGCis equal to the angle BCG: fL 6.) 

but the angle BCG is, by hypothesis, less than a right angle ; 

therefore also the angle BGC is less than a right angle • 

and tiicreforo the adjacent angle AGB must be greater than a ririit 

angle; (i.ia) 

but it was proved that the oji^le AGB is equal to the angle at F; 

therefore the an^leati^ia greater than a right angle: 

but, by the hypothesis, it is less than a right angle ; which is absard. 

Therefore the angles ABC, DEF are not unequal, 

that is, they are equal : 

and the angle at ^ is equal lo the angle at D; (hyp.) 

wherefore the remdning angle at C is equal to the remaining ancle at 

Ft (1.32.) 

therefore the triangle ABC is equiangular to the triangle DEF. 
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Next, let each of the angles at C, F be not less than a rig;ht angle. 
Then the trianglo ABC BhaU also in this case be cquiongulaT to the 
triangle DEF. 



M 



E F 



The same consfmction beinR made, 

it may be proved in like manner that BC is equal to BG, 

and therefore (he angle at C equal to the angle BGC: 

but ilio angle at C ie not less than a right angJe ; (hyp.) 

therefore the angle BGC is not less than a right angle : 

wherefore two angles of the triang'le BGC are together not less than 

two right angles : 

which is impossible ; (i. 170 
and therefore the triangle ABC may be proved to be equiangular to 
the triangle DEF, as in the first case. 
Lastly, let one of the angles at C, F, viz. the ang'Ie at C, be a right 
angle : in this case likewise the triangle ABC shall be equiunguJar 
to the triangle DEF. 



A b4 

B C ^rt 
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For, if they be not equiangular, 
at the point B in the straight line AB make the angle ABG equal 
to the angle UEi^j 
then it may be proved, as in the first case, that BG is equal to BC: 
and therefore the angle BCG equal to the angle BGC : (l 5.) 
but the angle BCG is a right angle, (hyp.) 
therefore the angle BGC is also a right angle ; {as. 1.) 
vhenco two of the angles of the triangle BGC are together not less 
than two right angles ; 

which is impossible: (i. 17.) 

therefore tlie triang-le ABC is equiangular to the triangle DEF. 

Wherefore, if two triangles, &c. 4.B.D. 



PROPOSITION Vril. THEOREM. 

tn a right-angled triangle, if a perpendicular ht cfraufn from tha right 
^lngle lo tha base ; the triangles an each aide of it are similar to i!ie inhole 
triangle, and ta one another. 

Let ABC be a right-angled triangle, having the right angle BAC ; 
and from the point A let AD be drawn perpendicular to the oase BC 

Then the triangles ABD, ADC ahatl be similar to the whole tri- 
angle ABC, and to one another. 



suclid's elements. 



Becanse tbe angle BA C u equal to the angle ADB, each of them 
being a right angle, (ax. II.) 
and tJiat the angle at B ia common to the two triangles ABC, ABDi 
the remainmg angle ACB is equal to the remaining angle SAD; 

{L 32.) 
therefore the triangle ABC ia equiangular to the triangle ABD, 
and the sides about their equal angles are proportionaJa ; (vi. 4.) 

wherefore the triangles are similar; (vi. def. 1.) 
in the like manner it may he demonstrated, that the triangle ADC 

is equiangular and similar to the triangle ABC. 
And the triangles ABD, ACD, being both equiangular and etmilar 
to ABC, are equiangular and similar lo each other. 

Tbereforc, in a righ.t'.aDgled, &e. q.e.d. 
Cob. From tliis it is manifest, that the perpendicular drawB from 
le right angle of a right-angled triangle to the base, is a mean propor- 
ooal between the segmenta of the base ; and bIbo that each of the 
des is a mean proportional between the base, and the segment of it ■ 
adjacent to that side : because in the triangles BDA, ADC ; BD is to 
DA, as DA to DC ; (vi. 4.) 

and in the triangles ABC, DBA ; BCisto BA, as BA to BD ; (vl 4.) 
and in the triangles ABC, ACD ; BC is to CA, aa CA to CD. Cvi. i.) 



PROPOSITION IX. PROBLEM. 

From agioen ilraighl line lo cut off ant/ pari requiriJ. 

Let AB be the giren straight line, 
required to cat off any part from it. 



d 



From the point A draw a straight line AC, making any angle with AB} 
and in AC take any point D, 
and take AC the aame multiple of AD, that AS is of the part 
which ia to be cut off from it ; 

join BC, and draw DE parallel to CB. 

Then AE shall be the part required to be cut off. 

Because ED h pawllel to BC, one of Uie sides of the triangle ABC, 

aa CD is to DA, so is BE to EA ; (vi. 2.) 

and by composition, CA ia to AD, as £^ to AE : (v. 10.) 



r — ■ 

■ but CA iaa multiple of AD ; (conatr.) 

■ therefare BA is the saniu multiple of AE : (v. d.) 

I whatever part therefore AD ii of AC, AE is the same port ot AB: 
W wherefore, from the straight line AB the part required is cut off. 

PROPOSITION X. PROBLEM. 

To divide a given alraighi Hat timtlarlg lo a given divided straight lin», 
that ii, in(D parti that thall havg the lame ralioa lo one another ahieh tie 
partt qflht divided giotn ilraighl lint have. 

Let AB be the straight line given to be divided, and AC the divided 
It is required to divide AB umilarly to AC. 



Let ACha divided in the points D, E; 

and ^A AB, AC be placed so as to contain any angle, and join BC, 

and through the points D, E draw DF, EG parairels to BC. (i- 31.) 

Then AB shall be divided in the points F, G, aimilarly to AC. 

Through D draw BHS parallel to AB : 

therefore each of the figures, Fff, HB is a parallelogram ; 

wherefore DH is equfd to FG, and HK XoGB: (i. 34.) 

and because HE is parallel to EC, one of the sides of the triangle 

DAT, 

as CE to ED, so is Kn to HD : (vi. 2.) 

hut KH is equal to BG. and HD to GF : 

therefore, as C-E is to ED. bo is BG to GF : (v. 7.) 

again, because FD is parallel to GE, one of the sides of the triangle 

AGE, 

as EjD is to DA, soa GFio FA: (vt. 2.) 

therefore, aa has been proved, as CE is to ED, so is BG to GF, 

and as £D is to D^, so U Gi^ to F^ : 

therefore the given straight line AB is divided similarly to AC. <tM.v. 

PROPOSITION XI. PROBLEM. 

To find a third pToportional to lino given straight linei. 

Let AB, AC be tlie two given straight lines. 

It is required to find a third proportional to AB, AC. 



r«I<et AS, AC be placed so as to contain any angle : 
produce AB, AC to the points D, E ; 
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and make SB equal to AC ; 
join BC, and through D, draw DE jiaraUel to BC. (i. 31.) 

Then CE shall be a third proportional to AB and AC. 

Because BC is parallel to DE, a side of the triangle ADE, 

ABiaioBD.aaACXaCE: (vi.20 

bntBDia equal to ^IC; 

therefore aa ^-B is to AC, so ia ^C to CE. (v. 7.) 

Wliercfore, to the two given straight lines AB, AC, a tiurd pith. 

portional CE is found. q.e,f. ' 

PROPOSITION Xir. PROBLEM. 

To find a fourlh proporlionai to Ibree fitiett alraight linet. 

Let A, B, C be the three given straight lines. 

It is required to find a fourth proportional to A, B, C. 

Take two straight lines DE, DF, containing any angle EOF : 

and upon these miuce DG equal to A, GE equal to B, and Z)H eqnil 

to C; (i. 3.) 



join GH, and through E draw EF parallel to it. (i. 31.) 
Then Hi^ shall bo the fourth proportional lo A, B, C. 
Because GH is jarallel to EF, one of the sides of the triangle DEF, 
DGisto GE, aa DHXaHF; (vi. 2.) 
but DG is equal to A, GE to B, and DH to C ; 
therefore, as/listoS, BOisCto HF. (v. 7.) 
Wherefore to the three given straight lines A, B, C, a fourth pro- 
portional HF ifl found, o. e. f, 

PROPOSITION XIII. PROBLEM. 
Tefind a mean propartional between (too jitien ttraight linei. 

Let AB, BC be the two given straight lines. 
It ia required to find a mean proportional between them. 



^h 



BC 

Place AB, BC in a straight line, and upon AC describe the semi 
tilde ADC, 

and from the point B draw BD at right angles to AC. (u 11.) 

Then BD shall be a mean proportional between AB and BC 

Join AD, DC. 



And becanae the angle ADC in a aemicitcle ia a right aoglc. Cm. 31.) 
aod because in the right-angled trianglo ADC, BD is drawn from 

the right angle perpendicular to the base, 
DB is a mean proportional between AB, BC tLe segments of the 

base: (vi. 8. Cor.) 
therefore between the two given straight lines AB, BC, a meaa pro- 
portional DB ia found, n- v.. f. 



PROPOSITION SIV, THEOREM. 

Equal parallelogram, xthich have one angle of /&< ona equal h ens 
angle of Ihe other, have Iheir tidei about the equal angiea reeipracally pro- 
poTlionali and eonoeraely, parolUlagrama that have OTte angle of the one 
equal to one angle of Ihe other, and their sidei about Ihe equal aaglet reci- 
procally proportional, are equal lo one another. 

Let AB, BC he equal paralielograms, which hare the angles at B 

The sides of the parallelograms AB, BC about the equal aaglea, 
shall be reciprocally proportional ; 

that is, DB shall be to BE, as GB to 3F. 



Let the aides DB, BE be placed in the aame straight line ; 
wherefore also FS, AG are in one atnught line : (i. 14.) 
complete the parallelogram FE. 
And becaiise the parallGlogram AB ia eqnal to BC, and that FE ia 
another parallelogram, 

AB h to FE, Bt BC to FE: (v. 7-) 
but aa AB lo FE, so is the base DB to BE, (n. 1.) 

and as BC to FE, so is the base GB lo BF ; 
therefore, as DB to BE, so is GB to BF. {v. 11.) 
Wherefore, the aides of the paraUelogT«mB.^B,BC about their eqnal 
angles are reciprocally proportional. 
Next, let the sides about the equal angles be reciprocally proportional, 
viz, as DB to BE, so GBtoBF: 
the parallelogram AS shall be equal t*) the parallelogram BC, 
Because, as DB to BE, mh GBtoBF; 
and as DB to BE, so ia the paraUelogram AB to the parallelogram 
FE; (VI. 1.) 
Bnd as GB to BF, so is the parallelogram BC to the parallelogram FE ; 
therefore 03 AB to FE, ao BC to FE: (v. 11.) 
therefore the parallelogram AB is equal to the parallelogram BC, 
(v. 9.) 

Therefore equal parallelograms, 8:c. 



Equ 
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PROPOSITION XV. THEOREM. 



Equal IriangUi vihick have one angle <if the tm> equal to one atigU tf 
Ihe other, have Iheit sides aboHt the equal angles recipracallg pTaparlionalt 
md eonverieis, Iriangta vrkich have one angle in Ihe orw equal to one at^b 
in the other, and their sides about the equal angles recipropallg praporlionai^ 
are eqval to one another. 

Let ABC, ABE be equal triangles, which have the aogle BAC 
equal to the angle DAE. 

Then the aides about the equal angles of the triaoglea sball be re- 
piprocalfy proportional ; 

that is, CA shall be to AD, aaEAUtAB. 



Let the trianglea be placed so that tlieir udes CA, AD be in one 
straight line; 

wherefore also EA and AB arc in one straight line ; (i. 14.) 
and join BD. 
Because the triangle ABC ia equal to the triangle ADE, 
and that ABD ia another triangle ; 
therefore as the triangle CAB, is to the triangle BAD, an is tha 
triangle ^SZtto the triangle DAB ; (v. 7.) 
but as the triangle CAB to the triangle BAD, so is the base CA 
tothebase^D, (ti, 1.) 
and as the triangle EAD to the triangle DAB, so is the base EA to 
the base ^B; (vi. 1.) 

therefore as CA to AD, ho is £J to AB : (v. 11.) 
wherefore the sides of the triangles ABC, ADE, about the eqnal 
angles are reciprocally proportional. 
Nest, let the sides of the triangles ABC, ADE about the equal 
angles be reciprocally proportional, 

viz. C^ to JO as EA to AB. 

Then the triangle ABC shall be equal to the triangle ADB. 

Join BD as before. 

Then because, as CA to AD, bo ia EA to AB ; (hyp.) 

and as CJ to AD, so is the trumgle ABC to the triangle BAD; 

and as £'J to AB, so is the triangle EAD to the triangle BAD; 

(TI- 1.) 

therefore as the triangle B.iC to the trinngleSJD, so is the triangle 



that is, the trianelea BAC, EAD) 

SAD: 
wherefore the^triangle ABC is cgual I 
. equal triangle 



Luc tnangle 
Tlierefon 



the same ratio to the Iriangla 
3 the triangle ADE. (v. 9.) 
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PROPOSITION XVI. THEOREM. 
r ilraighl Uiut be pmporlwnali, the Ttelanglt eonfainnJ hg Ikt 
!■ u eqtiai to the realangle contnintd by Iha meam : and cimverulg, 
y the rectangle mnlained by the exiremes he equal to the rectangle «n- 
tained by the means, Ihe/otr straight Una are praporlionala. 

Let the four strwght lioes AB, CD, E, F lie proportionals, 
viz. as.4BtoCfl,soEtoJ^. 
The rectangle contained by AB, F, shaU be equal to the rectangle 
cont^ned by CD, E. 



U\] 



From the points A, C draw AG, CH at right angles to AB, CD : 

(.. 11.) 

and make AG equal to F, and CH equal to E ; (i. 3.) 

and complete the parallelograms BG, DS. (i. 31.) 

Because, as AB to CD, so is .E to F; 

and that E is equal to CH. and J^ to JG ; 

.,4b is to CD aa CH to .dG : (v. 7-) 

therefore the sides of the parallelograms BG, DII about the equal 

angles arc reciprocally proportional ; 
but parallelograuiB whiuh have their sides aboat equal onglcB led- 

procally proportional, are eqnaltoone another; (vi. 14.) 

therefore tho parallelogram BG is equal to the parallelogram DBi 

but the parallelogram BG is contained by the straight lines AB, F; 

because AG is equal to F; 

and the parallelogram DH is contained by CD and E ; 

because CH ia equal to E ; 

therefore the rectangle contained by the straight lines AB, F, is 

equal to that which is contdned by CD and E. 
And if the rectangle contained by the stnught lines AB, F, be eqnal 
to that which is contained by CD, E ; 

these four lines shall be proportional, 

viz. AB shall be to CD, taEtoF. 

The same construction being made. 



and that the rectangle BG is contiuncd by AB, F; 
because JG is equal to /■; 
and the rectangle DH by CD, E ; because CH is equal to E ; 
therefore the parallelogram BG is equal to the paraOelogram DH; 
(ax.1.) 

and they are equiangular : 
hut the sides about tho equal angles of equnl parallelograms are 
reciprocally proportionoT; (v:. 14.) 



I hut the B 
I reciproi 



IS AB to CD, so ia CJ? to AG, 
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Int Cff is equal f o ^, BnAAGtoF; 

tlierefbre asABiato CD, bo is E to F. [v. 7.) 

Wherefore if four, &c. O-b.d. 

PROPOSITION XVIL THEOBEM. 
If three tlraighl I'met be proporlionah, She reatangle eontained Sy At 
extremes is equal lo the »^uare of the mean ; and conversely, if the reetangb 
eontained bg the extremei be egual la the tguare of the mean, the thru 
tlraighl linea are proporlionata. 

Let the three straight lines A, S, C be proportionals, 

viz. asAto B,soBloC. 

The rectangle contained by A, C shall be equal to the square of B. 



D" 



1 



Take D equal to B. 
And because aa ^ to B, so £ to C, and that B is equal to D; 

^isto£, asi) to C: (v. 7.) 
but if four straight lines be propottionals, the rectangle contained 
by the extremes is equal to that wnich is contained by the means: 
(J,.>GL) 
therefore the rectangle contained by J, C is equal to that contmned 
by .B, D ; 
hut the rectangle contained by B, D, is the square of S, 
because B is equal to D : 
therefore the rectangle contained by A, C, is equal to the square of Bl 
And if the rectangle contained by A, C, ie equal to the square a!S, 
then A shall hs to B, as fi to C. 
The same constructjon being made, 
because the rectangle contained by A, C is equal to the square of B, 
and the square of i is equal to the rectangle contwned by B, D, 

because B m equal to Z> ; 
therefore the rectangle contained by^, C, is equal to that contained 

h:fB,D: 
hut if the rectangle contained by the extremes be equal to that con- 
tained by the means, the four straight lines are proportionals: (vi.16.) 
therefore .4 is to B, as i) to C: 

but B is equal to Ji ; 

whei'cfore, as ^ to B, so B to C. 

Therefore, if three straight lines, &c. o. b. d. 

PROPOSITION XVIII. PROBLEM. 

Upon a ^hun itraighl Una lo describe a rectilineal figure itmifor, mid 
timilarlu ntualed, la a gioen reetUine-at figttre. 

Let AB be the given straight line, and CDEF^a ^ven rectilineal 
figure of foDi ndes. 
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It is teqnired ■upon the pven atraieht line jiB to describe a rectili- 
neal fignie similar, and Bimilnrly situated, to CHEF. 



Join DF, and at the points A, B m the straight line AB make the 
angle BAG equal to the angle at C, (i, 23.) 

and the an^le ABG equal to the angle CDF; 
therefore the remaining angle^G^ is equal to the remaining angle 
CFD : (I. 32. and ax. 3.) 
therefore the triangle FCD h equiangular to the triangle GAB: 
again, at the points G, B, in the atraight line GB, make the angle 
BGH equaJ to the angle DFE, (i. 23.) 

and the angle GBH equal to FDE ; 
therefore the remaining angle GHBia equal to the remaining angle 
FED. 

and the triangle FDE equiangular to the triangle GBH : 
then, because the angle AGB ia equal to the angle CFD, and BGIt 
to DFE. 

the whole angle JG/T is equal to the whole CFE; Cax.'2,) 
for the same reason, the angle ABH is eqoal to the angle CDE : 
also the angle at ^ is equal to the angle at C, (constr.) 
and the angle GHB to FED : 
therefore the rectilineal figure ABIIG is equiangular to CDEF : 
likewise these figures have their sides about the equal angles pro- 
portionals ; 

because the triangles GAB, FCD being equiangular, 

BA in to AG, as CD to CF; {vi. 4.1 

and because AG is to GB, us CF to FD ; 

and as GB is to GH, so is /■!) to FE, 

by reason of the equiangular triangles BGH. DFE, 

therefore, ex ffqnaU, AG is to GH, as CF to FE. (j. 22.) 

In the same manner it may he proved that ^JB is to BH, as CD 

to DE: 

and GH is to H3, as FB to ED. fvi. 4.) 
Wherefore, because the rectilineal &guiesABHG, CDEF ate equi- 

I angular, 
and have their sides about ihe equal angles proportionals, 
they are similar to one another, (vi. def. 1.) 
Next, let it be required to describe upon a given straight line AB, 
a rectilineal figure similar, and similajlyaituated, to the rectiUncal figure 
ZtiTEF of five sides. 

Join DE, and upon the given straight line AB describe the rectili' 
neal figure ABHG similar, and similarly situated, to the quadrilateral 
_ figure DEF, by the former case : 

K and at the points B, H, in the straight line BH, make the angle 
■ HBL equal to the angle EDK, 

H and the angle BHL equal to the angle DEK; 
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therefore the wmainiiig imgle sALia equal to the remaining angk 
at K. {i. 32. and ax. 3.) 

And because the figures ABHG, CDEF are similar, 

the angle GHB is equal to the angle FED : (vi. dcf. J.) 

and BHL ia equal to DEK; 

wherefore the whole angle GHIj is equal to the -whole angle FEK; 

for the same reason the angle .^451. is equal to the angle COK: 

therefore the five-sided fibres AGHLB, CFEKD are eqaiaugular: 

and because the hgures AGHB, CFEU are similar, 

GH\aVilIB,a^FESaEIi; {vi. def. 1.) 

butaa.HBtofl'i, soisfiDto£^; (vi. 4.) 

therefore, ex lequali, Gi/ is to ITZ,, as F£ to Eff: (v. 22.) 

for the same reason, AB is to BL, as CD to DK: 

andBiistoi^, asfli"to^£, (vi. 4.) 

because the triangles BL.H, DKE are equiangiilar ; 

therefore because the five-sided figures jlf.'ifLB, CFEKOtae eqni- 

and have their sides ahout the equal angles proportionals, 
they are similar to one another. 
In the same manner a rectilineal figure of six aides may be descril>ed 
upon a given att^ght line similar to one given, and so on. o. e. r. 



PROPOSITION XIX. THEORKM. 

SimiluT triangles are la one aiMlher in the daplicaU ratio of their kimw 
logmt tides. 

Let ABC, DEF be similar triangles, liaving the angle B equal to 
the angle E, 

and let AB be to BC, as DE to EF, 

80 that the side BC may be homologous to EF. (v. def. 12.) 

Then the triangle ABC shall have to the triangle DEF the dapii- 
cate ratio of that which BC has to EF. 



A 



Take BG a third proportional to BC, EF, (vi. 11.) 

SO that BC may be to EF, as EF to BG, and join GA. 

Then, because, as J£ to BC, aoDEto EF; 

alternately, ^.S is to D£, OS BC to £F; (v. 16.) 

but as BC to EF, so ia £F to BG ; (constr.) 
therefore, as /IB to DE, so is £F to BG: (v. 11.) 
therefore the sidesof the triangles .^BG,D£F, which are aboat the 

equal angles, are redprocaUy nropocMonol : 
but triangles, which have the sides about two equal angles recipro- 
cally proportional, are equal to one another; (vi. IS.) 
therefore the triangle ABG is equal to the triangle DEFi 
andbecauseasBCiatoifF, soFFto BG; 
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and that if three strd^ht lines be proportionala, the first is siiid to 
have to the third, the duplicate ratio of that which it has to tlie second: 
(v. def. 10.) 

therefore flChaa to BG the dnplicate ratio of that which BChax to EF: 
but aa SCis to BG, ao is the triangle ABC to the triangle ABG ; (vi. 1.) 
therefore the triangle ABC has to the triangle ABG, the duplicate 
ratio of that which SC lias to EF: 

but the triangle ABG is equal to the triangle DEF; 
therefore also the triangle ABC liaa to the triangle DEF, the dupli- 
cate ratio of that which BC has to EF. 

Therefore similar triangles, Sto. o.b.d. 
Cor. From this it is manifest, that if three straight lines he pro- 
portionals, as the first is to the tliird, so is any triangle npou the first 
to a similar and similaily described tnangle upon the second. 

PROPOSITION XX. THEOREM. 

Simitar potygmw may be divided into the same mimher of itrnifar tri- 
angUt, having tht lame ratio la one ann-fAtr that the polggom have ; and the 
polggom have to one another the dupiicale rafio of thai tchich their hamO' 
hgoui sidei have. 

Let ABODE, FGHKL be similar polygons, and let AB be the 
aide homoiogoua to FG : 

the polygons ABODE, FGHKI. may de divided into the same 
number of similar triangles, whereof eacii stiall have to eacli the same 
ratio which the polygons have ; 

and the polygon ABODE shall have to the polygon FGHKL the 
duplicate ratio of that which the side AB has to the side FG. 

V^ "" " 

Join BE, EC, GL, LH. 

And because the polygon ABODE is similar to the polygon FGHKL , 
the angle BAE is equal to tlio angle GFL, (vi. def. 1.) 
and BA is to AE, as GF to FL : (vi. def, 1.) 
therefore, becansc the triangles ABE, FGI. have an angle in one, 
equal to an angle in the other, and their sides about these equal angles 
proportionals, 
the triangle ABE is equiangular to the triangle FGL : (vi. 6.) 
and therefore similar to it; {vl. 4.) 
wherefore the angle ABE is equal to the angle FGL: 
and, because the polygons are similar, 
the whole angle ABC is equal to the whole angle FGH; (vr. def. 1.) 
therefore the remaining angle EBC is equal to the remaining angle 
LGB: (i. 32. and ax. 3.) 

and because the triangles ABE, FGL are atmilar, 
EB is to BA, as LG to GF; (vi. 4.) 
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and aiao, because the polygons are similar, 

AB ia ioBC, as FG to GH; (vi. def. 1.) 

therefore, ex tequali, EB is to BC, as LG to GH ; 

tliat ia, the eidea about the equal angles £JC,iGH are proportionals; 

therefore, the triangle EBC is equiangular to the triangle LGB, 

[yi. 6.) and sitnil^ to it; (vi. 4.) 
for the same reason, the triangle ECD likewise is Bimilar to the tri- 
angle LHK: 
the simi 
le number ol 

Also these triangles shall have, each to each, the same ratio whid 

the polygons have to one another, 

the antecedents being- JB£',J?SC,ECD,and the consequents J^'GZ^ 

LGH, LHK: 

and the polygon ABCDE shall have to the polygon FGHKL th« 

duplicate ratio of that which the side AB has to the homologoni 

side EG. 

Because the triangle ABE is similar to the triangle FGL,, 
^BEhas to /"GZ,, the duplicate ratio of that which the side B£ha» 

toihosideG/.: (vi. 19.) 
for the same reason, the triangle BEC has to GLH the duplicate 

ratio of that which BE has to GL : 
therefore, as the triangle ABE is to the triangle FGL, bo is thi 

triangle BEC to the triangle GLH. (v. 11.) 
Again, because the triangle EBC is similar to the triangle LGH, 
EBC lias to LGH, the duplicate ratio of that which the side £Chaa 

to the side LH: 
for the same reason, the triangle ECD has to the triangle LHK, the 

duplicate ratio of that which EC has to LH i 
therefore, as the triangle EBC ia to the triangle LGH, so is the tri- 
angle -ECD to the tiiangle Lffff: Cv. 11.) 
hut it has been proved, 
that the triangle EBC is likewise to the triangle LGH, oa the tri- 
angle ABE to the triangle FGL : 
therefore, as the triangle .IBElo the triangle J^GZ, so is the triangle 
EBCto the triangle LGH, and the triangle BCD to the triangle LHK: 
and therefore, as one of the antecedents is to one of the consequents, 

so ore all the antecedents to all the consequents; (v. 12.) 
that is, as the triangle ABE to the triangle FGL, so is the polygon 

ABCDE to the polygon FGHKL : 
but the triangle ABE has to the triangle FGL, the duplicate ratio of 

that which the side,.4Bhas to the homologous side FG; (vi. IS.) 

therefore also the polygon ..^BCU^ has to the polygon FGWKi the 

duplicate ratio of that which .lij has to the homologouB dde FG. 

Wherefore, similar polygons, &c. Q. K. D. 
Cor. 1. In like manner it may be proved, that similar four-sided 
figures, or of any number of aides, are one to another in the duplicate 
ratio of their homologous sides ; and it has alieady been proved in tri- 
angles: (vi. 19.) therefore, univcrsaJly, similar rectilineal figures are t» 
one another in the duplicate ratio of their homologous sides. 

Con. 2. And if to AB, FG, two of the homologouB sides, a tbird 
proportional M be taken, (vi. 11.) 
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1 of that which AB has la FG: 

but tho foar-sided figure or polygon upon AB, has to the four- 
sided figure or polygon upon FG likewise the duplicate ratio of that 
which AB hsBtoFG; (vi. 20. Cor. 1.) 

therefore, aa AB ia to M, so is tho figure upon AB to the figure 
upon J'G: (v.ll.) 

which was also proved in triangles: (vi. 10. Cor.) 
therefore, univeraolly, it is maDifcat, that if three straight lines be 
proportioDttls, as the first is to the third, so is any rectiiincal figure 
upon the first, to a similar and similarly described rectilineal figure 
upon the second. 

PROPOSITION XXI. THEOREM. 

Rectilineai figvrei vihich are similar ia the lanu rectiliiieal figure, art 
alio similar to one another. 

Let each of the rectilineal figures A,BbB siniilar to the rectilineal 
figure C. 

The figure A shall be similar to the figure B. 



A A 



Because A ia similar to C, 
they are equiangular, and alao have their sides about the equal 
angles proportional : (vi, def. 1 .) 

again, because B is similar to C, 
they are equiangular, and have their sides about the equal angles 

proportionals; (vr. dct I.) 
therefore the figures A, S are each of them equiangular to C, and 
ave the aidea about the equal angles of each of them and of C pro- 
portionals. 

Wherefore the rectilineal figures A and B are" equiangnlar, 
(t. ax. I.) and have their sides about the equal angles proportionals : 
{V. 11.) 

therefore A is similar to B, lyi. def. 1.) 
Therefore, rectilineal figures, &c. q.E.n. 

PROPOSITION XXII. THEOREM. 
tf four straight Rnes be proportianah, the timilar rectilineal figures 
ttnilarlji deieribed upon them shall also be proporlianalt ; and conversely, 
jf the similar Teclilineal figures limilarJy described apoa /our straight lines 
it proportionals, Ihoie straight lines shall be proportionals. 

Let the four straight lines AB, CD, EF, GH be proportionals, 

y\z.ABiaCD,a&EFio GH; 
and upon AB, CD let the similar rectilineal figures KAB, LCD be 

similarly described ; 
and upon EF, OH the similar rectilineal figurea MF, NH, in like 
manner: 
the rectilmcal figure KAB shall be to LCD, as MF to NH. 
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To AB, CD take a third proportional X; (vi. ] 10 

and to EF, GH a third proportional O : 

and because AB ia to CD as EF to GH, 

therefore CD Is to X, as GHlo O ; (v. 11.) 

whe»fore,exEcquali, aa JfltoX, BoEJ^toO: (v. 22.1 

bnc BB AB to X, BO ia the rectilineal figure KAB to the recUUned 

figure LCD, 
and as EF to O, so is the rectilineal figure MF to the rectUincsl 
figure NH: (vi. 20. Cor. 2.) 

therefore, as KAB to LCD, so is MF to NU. (v. ll.l 

And if the rectilineal figure KAB be to LCD, aa MF to NH; 

the straight line AB shall be to CD, as EF to Gff. 

Make aa AB to CJ), so i'f to PR, (v:. 12.) 

and upon PR descKbe the rectilineal figure SR similar and nmi- 

larly situated to either of the figures MF, NH: (vi. 18.) 

then, because aaABto CD, bo is EF to PR, 

and that upon AB, CD are described the dmilar and aimilarir 

situated rectilineals KAB, LCD, 

and upon EF, PR, in like manner, the similar rectilineals MF, 

therefore KAB is to LCD, as MF to SR : 

hnt hy the hypothesis KAB is to LCD, as i>/F to NH; 

and therefore the rectilineal MF having the same ratio to each of the 

two NH, SR, 

these are equal to one another ; (y. 9.) 
they are also scmilar, and aimilarl; utoated ; 

therefore GH is equal to PR : 

and because as AB to CD, so is EF to PR, 

and that PR is equal to GH; 

AB is to CD, as EF to GH. (v. 7.) 

If, therefore, four straight lines, &c. «, b. d. 

PROPOSITION XXIII. THEOREM. 

EgiiiangTilar parallelosrama have la one anolher Ikt ratio tehieh ii I 
compouJided of the ralioi of thdr tidea. 

Let AC, CF be equiangular parallelograms, having the angle BCD | 
equal to the angle ECG. \ 

Then the ratio of the paralleloKram AC to the parallelogram OF, 
shall be the same with the ratio which is compounded of the n ' 
their aides. 

D H 
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Let BC, CG be placed in a straight line ; 

thcieforc DC and CE are also in a straight line; (t. 14.) 

and complete the parailelogTam DG ; 

and taking any straight line K, 

make as BC to CG, aoKtoL; (vi. 12.) 

and aa DC to CE, so make Lto M; (vi. 12.) 

therefore, the ratios of K to L, and L to M, are the same with the 

ratios of the sides, 

viz. ofBCto CG, and DC to CE: 
but the ratio of S tu M ia that which ia said to be compounded of 
the ratios of JTto Z, and Z, to JM" ; (v. def. a.) 
therefore K has to M the ratio compounded of the ratios of the sides : 
and because as BC to CG, so is tlte parallelogram AC to the paral- 
lelogram CH; (Tl. 1.) 

but aa -BC to CG, BO is i: to /. ; 
therefore K is to L, as the paraLlelograni AC Ut the paraUelogram 

CH: {V. 11.) 
again, because as DC to CE, so is the pai&lIcIognLm CH to the 
puallelogram CF; 

bul aa DC to CE, BO a L to M; 
wherefore Z. is to M, aa the paraUelogram CH to the parallelogram 
CF; (v. 11.) 

therefore, since it has been proved, 

that aa iT to Z^ BO is the parallelogrant AC to the parallelogram CH \ 

and aa i to M, so is the parallelogram CH to the parallelogram CF; 

ex a^quali, JT ia to M, as the parallelogram AC to the parallologram 

CF: (V. 22.) 

bnt X has to 2lf the ratio which ia compounded of the ratios of the 

therefore also the parallelogram AC has to the parallelogram CF, 
the ratio which is compounded of the ratios of the sides. 
Wherefore, equiangular parallelograms, &c. a- e. d. 

PHOPOSITION XXIV. THKOREM. 

ParaUelagTnmi about the diameter of any paTotUlogram, are timilar lo 
ttf aholi, and lo one another. 

Let ABCD be a parallelogram, of which the diameter is AC ; 
and EG, HK parallelograms about the diameter. 
The parallelograms EG, HK shall be similar both to the whole 
parallelogram ABCD, and to one another. 




le DC, OF are parallels, 
the angle ADC U equal to the angle AGF: (i. 29.) 
for the same reason, because BC, EF are parallels, 
the angle ABC is equal to the angle AEF: 
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and each of the angles BCD, EFG is cqnal to the apposite angk 
DAB, (i. 34.) 

and therefore they are equal to one another : 
wherefore the paralleloKrams ABCD, AEFG, are equiangolar: 

and because the an^e ABC is equal to the angle AEF, 

and the angle BAC common to the two Irianglea BAC, EAF, 

they are equiangular to one anotner ; 

therefore as ^B to flC, so is AE to EF: (vi.4.) 

and because the opposite sides of parsllelograms are equal to one 

another, (i. 34.) 

ABie^oADDaAEtoAG; (y. 7-) 

and DC to CB, aaGFtoFE; 
and also CD to DA, as FG to GA : 
therefore the sides of the parallelograms ABCD, AEFG about tha 
equal angles are proportionals ; 
and they are therefore similar to one another; (vi. def. 1.) 
for the same reason, the parallelogram ABCD is umilar to the 

parallelogram -FJrCiT: 
wherefore each of the parallelograms GE, KH ia ^milar to DB: 
hut rectilineal figures which are similar to the same rectilineal figure, 
are also similar to one another : (vt. 21.) 

tiierefore the parallelogram GE is similar to KH. , 
Wherefore, parallelograms, &c. o. e. d. 



PROPOSITION XXV. PROBLEM, 

To dtscriba a reclilineal figure urhich ihali be aimilar to one, and agual 
to another given Teelilineal figure. 

Let ABC be the given rectilineal figure, to which the fi^re to be 
described is required to be aimilar, and D that to which it must b« 

It is required to descritw a rectilineal figure similar to ABC, and 
equal to D. 



Upon the straight line SC dcBcribe the parallelogram BE eqnal to 
the figure ABC; (i. 45. Cor) 
also upon CE describe the parallelogram CM equal to D, (i. 4fi. Cor.) 
and having the angle FCE equal to the angle CBL : 
therefore BC and CF are in a straight Ime, as also LE and EM: 
(I. 29. and 1. 14.) 
between £Cand C/'find a mean proporlional Gff, (vi. 13.) 
and upon GH describe the rectilineal figure KGH similar and simi- 
laily aillinted to the figure ABC. (ti, 18.) 

Because BC a to GH as GH to CF, 
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anj that if three strtught linca l>c proportionnb, aa the first is to 
the third, so is the figure upon the firat to the simUBr and similarly 
described figure upou the seoond ; (vi. 20, Cor. 2.) 
therefore, as BC to CF, so is the rectilineal figure ABC to KGH: 
but as BC to CF, so is tlie parallelogram BE to the parallelogram 

EF; (VI. 1.) 
therefore as the rectilineal figure ABC is to KGH, so is the paial- 

lelogram BE to the paralleTogrHm EF: (v. 11.) 
and the rectilineal figure ABC is equal to the parallelograni BE; 

(constr.) 
therefore the rectilineal figure KGH ia eqnal to the paraUelogram 
EF: (v. 14.) 

but EF is equal to the figure D ; (constr.) 
wherefore also KGH is equal to D : and it is similar to ABC. 
Therefore the reclilineal figure iCG/fhaa been described niiniliir to 
the figure ABC, and equal to D. <^ e. r. 

PROPOSITION XXVI. THEOKEM, 

man angle, and be timilarlj/ 

Let the parallelograms ABCD, AEFG be similar and similarly 
aituated, and have the angle DAB common, 

ABCD and AEFG shall be about the same diameter. 



For, if not, let, if possible, the parallelogram BD have its diameter 
AHC in a different straight line from AF, the diameter of the paral- 
lelogram EG, 

and let GF meet AHC in H ; 

and through H draw HK parallel to AD or BC ; 

therefore the parallelogram a ABCD, AKHG being about the same 

diameter, they are similar to one another ; (ti. 24.) 

wherefore as DA to AB, so U GJ to AK: (vi. def. 1.) 

bnt because ABCD and AEFG are similar parallelograms, (hyp.) 

as 23^ is to AB, BO is GA to AE; 

therefore as GJ to AE, so G J to AK; (v. 11.) 

that is, GA has the same ratio to each of the straight lines AE, AK; 



therefore ABCD and AKHG are not about the same diameter: 
wherefore ABCD and AEFG must be about the same diameter- 
Therdbre, if two similar, &rc. a. e. d. 
'To understand the three following propoaiUona more easily, it ia 
to be observed; 
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1 . ' That a parallelogram is said to be applied to a straight Ilng^ 
when it a described upi>n it as one of ita aides. Ex. gr. the paraUel»- 
giam AC is said to be applied to the straight line AB. 

2. ' But a parallelogram AE is said to be applied to a str^g-ht Uh 
AByieiacat by a paraireloKram, when AD the base of AEia leaa thu 
AB, and therefore AE is less than the parallelogram AC described 
upon AB in the same angle, and between the same parallels, b; tbt 
parallelogram DC ; and DC is therefore called the defect of A£!, 

EC G 

A D B F 

3. 'And a paraUelogram AG is said to be applied to a straight lioe 1 
^S, exceeding by a parallelogram, whenjJFthe base of ^Gia greater , 
than AB, and therefore AG exceeds AC the parallelogram described 
upon AB in the same angle, and between the same parallels, by the 
parallelogram SG.' 

PROPOSITION XXVII. THEOREM. 
Of all paratUlofframs applied to the same alraight tint, and djfiatnl If 
parallelogrami, nmilar ami aimilarlff situated to that tehich ii deicriitd 
upon the half of the (ine ,■ thai tchich U applied to the half, and it tindlar 
to ill defect, it the grealeit. 

Let AB be a straight line divided into two equal parts in C ; 
and let the paraUelogram AD be applied to the half JC, vrhich ia 
therefore deficient from the parallelogram upon the whole ImeAB by 
the pai^elogram CE upon the other half CB : 

of all the parallelograms applied to any other parts of AB, and 
deficient by paratlelograrns that are similar and similarly situated to 
CE, AD shall be the greatest. 

Let AE he any parallelogram applied to^ff, any other parto{ AB 
than the half, so as to be deficient from the parallelogram upon the 
whole line AB by the parallelogram KH similar and Bimilarly Htn- 
8tedt«CE; 



AD shall be greater than AF. 

First, let AK the base of ^F, be greater than AC the half of ^B: 

and because CE is similar to the parallelogram HK, (hyp.) 

they are about the same diameter: (vi, 26.) 

draw their diameter DB, and complete the scheme : 

then, because the paralleloRTam CF is eqiial to FE, (l 43.) 

add KH to both : 

therefore the whole CII is equal to the whole KE : 
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but CH is equal to CO, (i. 30.) 
because the base AC'm equal to the base CB; 
therefore CG is equal to Jir£: (ax. 1.) 
to each of these equals add CF ; 
then the whole AF is equal to the gnomon CHL : (ax. 2.) 
therefore CE, ot the parallelogram AB is greater than the paral- 
lelogram AF. 

Neit, let AK the base of AF be less tlian AC : 



then, the same construction being made, because BC is equal to CA, 
therefore HM is pqual to MG ; (i. 34.) 
therefore, the pacallelograin DH Ls equal to ttie parallelogram DG ; 
(I. 36.) 

wherefore D^ia greater than /,G: 

but DWis equal to D^; (i. 43.) 

therefore DK is greater than LG : 

to each of these add AL ; 

then the whole AD is greater than the whole AF. 

Therefore, of all paraUelograms applied, &c. q.b.d. 

PROPOSITION XXVIII. PROBLEM. 
To a given straisht line to apply a patallelogram equal to a given 
rectilineal figure, and defieteiit by a pa rallelogram limilar to a given parol- 
leloffram i but lite j/iven rectilintal figure to which the paTtdUIogram to bt 
applied ii to be equal, musl nol be greater than the parallelogram applied In 
hal/qf the given line, having ilt defect limilar to the defect of that which ii 
la bi applied s that it, to the given paratlelagram. 

Let ^fl ha the given straight line, and Cthe given rectilineal fignre, 
to which the parallelogram to be applied is required to be equal, which 
figure must not be greater (vi. 27.) than the parallelogram applied to 
the half of the line, having its defect from that upon tlie whole line 
similar to the defeut of that which ia to be applied ; 

and let D he the parallelogram to "which this defect ia required to be 
similar. 
It is required to apply a parallelogram to the straight line AB, 
which shall be equal to the figure C, and be deficient from the paral- 
lelogram upon the whole line by a parallelogram similar to D. 
Divide AB into two equcd parts in the point E, (i. 10.) 
and upon EB describe the parallelogram EBFG similar and simi- 
larly situated to D, f vi. 18.) 
and complete the parallelogram AG, which must either be equal to 

C, or greater than it, by the determination. 
li AG be equal to C, then what was required is already done: 
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for, upon the straight line AB, the parallelogram AG is applied equal 

to the figure C, and deficient by the pftrallelogmm EFeimilar to D. 

But, if AG be not equal to C, it is greater than it : 

and EF ia equal to AG ; {i. 36.) 

therefore EF a,Uo is greater than C. 

Mftke the paraUelo^m KLMN equal to the excess of EF oboTS 

C, and Himilar and similarly situated to D : (n. 25.) 

then, since D is similaj to EF, (constr.) 

therefore also ^jjfia similar to £'F: (vr. 2].) 

let KL be the homologous side to EG, and LM to GF: 

and because EF is equal to C and KM together, 

EF is greater than KM ; 

therefore the straight line £&ig greater than K£, and GF than Z.JIf; 

make GX equal to LK, and GO equal to LM, (i. 3.) 

and complete the pfttallelogram XGOP: (i. 31.) 

therefore XO ia equal and similar to KM; 

but KM is simUar to EF; 

wherefore also XO ia eimilar to EF ; 

and therefore XO and EF are about the same diameter : (yi. 26.) 

let GPB be their diameter, and complete the atheme. 

Then, because EF is equal to C and KM together, 

and XO a part of the one ia equal to KM a part of the other, 

the remainder, viz. the gnomon ERO, ia equal to the remainder Cx 

(ox. a) 
and because OR is equal to XS, by adding SR to each, (i. 43.) 

the whole OB is equal to the whole XB : 
but XB is equal to TE, because the base AE ia equal to the IwM 
EB; (i. 36.) 

wherefore also TE is equal to OB: (ax, 1.) 
add XS to each, then the whole TS is equal to the whole, vix. to 
the gnomon £iiO: 
but it baa been proved that the gnomon ERO is equal to C; 

and therefore also TS is equal to C. 
Wherefore the parallelogram TS, equal to the given rectilineal 
figure C, is applied to the ^ven straight hnc AB, deficient by the 
parallelogram SR, similar to the given one ZJ, because SR ifl similaf 
loEF. (vi.24.) (J.E.P. 



PROPOSITION XXIX. PROBLEM. 

To a g\tmn itraighl line to apply a p 
Krualfyvre, exceeding by a parallelogra 

Let JB be the given straight line, and C the given rectilineal 6gure 
to which the parallelogram to be applied is required to be equal, and D 
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the paraUelogram to which the exces of the one to be applied above 
that upon the given line is required to be eimilar. 






o 



Divide AB into two equal parta in the point £, {i. 10.) and upon 
KB describe the parallelogram EL Bimilar and similarly situated to 
D: (vi.ia) 

and make the parallelogram GH equal to EL and C togetlier, and 
ainiilar and similarly situated to D: (vi. 25.) 

wherefore GH is similar to EL : (vi. 21.) 

let EH be the aide homologous to FL, and KG to FE : 

and because the parallelogram GH is greater than EL, 

therefore the side KH is greater Uian FL, 

and iTG than i^'Ei 

produce FL and FE, and make FLM equal to KH, and FEN to KG, 

and complete the parallelogram MN : 



wherefore MNh ainiilar to EL; 

and consequently EL and MN are about the same diameter : (n. 26.) 

draw their diameter FX, and complete the aeheme. 

Therefore, since GH is equal to EL and C together, 

and that GH is equal to MN j 

JM'A'iBequal to^iand C- 

take away the common part EL ; 

then the temainder, viz. the gnomon NOL, is eqnal to C. 

And because AE Is equal to EB, 

the parallelogram JiV is eqnal to the parallelogram NB, {i. 36.) 

tfiatis, to^Af; (i. 43.) 

add NO to each ; 
therefore the whole, viz. the parallelogram AX, is equal to the 

nJVOZ: 

but the gnomon NOL ia equal to C; 
therefore also AX is equal to C. 
IVherefore to the straight line AB there is applied the parallelo- 
gram AX equal to Uie given rectilineal figure C, exceeding by the 
parallelogram FO, which issimilar toZ), because 2*0 is similar to EL. 

(VI.2J.) iJ.B.F. 

PROPOSITION XXX. PROBLEM. 




To eul a given ilTaigki line in exlreme and mea 

Let AB be the given straight Une. 
It is required to cut it in extreme and mean ratio. 
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Upon AB deaoribe the square BC, (i. 46.1 
and to AC apply the parol lelogrntn CD, equal to BC, exceeding bj 
the figure ^Ztaimilar to /(C: (vi. 29.) 

then, since BC m a square, 
therefore also AD is a square: 
and because BC ia equal to CD, 
ty taking the common part CE from each, 
the remainder BI-' is equal to tlic remainder AD : 
and these figures are equiangular, 
therefore their sides about the equal angles are reciprocally propor- 
tional : (VI. 14.) 

therefore, ta FE U) ED, saAEia EB-. 

but FE is equal to AC, (i. 34.) that ia, to AB ; (def. 30.) 

and ED ia equal to AE ; 

therefore aa BA to AE. so is ^£ to EB: 

but AB ia greater than AE ; 

wherefore AE ia greater than EB: (v. 14.) 

therefore the straight line AB is cut in oxtremo and mean tatio ia 

E, (vi, deflG.) q.B.P. 

Otherwise, 

Let AB be the given slraight line. 

It is required to cut it in extreme and mean ratio. 



Divide AB io the point C, so that the rectangle contained by AB, 
BC, may he equal to the square of JC {ii. 11.) 

Then, becBuae tlio rectangle AB, BC is equal to the square of AC: 

as BA to AC, aoia AC loCB: {v(. 17.) 
therefore AB is cut in extreme and mean ratio in C. (vt. dei 3.) 



PROPOSITION XXXI. THEOREM. 

In righl-angled irianglei, the rfclitineal figure deicribtd tifxm Oi« tidr 
appoiilt (0 lite riglil angle, is ejaal la tilt lini/ar and limilm^j^ deteriiii 
JiguTtt upon the tidei eoiUaining the right angle. 

Let ABC be a right-angled trinngle, having the right angle BAC, 

The rectilineal figure described upon BC shall be equal to the si ' 

lar and aiuiilarly described figures upon BA, AC. 
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Draw the perpendiculftr^D: (i. 12.} 
therefore, because in the right-angled triangle ABC, 
AD is drawn from the right angle at A perpendicular to the base BC, 
the triangles ABD, ADC are winiilnr to the whole triangle ABC, 
and to one another: (vi. 8.) 

and because the tnangle ABC is similar to ADB, 

as CBtD BA, 80 IS BA to BD: (vi. 4.) 

and because these three straight lines are proportionals, 

aa the first is to the third, so is the fgnre upon the first to the nmilar 

and similarly described figure upon the secood : (vr. 20. Cor. 2.) 

therefore as CB to BD, so is the figure upon CB to the similar and 

similarly described figure ujion BA : 
and jnvereely, as DB to SO, so ia the figure upon BA to that upon 

BC-. (v. B.) 
for the same reason, as DC to CB, so is the ^ure upon CA to that 

upon CB : 
therefore as BD and DC together to BC, so are tho figures upon 
.B^j^Cto that upon BC: (v. 24) 

but BD and DC together are equal to BC ; 
therefore the figure described on BC is equal to the similar antj 
similariy described figures on BA, AC. (v, a.) 

Wherefore, in right-angled triangles, Src. «.h.d, 

PROPOSITION XXXII. THEOREM. 

If (wo triangUi iBhich have Imo sides of the one prapartianal lo tmo sides 
of the other, be joined al utw angle, »> aa to have Iheir homologavs sides 
parallel lo one atiolher ; the remaiiang eides shall ie in a tlraight line. 

Let ABC, DCE be two triangles which have the two £idea BA, 
AC proportional to the two CD, DE, 

viz. BA to AC, aa CiJ to DE ; 
and let AB be paraUel to DC, aad. AC to DE. 



Then BC and CE shall be in a straight line. 
Because AB is parallel to DC, and the straight line AC meets them, 
L the alternate angles fi.lC,^Ci) are equal; (i. 20.) 

I for the same reason, the angle CDE is equal to the angle ACD; 

I wherefore also BJC is equal to CZJ£: (ax. 1.) 



218 bucud'8 elements. 

and because the triangles ABC, DCE have one angle at A equal to 
one at D, and the sides about these angles proportionals, 
viz. BA to AC, as CD to DE, 
the triangle ABC is equiangular to DCE : (n. 6.) 
therefore the angle ABC ia equal to the angle DCE -. 
and the angle j3Cwaa proved to be equal to ACD; 
therefore the whole angle ACE ia equal to the two angles ABC, 
BAC: (ax. 2,) 
add to eac1t of these equals the common angle ACS, 
then the angles ACE, ACB are equal to the anglea ABC, BAC, ACBi 
but ABC, BAC, ACB are equal to two riBht angles: {i. 32.) 
therefore also the angles ACE, A CB are equd. to two right angles 
and since at the point C, in the straight tine AC, the two straight 
lines BC, CE, which are on the opposite sides of it, make the adjacent 
angles ^CE, ^CB equal to two right angles; 

therefore BC and CE are in a straight line. (i. 14.) 
Wherefore, if two triangles, &c. o. b. d. 

PROPOSITION XXXIII. THEOREM. 

Ia equal circles, anglei, whether at tht centers or circitmfeTincet, Aim 
{Ke same ralio which ih» ciTCUmference! on tehich they aland have to ont 
another : so also haee the leelara. 

Let ABC, DEE be equal circles ; and at their centers the anglea 
BGC, EHF, and tlie anglea BAC, EDF, at their circumferences. 
As the circumference BC to the circumference EF, so shall the 
angle BGC be to the angle EHF, and the angle BAC to the 
angle EDF; 
and also the sector BGC to the eector EHF, 




Take any number of circumferences CK, KL, each equal to BC, 
and any number whatever FM, MN, each eqnal to EF : 

and join GK, GL, HM, HN. 
Because tlie circumferencea BC, CK, KL are all equal, 
the angles BGC, CGK, KGL are also all equal : {ni. 27.) 
therefore what multiple soever the circumference BL ia of tlie cir- 
cumference BC, the same multiple is the angle BGL of the angle 
BGC: 

for the same reason, whatever multiple the circumference ENis of 
the circumference EF, the same multiple is the angle EHN of the 
angle EHF: 

and if the drcumference BL be equal to the circumference EN. 

the angle BGL is also equal t.i the angle EHN; (iii. 27.) 

and if the circumference BL be greater than EN, 

likewise the angle BGL is greater tlian EHN; and if less, letB: 
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therefore, smce there are four magnitudes, the two circumferencea 
BC, EF, and the two ang-les BGC, EHF ; and that of the circnra- 
ferenceBC, and of the angle HG C, have heen taken any equimultiples 
whatever, viz. the circumference BL, and the angle BGL ; and of the 
circumference EF, and of the angle EHF, any equimultiplea wliat- 
ever, viz, the circnmfetenee EN, and the angle EHN: 
and sinc« it hoa been proved, that if the circumference BL be greater 
than^iV; 

the angle BQL ia greater than EHN: 
and if equal, equal ; and if lees, less ; 
therefore as the circuiuferenct' BC to the circmnference EF, bo Sa the 

angle BGC to the angle EHF: (v. det 6-) 
but as the angle BGC is to the angle EHF, go is the ajigle BAC to 
theangle^EDJ": (v. 16.) 

for each ia double of each ; 
therefore, aa the circumference BC ia 
the angle EHF, and the angle BAC to 
Also, as the circumference BC to EF, a 
to the sector EHF. 



(m. 20.) 
'^F, ao is the angle BGC to 
> the angle EDF. 
shall the sector BGC he 



Join BC, CK, and in tlie circumferencea, BC, CK take any points 
X, O, and join BX, XC, CO, OK. 

Then, because in the triangles GBC, GCK, 

the two sides BG, GC are equal to the two CG. GK each to each, 

and tliat they contain equal angles ; 

the base BC is equal to tlie baea CK, (i. 4.) 

and the triangle GBC to the triangle GCK: 

and becanse tlie circumference BC is equal lo the circumference CK, 

the remaining part of the whole circumference of the circle ABC, is 

equal to the remaining part of the whole circumference of the same 

circle : (ax. 3.) 

therefore the angle BXC is equal to the angle COK; (lu. 27.) 
and the segment BXC is therefore similar to the segment COK; 
(m. def. 11.) 

and they are upon, equal straight lines, BC, CK: 
but similar segments of circles upon equal straight lines, are equal 
to one another ; (iii. 24.) 

therefore the segment BXC is equal to the segment COK: 
and the triangle BGC was proved to be equal to the triangle CGK; 
therefore the whole, the sector BGC, is equal to the whole, the 

sector CGK: 
for the same reason, the sector KGL ia equal to each of the sectors 
BGC, CGK: 
. in the same mamier, the sectors EHF, FHM, MHN may he 
proved equal to one another; 
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therefore, what multiple soever the circuraferenee BL is of the circum- 
ference DC, the aamo multiple is the sector BGL of the sector BGC ; 
and for the same reason, whatever multiple the circumference EN 
IB of EF, the same multiple ia the sector EHN of the sector 
EHF: 
and if the circumference BL be equal to EN, the sector BGL a 

equal to the sector EHN; 
Emd if the circumference BL he greater than EN, the sector BGL 
is greater than the sector EHN; 

fflid if less, less; 
since, then, there are four magnitudes, the two circumferences BC, 
EF. and the two sectors BGC, EHF, and that of the circumferenM 
BC, and sector BGC, the circumference BL and sector BGL are any 
equimultiples whatever ; and of the circumference EF, and sector 
EHF, the circumference EN, and sector EHNtae any equimultiples 
whatever; 

and since it has been proved, that if the circumference BL be prreater 

than EN, the sector BGL is greater than the sector EUN; 

and if equal, equal ; and if less, less : 

therefore, as the circumference BC ia to the circumference EF, ta 

ia the sector BGC to the sector EHF. (v. def C.) 

Wherefore, in equal circles, &c. q.E.ii. 

PROPOSITION B. THEOREM, 

If an angle <tf a triangle be bisecled by a straight line which likeutim 
cull the base ; the rectangle Bonlaintd by the lidea (if the triangle ii i , 
to the rectangle eontained by the tegmenta of the base, together v/ith iSt 
tqiiare qf the straight line vrhich biaeeti the angle. 

Let ABC he a triangle, and let the angle BAC be bisected by Uia 
straight line AD. 

The rectangle BA, AC shall be equal to the rectangle BD, DC, 
together with the square of AD. 



Describe the circle ACB about the triangle, (iv. 5.) 

and produce AD to the circumference in E, and join EC. 

Then l>ecause the angle BAD is equal to the angle CAE, (hyp.) 



and the angle ABD to the 

for tlicy arc in the same 

the trianelea ABD, AEG are equiangulr 

therefore aa BA to AD, so is £/i 

and consequeutty the lectaagleB A, AC ia 

AD, (VI. IIS.) 
tliat is, to the rectangle ED, DA, togelht 
(U.3.) 



AEC, (111.21.) 



10 another: (i- 32.) 



ivith llio aquareof Ji)j 
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bat the rectangle ED, DA la equal to the rectangle BD, DC; Cm. 36.) 

therefore the rectangle £A, AC is equal to the rectangle BD, DC, 

together with the square of AD. 

Wherefore, if an angle, &u. q. e. d, 

PROPOSITION C. TUEOREM. 

If from any angle of a triangit, a ttraight line be draian pirptailicular 
lo the baie ; the rectangle contained 6y the sidet nf the Mangle I'j egual to 
the reelangte contained by lAe perpendicuiar and the diameter of the ciToie 
described abaul the triangle. 

Let ABC be a triangle, and AD the perpendicular from the angle 
A to the base BC. 

The rectangle BA, AC shall be equal to the rectangle contained bj 
AD and the diameter of the circle described about the triangle. 



Describe the circle ACS about ihe triangle, (iv. 5.) and draw ita 
diameter AE, and join EC. 

Because the right angle BDA is equal to the angle ECA in a aemi- 

cirele, (iii, 31.) 
and the angle ABD equal to the angle AEC in the Bame segment ; 
tin. 21.) 

the triangles ABD, AEC are equiangular : 
therefore as SA to AD, so iaEA to AC; (vi. i.) 
and consequently the rectangle BA, ACi& equal lo the rectangle EA, 
AD. [VI. 16.) 

If therefore from any angle, &-c Q. b. d, 

PROPOSITION D. THEOKEU. 

The rectangl 
teribed it 

Let..4SCDbeany qaadtilatcral figure inscribed in a circle, and join 
AC. BD. 

Tlie rectangle contained by AC, BD shall be equal to the two 
rectangles contdned by AS, CD, and by AD, BC. 

Make the angle ABE equal to the angle BBC: (i. 23.) 
add to each of these equals tbe eommon angle EBD, 
then the angle ABD is equal lo the angle EBC : 
and the angle BDA ia equal lo the angle BCE, because they are in 

the same segment: {iii. 21.) 
therefore the triangle ABD is equiangular to the triangle BCE : 
wherefore, as BC ii\a CE, so ta BU ^a DA; {vt. i.) 
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and consequently the rectangle BC, AD is equal to the rectangle 

BD, CE : (vi. 16.) 
again, because the angle ABE is equial to the angle DBC, and the 
angle BAE to the angle BDC, (m. 21.) 
the triangle ABE is equiangular to the triangle BCD : 
therefore as i?/to AE, so is BD to DC; 
wherefore the rectangle BA, DC is equal to the rectangle BD, AEi 
but the rectai^le BC, AD has been shewn to be equal 
to the rectangle BD^ CE ; 
therefore the whole rectangle AC, BD is equal to the rectangle 
AB, DC, together with the rectangle AD, BC. (u, 1.) 
Therefore the rectangle^ &c. q.e.d. 

This is a Lemma of CI. Ptolemseus, in page 9 of his MeyaXtj SiJifTa^iv. 
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Ik thia Book, (he theoty of propoition exhibited in the Fifth Book, ia 
applied to the compaiiat)!! of the aideit and areas of plane rectilineal Bguien, 
both to those vhich are eimilar, and those which are not aimilar. 

Def. I. It) dftining siitiHar triangles, one condition ia auflident, nainelj, 
that aitoilar triangles are those which have theii three angle* respectively 
equal ; aa in Prop. 4, Book yi, it is proved that the aides atioui the equ^ 
■nglea of equiangular trianglea are proportionala. But in defining similar 
figures of more than three sidea, both nf the conditions ataied in Ifef. i, are 
requisite, as it ia obvious, for instance, in the cose of a aquate and a rectangle, 
which have their anglei respectively equal, but have not their aldci about their 
equal anglea proportionala. 

The following definition haa been proposed: "Similar rectilineal figurea 
of more than three sides, are those whicii maybe divided into the same nutnher 
of aimilar trianglea." This defioition would, if adopted, require the omisaion 
ofa part of Prop. 20, Book ii. 

Def. It J. To this deSnition may be added the foUowhig! 

A straight liue ii said to be divided barmonicaUy, when it ia divided into 
three parts, such that the whole tine ii \o one of the extreme segments, a* ihi 
other extreme segment is to the middle part. Three linea aie in harmoniaU 
proportion, when the firat ii to the third, aE the difference between the first and 
second, is (o the difference between the second and third ; and the second ia 
called a harmonic mean between the first and third. 

The expression 'harmoaical proportion' is derived Irom the following fact 
]n the Science of Acoustics, that Uirec musical strings of the same material, 
thickness and tension, when divided in the manner stated in the definition, or 
numerically as 6, 4, and 3, produce a certain muaical note, its filU, and its 

Def. IV. The term altitude, as applied to the same triangles and paral- 
lelograms, will be different accorduig to the sidea which maybe assumed as the 
base, except ihey are equilateral. 

Prop. t. In the same manner may be proved, that trianglea atid paral- 
leiograms upon equal basea, are to one anoilier as their altitudea. 

Prop. A. When the triangle ABC ia isosceles, the line which bisects the 
eiterior angle at the vertex ia parallel to the baae. Ia all other cases, 
if the line which bisects the angle BAC cut the base BC in the pohit G, 
then the straight line BD ia harmoni-cally divided iti the points G, C. 
ForSGialo GCas fi^ isto^C; (vi. 3.) 
andflOlsloDCaafl^isto^C, (vi. *.) 
therefore BD is to DC aa B(i is to GC. 
but BG = flO-Z>G and GC^GD-DC. 
Wherefore BD ia to DC aa BD-DG ia to GD-DC. 
Hence BD, DG, DC, are in harmonical proportion. 
Prop. IV is the first case of sitiiilar trianglea, and corresponds to the third 
case of equal triangles. Prop. 26, Book c. 

ijometimes the sides opposite to the equal angles in two equiangular tii- 
sjiglea, are called Hit correipondlng tides, sini these are said to be proportional, 
which ia simply taking the porportlon in Euclid alternately, 
has reference U ' 



die triuiglea have in the n 









be 
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considered as correspondL _ 

Tcctilineal tigurca will be found lo be those which ace adjacent to iwo equal 

BDglca in each figure. 

Prop. V, [he convetse of Prop, iv, is ihs second case or similar tcianglo^ 
and corresponds to Prop. B, Book i, the second case of equul trianglei. 

Prop. VI is the third case of similar triangles, and corresponds to Prop, t, 
Book t, the first case of equal triangles. 

The properly of similar triangles, and that contained in Prop. 47, Boolt i, 
are the most important theorems in Geomeny. 

Prop. VII is llie fourth case of similar triangles, and corresponds lo I 
fouilh case of equal triangles demonstrated in the note to Prop. 26, Book i. 

Prop. jx. The learner here must not forget the difierent meanings of th> 
word pait, as emplojred in the Elemeats. The word here has the same 
ing as in Euc. i. ax. 9. 

It may here be remarlted, that this proposition is a more aiinple i 
the neit, namely. Prop. x.. 

Prop. XI. This proposition is that particular case of Prop, xi, in 
the second and third terms of the proportion are equal. The results of ihese 
two problems exhibit the same conEei[uencea by a Ueomeuical cDDBtniclion, ■ 
are obtained by numerical multiplication and division. 

Prop. Slit may he compared with Prop. 14, Book ii. 

It may be observed, that half the Bum of Wfl and BC is callEd the AriUf 
■' between these lines; also that SD is called the Geomitrlca 



melic 






To find two mean proportionals between two given lines is impossible bj 
the straight line and circle. Pappus has given several soluliona of thit jitw> 
blem in Book iii, of his Mathematical Collections ; and Eutodus has pita, 
in his Commentary on the Sphere and Cylinder of Archimedes, ten diaeieat 
methods of solving this problem. 

The result in this proposition obtained by a Geometrical constrnccion. il 
analogous to that which is obtained by the multiplication of two iiumbers, U ' 
the extraction of the square root of the product- 
Prop, siv depends on the same principle as Prop, xv, and both may 
easily be demonatraied from one diagram. Join DF, FM, EG in the fig. M 
Prop. XIV, and the figure lo Prop, xv is formed. We may add, that them 
does not appear any reason why the ppoperciesof the triangle and parallelogmn 
should be here separated, and not in the first proposition of the Sixth Book. 

Prop. XV holds good when one angle of one triangle is equal to the defect 
from what the corresponding angle in ^e other want* of two right angles. 

This theorem wiU perhaps be more distinctly comprehended by theleai.... 
if he will bear in mind, that four magnitudes aie reciprocally propoTlJaiuI, 
when the ratio compounded of these ratios is a ratio of equality. 

Prop. XVII is only a particular case of Prop. XTi, and more properl]', 
might appear as a corollary : and both are cases of Prop. xiv. 

AlgebraicaUy, Let AB, CD, E, F, contain a, i, c, d untls respectively. 

Then, since a, i, c,d aie proportionals, .-. •r=3- 
Multiply these equals by bd, .: ad^bc, 
or, the product of the ei tremcs is equal to the product of the means. 

And conversely, If the product of the extremes be equal to the product ol 
the means, 

then dividing these equals by bd, .: t ~-7i 
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Similaijy may bediewo, that if ■j= j-; ititnad=lf. 

AndoonvcMely, if ori = t5; iheD^^-r- 

Prop. sVTii. Similar ligurcB arc said la be Bimilarlj' tituated when their 
bmuali^us aides are paialicC 

Prop. XDi. It maj easily be shewn, that the perimeleiB of similBr poly- 
gons, aie propoTtionul to their homDlogoua sides. 

Prop. XXI, This proposition muai be so undcnitood as to include all rec- 
tilinear figures whatsoever, which require for the conditions of similarity another 
condition than ia required for the siiQilariiy of trianales. See note on Euc. 
TX. Def. 1. 

Prop, xxtti. The doctrioe of compound ratio, including duplicate and 
triplicate ratio, in the form in which it was propounded and practised by the 
ancient Geometers, has been almost wholly superseded. However eatisfactory 
for the purposes of exact reasoning the method of expressing the ratio of two 
surfaces, or of two solids by two straight lines, may be in itaelf, it baa not 
been found to be (he form best suited for the direct application of the results 
of Geometry. Almost all modem writer* on Geometry and its applications lo 
every branch of tfae Mathematical Sciencca, have adopted the algebraical notS' 
tion of a quotient ABsBC; or of a fraction ; for expressing the ratio of 
two lines AB, SC : as well a* that of a product ABxBC, or AB.BC, 
for the espresaion of a rectangle. The want of a concise and expressive method 
of notation to indicate the proportion of Gieometrical Magnitudes in a form 
suited for the direct application of the results, has doubtless favoured the 
introduction of Algebraical symbols Into the language of Geometry. It must 
be admitted, however, that such notations in tfae language of pure Geometry 
are liable lo very serious objections, chiefly on the ground that pure Geometry 
s not admit the Arithmetical or Algebraical idea of a pruduci or a quBtieat 
into its reasonings. On the other hand, it may he urged, that it is not the 
emplaymenl of symbols which renders a process of reasoning peculiarly Geo- 
metrical or Algebraical, but tlw ideas which are expressed by them. If sjm. 
bols be employed in Geometrical reasonings, and be ondcrstood to express the 
I nagnitudei tltemielva and the concrplbm of lliHr Geametriail ratio, and not 
I any meaiuret, or numerical valuea of them, there would not appear lo be any 
very great objections to their use, provided that the notations employed were 
ndi as are not ll^ly to lead to misconception. It is, however, desirable, for 
the sake of avoiding confusion of ideas in reasoning on the properties of num- 
ber and of magnitude, that the language and natations employed both in 
Geometry and Algebra should be rigidly defined and strictly adhered to, in all 
cases. At the commencement of his Geometrical studies, the student Is 
recommended not to employ the symbols of Algebra in Geomeltical demon- 
strations. How far it may be necessary or advisable to employ them when he 
fully understands the nature of the subject, is a question on which some dif- 
ference of opinion exists. 

Prop. xsv. There does not appear any sufficient reason why this pni- 

. position is placed between Prop. sxiv. and Prop. xxvi. 

L Pf^' ""1. This proposition is the general esse of Prop. 4T, Book i, for 

I any similar rectilineal figures described on the sides of a right-angled triangle. 

B The demonstration, however, here given is wholly independent of Euc. i. 47- 
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Prop. XXXIII. In the demon Btiation of tliia impoitsnt proporituni, ■ 
greater than iwo ligbt angles arc cmplaycd, in accordance with the ci'' 
proportioaaliiy laid dowo in Euc v. def. 5. 

This proposition forms tlie basis of the assumpdon of arcs of circle* foi 
the measiires of angles at their centers. One magnitude nay be auumed u 
the measure of another magnitude of a different kind, when the two are so con- 
nected, that any raiiation in them takes place simultaneously, and in the taint 
direct proportion. This being the case with angles at the center of a drcle, 
and the area iiubLcnded by them ; the arcs of circles can be assumed ai tha 
Sieasnres of the angles ihey subtend at the center of the circle- 
Prop. B. The converse of this piopouiion does not hold good «hcD the 
(liangle is isosceles. 



QUESTIONS ON BOOK VI. 

I. Distinguish between simile figures and equal flgures. 
3. What is the distinctlDn between homologuui and ei/ual >iil<«in Oeome* 

trieal figures ? 

3. Ate triangles which haTe one angle of one equal to one angle of ano- 
ther, and the sides about two other angles proportionals, necessarily similar ? 

4. From your definiuon of Proportion, prove thai the diagimals of a 
square are in the same proportion as their sides. 

5. When are three lines said to be in harmonical proportion ? If bolh 
the interior and exterior angles at the vertex of a triangle (EucL vi. 3, A.) bt 
bisected by lines which meet the base and the base product in D, G; liiett^ 
mcnis BG, GO, GC of the base shall be in Harmonic proportion. 

6. What propositions does Euclid prove respecting similar polygons ? 

7. Give the corollary, Euc vi. S, and prove thence that the Arilhmctle , 
mean is greater than the Geometric between the same extremes. 

8. ^Vhat is the number of cooditions requisite to determine similatitj of 
figures ? Is the number of conditions in Euclid's definition of similar figurM 
greater than what is necessary ? Propose a definition of similar figures whidi 
includes no supetfiuous condition. 

0. What are the conditions, considered by Euclid, under which two lri> 
angles are similar to each other F 

10. Explain what is meant by figures " ilmilar and li'ii'ilarly lUuatrJ," 

II. What are the data which determine triangles both in speciei and 
magnitude ? How are those dala expressed in Geometry F 

13. Define reciprocal figures. Enunciate the propositions proved respect- 
ing such figures in the Sixth Book. 

13. The parallelograms about the diameter of a parallelogram are aim Hit 
to the whole and to one anollier. Shew when they are cqnal. 

14. The parts of a line divided in CKtieme and mean ratio are ino 
mensurable with each other. 

Id. In right-angled triangles the rectilineal figure described upon the 
side opposite to the right angle, is equal to the similar nnd similarly described 
iigures upon the sides containing the light angle. Is any proposition of ibt 
First Book included in this theorem F 

1(1. To find two lines which shall have to each other, the ratio com. 
pounded of the ratios of the lines A to B, and C to O. 

17. Give Algebraical proofs of Prop. 16 and 17 of Book vi. 

18. What diOerent conditions may be stated as essential to the possl- 
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bilitj of the insdiption snd circumBcriptioD af a circle in and sliout a. quad.. 
lilaUial figure ? 

19. Point out those propojitiors in the Siictli Book in which Eudid'i 
definition of proportion is directly applied. 

20. Explain briefly the advantages gained by the application of analyiis 
to the lalution of GeometriCBl Problems. 

21. Prove Algebraically, that the areas (1) of similar tcianglea and (2) of 
aimilar parallelogTBms are ptoportional to the squaresof their homologaus aides. 

22. Enonciate and prore the converae of Eue, vi. 15. 

23. Find a straight line which shall hasa io a giien straight line, the 
nitiQ of 1 to \/5. 

24. The aides of a triangle inscribed in a circle are a, h, c, units leapec- 
tivety ! find by Euc. vi. C, the radius of tlie circumscribing circle. 

25. The three aides of a triangle aie 7> 8. 9 units respectively ; determine 
the lengths of the lines vhich bisect the liiterior angle opposite to the greatest 
aide of the triangle, and the adjacent csterior angle. 

26. State some of the uses to which Euc. vi, i, may be applied. 

27. The three sides of a iriaagU are 3, 4, 5 Inches respectively i find the 
lengths of (he external segments of the aides determined by the lines which 
bisect the exterior angles of the triangle. 

28. What are the segments into which the hypotenuse of a right-angled 
triangle is divided by a perpendicular drawn from the right angle, if the sides 
containing it are a and 3 a units respectively? 

20. If the three sides of a triangle be 3, 4, 6 units respectively : what an 
the parts into which they ace divided by the lines whidi bisect the angles 
opposite to ihem ? 

30. If the homologous sides of two triangles be as 3 to 4, and the area of 
one triangle be known to contain 100 square units ; how many si^uare units 
are contained in the area of the other triangle ? 

31. Define what is meant by a mean proportional between twogivenlineaj 
Uid find a mean proportional iietween the lines whnse lengths are 4 and 9 nnita 
respecdiely. Is the method you employ suggested by any Prttpositjoni In any 
«f the first four books ? 

32. Determine a third proportional to two lines of S and 7 luuU i and a 
fonrdi proportional to three lines of 6, 7> 9, units. 

33. Shew hov the last two properties stated in Euc. ti. 8- Cor. inB7 be 
deduced from Euc. i. 47 i H' S ; vi. I7. 

34. Shew that in Euclid's figure (Euc II. 11.) four other lines, beside 
the given line, are divided in the required manner. 

35. Apply (Euc. vj. 4.) to prove that the rectangle contfuncd by the 
B^menls of any chord passing through a given point within a circle is constant. 

36. How is it shewn that equiangul^ parallelograms have to one another 
the ratio which is compotmded of the ratios of their bases and altitudes ? 

37. What is the superior limit, as 10 magnitude, of the angle at the dr. 
cumfcrence in Euc vi. 33 ? Shew that the proof may he extended by with- 
drawing the usually supposed resrricdon as to angular magnitude ; and then 
deduce, as a corollary, the proposition respecting the magnitudes of angles in 
s^ments greater than, equ^ to, or less than a semicircle. 

3H. Enunciate file converse of Euc. vi. D. 

39. In what cases are triangles proved to be ejual in Euclid, and in what 
■";8 are they proved to be ilmilar? 



EUCLID a ELEMENTS. 
ON THE ANCIENT GEOMETRICAL ANALYSIS. 



SYNTBE9iB,or the method of composition, is a mode of reasoning wl 

be^na with something given, and enda with somcthliig required, eithoc 
to be done or to be proved. This may be termed a direct process, as " 
leads from priociples to consequences. 

Analysis, or the method of resolution, is the reverse of synthesis 
and thus it may be considered tm indirect jirocets, a method of reason* 
ing from consequences to principles. 

The synthetio method is pursued by Euclid in his Elements 
Geometry. He commences with certain assumed principles, and pr^ 
ceeds to the solution of problems and the (demonstration of theoremi 
by undeniable and successive inferences &om them. 

The Geometrical Analysis wna a. process employed by the .^ 

Geometers, both for the discovery of the solution of problems and for 
the investigation of the truth of theorems. In the analysis of a pn* 
hlem, the qussita, or what is required to he done, is aup^KiBed to ntni 
been effected, and the consequences are traced by a series of geometrf^ 
cat constructions and reasonmgs, till at length they terminate in tlw 
data of the problem, or in some previously demonstrated or admiltei 
truth, whence the direct solution, of the problem is deduced. 

In the Syntheaia of a pmWem, liowever, the last consequence of thg 
analysis is assumed as the first step of the process, and by proceeding i 
in a contrary order tlirough the several steps of the analysis until tbs 
process terminate in the quEusita, the solution of the problem is effected, 

But if, in the analysis, we arrive at a consequence which contt»i 
diets any trutli demonstrated in the Elements, or which is inconsistent 
with the data of the problem, tbe problem must be impossible: and 
further, if in certain relations of the given magnitudes the construetioa 
be possible, while in other relations it is impossible, the discovujr' 
of tliese relations will become a, necessary part of the solution of tbt 

In the analysis of a theorem, the question to be determined, 
whether by the application of the geometrical truths proved in _. 
Elements, ihc predicate isconsistcntwith the hypothesis. Thispointif 
ascertained by assuming the predicate to be true, and by deducing Oti 
successive consequences of this assumption combined with provedgnh 
metrical truths, till the j terminate in the hypothesis of the liieorem of 
some demonstrated truth. The theoi'em will be proved synthetical^ 
by retracing, in order, the steps of the investigation pursued in tM 
analysis, till Uiey terminate in the predicate, which was assumed in 
the analysis. This process will constitute the demonstration of tlM 
theorem. 

If the assumption of the truth of the predicate in the analyns leal 
to some consequence which is inconsistent with any demonstrated tmtiii, 
the false conclusion thus arrived at indicates the falsehood of the pre- 
dicate ; and by reversing the process of the analysis, it may be demon- 
strated, that the theorem cannot be true. 

It may here be remarked, that the geometrical analysis is moitt 
eitensively useiiil in discovering the solution of problems than for in* 
TvttigatiBg the demonstration of theorems. 
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From the tiatare of the subject, it innst be at ODce obvious, that do 
general rules can be prescribed, which wiil be found applicable in all 
CBBtB, and infallibly lead to the solution of every problem. The con- 
ditions of problems must enggcst what constructions may be possible ; 
and the conaequencea which follow ftom tlicsa constructiona and the 
SBsumed solution, will shew tile possibility or impossibility of arriving 
at some known property consistent 'with the data of the problem. 

Though the dnta of a problem may be given in magnitude and 
position, certain ambiguities will arise, if they are not properly re- 
stricted. Two points may be considered as situated on the same side, 
or one on each side of a given line ; and there may be two lines drawn 
from a given point making equal angles with a line given in position ; 
and to avoid ombigu !ty, it must be atat«d on which «do of the line the 
angle is to be formed. 

A problem is said to be determinate when, with the prescribed con - 
ditions, it admits of one definite solution ; the same construction which 
nay be made on the other side of any given line, not being considered 
a different solution : and a, problem is said to be indeterminaie when it 
admits of more than one definite solulion. This latter drcumatance 
arises from the data not absolvtely fixing, but mereiy rettricling the 
quesita, leaving certain pointa or lines not fixed in one position only. 
The number of given conditions may be insutficient for a single deter- 
minate solution; or relations may subsist among some of the given 
conditions irom which one or more of the remaining given conditions 
may be deduced. 

If the base of ft right-angled trinngle be given, and also the differ- 
ence of the squares of the hypotenuse and periiendiculnr, the triangle 
is indeterminate. For though apparently here are tliree things ^ven, 
the right angle, the base, and the difference of tlie squares of the hy- 
potenuse and perpendicular, it is obvious that tbeso three apparent 
conditions are in fact reducible to two : for since in a right-angled tii- 
angle, the sum of the sqnares on the base and on the perpendicular, 
are equal to the square on the hypotenuse, it follows that the differ- 
ence of the squares of the hypotenuse and perpendicular, is equal to 
the square of the base of the triangle, and therefore the base is known 
from the difference of the ai^uarcs of the hypotenuse snd perpendicular 
being known. The conditions therefore are insufficient to determine 
a right-angled triangle ; an indefinite number of triangles may be 
found with the prescribed condition^ whose vertices will lie in the line 
which is perpendicular to the base. 

If a problem relate to the determination of a tingle point, and the 
data be sufllicient to determine the position of that point, the problem 
is determinate : but if one or more of the conditions be omitted, the 
data which remain may be sufficient for the determination of more 
than one point, each of which satisfies the conditions of the problem ; 
iu that case, the problem is imteierminule : and in general, such points 
are found to be situated in some line, and hence sudi line is called the 
locus of the point which satisfies the conditions of the problem. 

If any two given points^ aad£ (fig. I'rop. 5. Book iv.) bo joined 
by a straaght line AS, and Ihia line he bisected in D, then if a perpen- 
dicular be dra^-n from the point of bisection, it is manifest that a circle 
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desciibed with any point in the pcrpcsdiciUar as a centre, and a ra^iu 
equal to its distance from one of tilt: given points, wiU puss throod) 
the other point, and the perpendicular will be the locus of all lAe 
circles which can he described passing through the two given points 
Again, if a third point Clie taken, but not in the same straight Ihu 
with the other two, and this point he joined with the first point A ; 
then the perpendicular drawn from the bisection £ of this line will be 
the locus of the centres of all circles which pass through the first and 
third points A and C. But tlie perpendicular at the bisection of the 

I first and second points A and B is tile locus of the centres of circlea 
which pass through these two points. Hence the intersectioD Fot 
these two perpendiculars, wHl be the centre of a circle which panea 
through the three points, and is called the intersection of the two lod. 
Sometimes this method of solving' geometrical problems may be pur- 
sued with advantage, by constructing the locus of evoiy two points 
separately, which are given iu the conditions of the problem. In dte 
Geometrical Exercises which fallow, only those local problems are 
given where the locus is either a straight line or a circle. _ 

Whenever the qnassitum is a point, the problem on being rendered 
indeterminate, becomes a locus, whether the deficient datum be of tha 
essential or of the accidental kind. When the qussitum is a strai^il. 
hne or a circle, (which were the only two loci admitted inlo the ancicol 
Elementary Geometry) the problem may admit of an aaAdeaiaUtf ian 
detenainate case ; but will not invariably or even very frequently do WA 
This will bo the ease, when the line or circle shall be so &r arbitral^ 
in its position, as depends upon the deficiency of a ^-ngle condition to- 
fix it perfectly ; — tliat is, (for instance) one point in tlie line, or tHV 
points in the circle, may be deteruiined from the given conditions, but 
the remaining one is indeterminate fiom the accidental relations amoiq 
the data of the problem. 

Detenninate Problems become indeterminate by the merging ^ 
some one datum in the results of the remaining ones. This may orisK 
in three different ways; first, from the coincidence of two points;. 
secondly, from that of two straight Unes ; and thirdly, from thai> 
of two circles. These, farther, are the only three ways in which thiv 
accidental coincidence of data can produce this indeturwinateness ; thsl 
is, in other words, convert the problem into a Porism. 

There is another class of Propositions called Poritmt, In tb> 
original Greek of Euclid's Elements, the corollaries to the propositionSi 
are called porisms (iropitr^iiTa) ; imt this scarcely explains the natuxa 
olporisma, as it is manifest that they arc different from simple dedno- 
tions from the demonstrations of propositions. Some analcey, hon 
ever, we may suppose thera to have to the porisms or corollaries a 
the Elements. Pappus (Coll. Math. Lib. vii. prcf.) informs us thB_ 
Euclid wrote tlirce books on Porisms. He defines "a porism to bs 
sometliing between a problem and a theorem, or that in which soma* 
thing is proposed to be investigated." Dr Simson, to whom is due thv 
merit of having restored the porisms of Euclid, gives the follovdog- 
dcfinition of that class of propositions: "Porisma est propositio in qtu 
proponitur demonstrare rem aliquam, vel plures <lataB ease, cui, vd 
quibus, ut et coilibet ex rebus ionumeris, non quidem datis, sed qiue 
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ad ca qas data bud! eandem babent relationein, canvenire ostcnden- 
dum est afFecdonem qu^idam comniimem in propositione descriptain." 
That is, " A Porism is a proposition in which it is proposed to demon- 
strate that some one thing, or more things than one, are given, to 
which, as also to each of innumerable other things, not given indeed, 
but which have the same relation to those which are given, it is to he 
shewn that there b<dongs some common affection described in the 
proposition." Professor Dngald Stewart defines a porism to be " A 

SropositJon affirming the possibility of findii^ one or more of the con- 
itions of an indeterminate theorem." Prolessor Playfair in a paper 
(from which the following account is taken) on Porisms, printed in the 
Transactions of the Royal Society -of Edinburgh, for the year 1792, 
defines a porism to be "A proposition aSirming the possibiUty of find- 
ing such conditions as will render a certain problem indeterminate of 
capable of innumerable solutions." 

It may without much difficulty be perceived that this definition re- 
presents a porism as almost the same as an indeterminate problem. 
There is a large class of indetermina.te problems which are, in general, 
loci, and satisfy certain defined conditions. £very indeterminate 
problem containing a locus may be made to assume the form of a 
porism, but not the converse Porisms are of a more general nature 
than indeterminate problems which involve a locus. 

Itiahishlyprobable that the ancient ffeometerBarrivedatallgeome- 
tricnl truths in their attempts at the solution of problems. The first 
mathematical enquiries must have occurred in the form of questions, 
where something was given, and soniething required to be done ; and 
by reasonings necessary to answer these questions, or to discover the 
relations between the things that were given, and those that were to he 
found, many truths were suggested winch came afterwards to be the 
Buhjects of separate demonstration. 

Tlie ancient geometers appear to have undertaken the solution of 
problems with a scrupulous and minute attention, which would 
scarcely allow any of the collateral truths to escape their observation. 
They nerer considered a problem as solved till they had distinguished 
all its varieties, and evolved separately every ditFerent case that could 
occur, carefully distinguishing whatever imange might arise in the 
constructjon from any change that was supposed to talce place amone 
the magnitudes which were given. This cautious method of proceed- 
htg soon led them to see that there were circumstances in which the 
solution of a problem would cease to be possible ; and this always 
happened when one of the conditions of the data was inconsistent with 
tlie rest. Buch instances would occur in the simplest problems; but 
in the analysis of more complex proWeras, tliey must have remarked 
that their constructions fiiiled, for a reason directly contrary to that 
assigned. Instances would be found where the lines, which, by their 
intersection, were to determine the tiling sought, instead of intersecting 
one another, as they did in general, or of not meeting at all, would 
coincide with one another entirely, and consequently leave the question 
unresolved. The confusion thus arising would soon be cleared up, by 
observing, that aproblem before determined by the intersection of two 
lines, would now become capable of on indefinite aumbcr of solutions. 
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This was soon perceived to arise from one of the coniiitiona of diepiv-' 
blem involving nnotlier, or from two parts of the data becoming one, 
so that there was not left a, sufficient number of independent conditiona 
to confine the i)roblem to a ainrfe solution, or any determinate num!}ei 
of solutions. It was not difficult afterwards to perceiee, that these 
cases of problems formed very carious propositions, of on indcter- 
ininatc nature between problems and theorems, and that thoy ad- 
mitted of being ennnciated separately. It was to such propositiona 
so enunciated that the nncieat ei-'onieterB gave the name of Porism*. 

Besides, it will be found, that some problems are possible within 
certain limits, and that certain magnitudes increase while othen d^ 
crease within those limits ; and CLftcr having reached a certain value, 
the former begin to decrease, while the latter increase. This circmn- 
stancB gives rise to questions of maxima and minima, or the greatett 
and least values which certain magnitudes may admit of in indeter- 
minate problems. 

In the following collection of problems and theorems, most will be 
fonnd to bo of so simple a character, {being almost obvious deductkni 
from propositious in the Elements)^ as scarcely to admit of the prin- 
ciple of the Geometrical Analysis being applied, in their solutian. 

It must however be recollected that a clear and e:xBct knowledge 
of the first principles of Geometry must necessarily precede any in- 
telligent application of them. Indistinctness or defectiveness of un- 
derstanding with respect to theso^ will be a perpetual source of vim 
and confusion. The learner is therefore recommended to understo^ 
the principles of the Science, and their connection, fully, before bm 
attempt any applications of them. The following diiectioiis may as- 
sist him in Lis proceedings. 

ANALYSIS OF THEOREMS. 

1. Asume that the Theorem is true. 

2. Proceed to examine any consequences that result from fllJl 
admission, by the aid of other truths respecting the diagram, whkb 
have been ah'eady proved. 

3. Examine whetiier any of these consequences are already known 
to be trve, or to be false. 

4. If any one of them be false, we have arrived at a reduclit 
ad abnuTdjoa, which proves that the tlieorem itself is false, as in 
Euc. L 25- 

5. If none of the consequences so deduced be ftrmun to bo cither 
true or false, proceed to deduce other consequences from all ot any of 
these, as in (2). 

6. Examine these results, and proceed as in (51 and '4); and if stOt 
without any conclusive indications of the truth or falsehood of the ak 
leged theorem, proceed still fiulhur, until such are obtained. 

ANALYSIS OF PROBLEMS. 
1. In general, any given problem will be found to depend on se- 
veral problems and theorems, and these ultimately on some pnblein 
or theorem in Euclid. 
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sT Describe the diagram as directed in the ennnciation, and sup- 
pose the solution of the problem efFected. 

3. Examine the relations of tlie iines, angles, triangles, &c. in 
the diagram, and find the dependence of the asaumed solution on some 
Uieorem or problam in the tlementa. 

4. If such cannot be found, draw other lines parallel or perpen- 
dicular as the case may require, join given points, or points assumed 
in the aolution, and describe circles if need be : and then proceed to 
trace the dependence of the assumed solution on some theorem or 
problem in Euclid. 

6. Let not the lint unsuccessful attempts at the solution of a 
Problem be considered aa of no value ; such attempts have been found 
to lead to tiie discovery of other theorems and problems. 
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I. 

1. In the figure of Euclid, Book l Prop. 1, the given line is pro- 
duced to meet eitlier of the circles in F ; shew that P and the points 
of intersection of the circles, are the angular points of an equilateral 
triangle. 

2. In the figure Euc r. 1, if AB be produced both ways to meet 
the circles in D and E, and from C, CB and CE be drawn ; the figure 
CUE is an isosceles triangle having each of tlic angles at the baae, 
equal to one fourth of the angle at the vertex of the triangle. 

3. If each of the equal angles of aa isosceles triangle be one-fourth 
of the third angle, and Irom one of them a perjiendicular be drawn to 
the l>ase meeting the opposite side produced; then will the part pro- 
duced, the perpendicular, and the remaining side, form an equilateral 
triangle. 

4. In the figure Euc. i. 1, if the sides CA, CB of the equilateral 
triangle ABC be produced to meet the circles in F, G, respectively, 
and ifC'be the point in which the circles cut one another on the other 
side of J£: prove the points i^, C, G to be in the same straight line; and 
the figure CFG to be an equilateral triangle. 

6. In the figure Euc. i. 1, if the circles intersect in C on the other 
side of AB, aad AC, BC be drawn : the figure ACBC is a rhombus. 

II. 

6. Given the base and one of the sides of an isosceles triangle, to 
describe the triangle. 

7. Describe an isosceles triangle, each of the sides of which sball 
he doubie of the base. 

8. In the fig. Euc. i. 5. If FC and BG meet m ff, then prove 
that AH bisects the angle BAC. 

3. In the fig. Euc, i. 5, If the angle FBG be equal to the anglt: 
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ABC, and BG, CF, intersect in ; the angle BOF is equal to tvia 
the angle BAC. 

10. From the extremities of the base of an isoseelcB triangle atraigbt 
lines are drawn perpendicular to the sides, the angles made by then 
with the base are each equal to half the vertical angle. 

IX. A line drawn bisecting the angle contained by the two eqiul 
sidea of an isosceles triangle, bisecta the third side at right angles. 

12. If a straight line drawn bisecting the vertical angle of a tri- 
angle, also bisect the base, the triangle 

13. In a 

g^ven points , , , „ „ 

14. AB, AC are straight lines meeting one another in A, and D k 
a given point. Draw throngli D a straight line cutting off eijual parti 
from ABanAAC. 

15. To determine that point in a straight line from which tha 
straight hnes drawn to two other given points shall be equal, pro- 
vided the hoe joining the two given points is not perpendicular to tha 
given line. 

10. From a given point without the angle contained hy two 
straight lines given in position, draw a straight une in such a directioli 
tliat the part of it intercepted between the given point and the nearest 
straight line, shall be equal to the part intercepted between the tm> 
straight lines. 

17. Braw a straight hne parallel to the base of on isosceleB tri- 
angle, which shall be terminated by the sides, or the sides produce^ 
and shall be equal to cither of them. 

la If from the base to the opposite sides of an isosceles triangle, 
three straight lines be drawn, making equal angles with the base, vi& 
ono from its extremity, the other two from any other point in it, thcM 
two shall be together equal to the first. 

19. If a Une intercepted between the extremity of the base of an 
isosceles triangle, and the opposite side (produced if necessary) hB 
equal to a side of the triangle, the angle formed by tilts line and the 
base produced, is equal to three times either of the equal angles of Ihs 
triangle. 

20. In the base BC of an isosceles triangle ABC, take a point D, 
and in CA take CE equal to CD, let ED produced meet AB produced 
in F ; then 3 . AEF= 2 right angles + AFE, or -4 right angles + AFE. 

III. 

21. The difference between any two sides of a triangle 18 lea thsD 
the third side. 

22. If the vertical angle CAB of a triangle ABC be bisected by 
.J Z), to which the perpendiculars C£, Si^ are drawn from the remain- 
ing angles ; bisect the base BC in G, join GE, GF, and prove theM 
lines equal to each other. 

23. The ditference of the angles at the base of any triangle, ■■ 
double tlio angle contained by a line drawn from the vertex perpen- 
dicular to the base, and another bisecting the angle at the vertex. 

24. If one angle at the base of a triangle be double of the other. 
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the lees aide le equal to the stun or dificrenoe of the segments of the 
base made by ine perpendicular from the vertex, according aa the 
angle is greatei' or leas than a right angle. 

25. ABC is a triangle in which the ana;1e ABC is twice the angle 
ACB ; shew that if the point D in BC winch divides it into segments, 
whose diflerence is equal to the side opposite to the angle ACD, be 
joined with the point A, AD is perpendicular to BC. 

26. If two exterior angles of a triangle be hlsecteJ, and from tho 
point of intersection of the bisecting lines, a line he drawn to the oppo- 
site angle of the triangle, it will bisect that angle. 

27. To place a straight line in a triangle (terminated by tile two 
sides) which shall be equal to one straidit line andporallel to another. 

28. If from the vertex of a triangle, two straight lines be drawn 
to the base, one bisecting the vertical angle, and the other bisecting the 
base, prove that the latter is the greater of the two straight lines. 

29. If from the vertical angle of a triangle three straight lines be 
drawn, one bisecting '6ie angle, another bisecting the base, and the 
third perpendicular to the base, the first is always intennediate in mag- 
nitude and position to the other two. 

30. lo the base of a triangle, £nd the point from which lines, 
drawn parallel to tho ddiis of the triangle and limited by them, are 

31. To find a point in the base of a triangle, such that if perpen- 
diculars be drawn from it npon the sides, their sum shall be equal to 
a given line. 

82. Of all triangles having the same vertical angle, and whose 
bases pass through a given point, the least is that whose base is bisected 
in the given point. 

53. The perimeter of an isosceles triangle ia less than that of any 
other equal triangle upon the same base. 

54. Of all triangles liaTing the same base and the same perimeter, 
that is the greatest which has the two undetermined adea eqnaL 



35. ABC ia a triangle, right-angled at B, and having tho angle A 
double the ai^^e C; shew that the aide BC is less than double the 
aide AB. 

36. If one angle of a triangle be equal to the sum of the other 
two, the greatest side is double of the distance of its middle point irom 
tho opposite angle. 

37. If Irom the right angle of a right-angled triangle, two straight 
lines he drawn, one perpendicular to the base, and the other bisectmg 
it, they will contain m angle eqnal to the djfitrenco of the two acute 
angles of the triangle. 

38. If two sides of a triangle he given, the triangle wiU he greatest 
when they cont^n a right angle. 

39. Describe a right^ngled triangle upon a g^ven base, having 
given alao the perpendicular from the right angle upon the hypotenuse. 

40. Given one side of a right-angled triangle, and the difference 




236 6EOHBTRICAL EXERCISES 

between tlie kypotennse and the sam of the other two oAea, b 
struct the triatigle- 

41. ConBtruct an iaoseelea right-angled triangle, having giTen (1) 
the sum of the hypotenuse and one side ; (2) their difference. 

V. 

42. To trisect a pven straight line. 

43. Divide a right angle into three eqnal angles. 

44. One of the aeutu angles of a right-angled, triangle is three 
times OS great as the other ; trisect the smaller of these. 

4G. Construct an equilateral triangle, having given the length of 
the i)erpeadicnlar drawn from one of the angles on the opposite aide. 

4(1. Having given the right lines whidi bisect the angles at tlw - 
base of an equilateral trianq;le, determine a side of the triangle. 

VI. 

47. Given one angle, a side opposite to it, and the sum of tht 
other two sides, construct the triangle. 

48. Having given two sides and an angle of a triangle, cooBtnict 
the triangle distioguishing the different cases. 

49. Having given the base of a triangle, the difference of the aidet^ 
and the difference of the angles at the base ; to describe the triangle. 

fiO, Given the perimeter and the angles of a triangle, to con- 
struct it. 

Gl. Having given the base of a triangle, and lialf tha snm mi ' 
half the difference of the angles at the base; to construct the triangle, 

52. Having siven two lines, which are not parallel, and a point 
between them; describe a triangle having two of its angles in tin , 
respective lines, and the third at the given point ; and such that tha ' 
sides shall be equally inclined to the lines which they meet. 

fi3. Construct a triancle, having given the three Lines drawn &tm 
the angles to bisect the sides opposite. 

64. Given one of the angles at the base of a triangle, the baas 
itself, and the sum of the two lemaining sides, to construct the td- ' 

55. Given the base, an angle adjacent to the base, and the dif- < 
ference of the sides of a triangle, to construct it. 

56. Given one angle, a side opposite to it, and the diSerence of' . 
the other two sides ; to construct the triangle- 

VII. 
£7- From a given point there can be drawn only two equal strught 
lines to a given line, one on each side of the shortest line; and tb> 
shortest line is the perpendicular. 

58. If at the middle point of a straight line a perpendicular ba 
drawn to that line, every point withont the perjiendicular is at uoegnal 
distances &om the extremities of the straight line. 

59. From every point of a ^iven straight line, the straight line* 
drawn to each of two given jjoints on opposite aides of the line an ■ 
equal : ]irove that the line joining the given points will cat the givea 
line at nght angles. 
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60. Given two points one on each side of a giren straight line; 
find a point in the line such that the an^le contained by two lines 
drawn to the given points may lie Wsected by tlie given line. 

61. From two given points on the same side of a straight )me 
given in position, draw two straight lines which shall meet in that line, 
and make equal angles with it ; also prove, that the sum of these two 
lines is less than the sum of any other two lines drawn to any other 
point in the line. 

B2. Detennine the shortest patli from one given point to another, 
subject to the condition, that it shall meet two given lines. 

63. Draw throngh a given point, between two strught lines not 
parallel, a straight hne, which shall be bisected in that point. 

64. OB, OC are two straight lines at right angles to each other, 
through any point J' any two straight iiucs are drawn intersecting 
OB, OC in B, B\ C, C respectively. If D and J3' be tlie middle 
points of BB and CC', shew that the angle BPD is equal to the 
angle DOD'. 

66. Three given straight lines issue from a point : draw another 
straight line cutting them so that the two segments of it intercepted 
between them may be equal to one another. 

VIII, 

66. From a given point without a given straight line, to draw a 
line making an angle with the given line equal to a given rectilineal 
angle. 

67. Throngh a given point A, draw a straight line ABC meeting 
two given parallel straight lines in B and C, such that EC may b« 
equal to a given straidit line. 

68. If two straight lines [A and fl) be respectively parallel to two 
others (Cand D), shew that the inclination oi Ato Ciit equal to that 
of^StoD. 

60. Lines which are i^erpendtcular to parallel lines ate also 
parallel, 

70, If the line Joining two parallel lines be bisected, all the lines 
drawn through the point of bisection and terminated by the parallel 
lines are also bisected in that point. 

71, A quadrilateral figure whose opposite aidea, or whose opposite 
angles are equal, wiU be a parallelograio. 

72, The diagonals of a parallelogmm bisect each other. 

73, The diagonals of a square and of a rhombus bisect eacli other 
at right angles. 

74. If one diagonal of a quadrilateral bisect the other, it divides 
the qoadrilateral into four equal triangltis, 

75. If two opposite sides of a parallelogram be bisected, and two 
lines be drawn ironi the points of bisection to the opposite angles, 
these two lines trisect the diagonal. 

76. Along the sides of a parallelogram taken in order, measure 
, AA' = BB'=CC = DD': the figure ^'B'CiJ' wiU be a parallelogT-am. 

77. ABCD is a paraUelogram of which the angle C is opposite to 
IB angle A. If through A any straight line be drawn, then the di&- 
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tance of C ifl equal to tho sum or difference of the distances at B is>i 
oi D from that straight Ime, according as it liea without or within the 



1 



Upon stretching two ehfuns AC, BD, across a field ABCD, 
I find that BB and AC make equal angles with DC, and that AC 
makes the same angle with AD, that BD does with BC ; heaoe prore 
that AB ia parallel to CD. 

79. One of the diagonals of a parallelogram bemg given, and the 
angle which it makes with one of the sides, complete the parallelo- 
graoi, so that the other diagonal may be parallel to a given line. 

80. To find a point in the side or side produced of any parallelo- 
gram, such that the angle it makes with the line joining the poinl 
and one extremity of the opposite side, may be hisected by the Hue 
joining it with the other extremity. 

IX. 

81. To ^escribe a rhombus which shall be equal to any given 
qnadrilateral figure. 

82. Describe a parallelogram which Bhall be equal in area ud 
perimeter to a given triangle. 

83. Find a point in the diagonal of a square produced, from whidi 
if a Btrdght line be drawn parallel to any side of the square, and . 
meeting another side produced, it will form together with the pro-.' 
dnced diagonal and produced aide, a triangle equal to the square. 

84. If from any point in the diagonal of a parallelograra, strugttl , 
lines be drawn to the angles, the parallelogram will be divided mtt 
two p^is of equal triangles. 

85. If ABCD be a parallelogram, and E any point in the dia- 
gonal AC, or AC produced ; shew that the triangles EBC, EDO an 

86. Let ABCD be a parallelogram, and O any point within i^ 
through Odrawlinesparalleltothesidesof ^fiCA and join O^,0C; 
prove that the diffcrence of the parallelograms DO, BO is twice the 
triangle OAC. 

87. The diagonals AC, BDof a parallelogram intersect in 0,aai: 
P ia a point within the triangle A OB ; prove that the difference of thf. ' 
triangles APB, CPD is ec^ua^ to the sum of the triangles AFC, BPO. 

88. If fi^Dm a point without a parallelogram, lines be drawn to \b» 
extremities of two adjacent sides, and of the diagonal which thef 
include. Of the triangles thus formed, that, whose hase is the dia- 
gonal, is equal to the sum of the other two. 

8!). The perimeter of a square is less than that of any other panl* 
lelograra of equal area. 

90. Shew that of all equiangular parallelograms of equal peri- 
metetB that which is equilateral is the greatest, 

91. I'rove that the perimeter of an isosceles triangle is greater 
than that of an equal right-angled parallelogram of the some altitudo, 

X. 

e drawn from a given point in 
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03. To deacrite a triangle equal to a giren triaii{[le, (1) when 
the base, (2) when the altitude of the required triangle is given. 

91. To describe a triangle equal to the sum or difierence of two 
givpn trinngles. 

06. Divide a triangle into three equal parts, (1 ) by lines drawn 
from a point in one of the aides : (2) b^ lines drawn from the angles 
to a point within the triangle : (3) by hnes drawn from a given point 
within the triangle. In how many ways can the third case be done ? 

96. Transform a given rectilinear figure into a triangle whose 
vertex shall be in a given angle of the figure, and whose base shall be 
in one of tl)e sides. 

97. If the points of bisection of the sides of a triangle be joined, 
the trianple so formed shall be one-fourth of the given triangle. 

98. When the corner of a leaf of a book is turned down a second 
time, so that the lines of folding- are parallel and equidistant, the space 
in the second fold is equal to three times that in the firsC- 

99. Divide an equilateral triangle into nine equal parts. 

XI. 

100. Bisect a parallelogram, (1) by aline drawn from a point in 
one of its sides : (2) by a line drawn from a given point within or 
without it: (3) by a line perpendicular to one of the sides: (4) by a 
line drawn parallel to a given line. 

101. From a given point in one side of a parallelogram produced, 
draw a straight Ime which shall divide the parallelogram into two 
equal parts. 

102. To trisect a parallelogram by lines drawn from a given point 
in one of its sides. 

XII. 

103. To bisect a trapezinm, (1) by a line drawn from ono of its 
angular points i (2) by a hue drawn from a given point in one side. 

104. To divide a square into four equal portions by three straight 
lines drawn from any point in one of its aides. 

105. If of the tout triangles into which the diagonals divide a 
trapezinm, any two opposite ones are equal, the trapezium has two of 
its opposite sides parallel. 

106. The sum of the diagonals of a trapezium is less than the sum 
of any four lines which can be drawn to the four angles, from any 
point within the figure, except their intersection. 

107- A trapezium is such, that the perpendiculars let fall on a 
diagonal from the opposite angles are equal. Divide the trape/ium 
into four equal triangles, by straight lines drawn to the angles from a 
point within it. 

108, If the ades of a quadrilateral figure he bisected and the 
points of bisection joined, the included figure is a parallelogram, and 
equal in area to half the original figure. 

109. Prove that the aiifes of any four-wdod rectilinear figure are 
I together greater than the two diagotials. 

I 110. If two opposite sides of a trapezium be parallel to one another^ 

I the straight line joining their bisections, bisect the trapezium. 
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111. It IB impossible to divide n (luadrilatenil iigare (except it1« 
a parallelogmm) into equal triangles by lines diawn from a pan 
within it to its four comerB. 

XIII. 

112. To describe a sqaore upon a g^ven etraight line as a div 

1 13. Find a square equal to tiiree, tlve, or any number of sqnaHt 

114. Describe a square which shall be equal to the difTercnoe bt- 
tween two riven squares. 

115. The sjim of tlie squares descrihod upon the sides of a riiombu 
is equal to the squares described on its diameters. 

110. If a straight line be drawn from one of the acute angl 

right-angled triangle, bisecting the opposite side, the square upon thM 
line is less than the square upon tlie hypotenuse by three times tbr 
square upon half the line bisected. 

117. If the sum of the squa-res of the three sides of a triangle b* 
equal to eight times the square of the line drawn fixim the vertex to the ' 
point of bisection of the base, then the vertical angle is aright angle. 

118. If from the vertex of a plane triangle, a perpendicular fall 
upon the base or the base produced, the difference of the squares li I 
the sides is equal to the difference of the squares of the segmenta <^ 1 
the base. 1 

119. If from the middle point of one of the sides of a right-angled ] 
triangle, a perpendicular be drawn to the hypotenuse, the diffifcncc \ 
of the squares of the segments into which it is divided, is equil to the 
square of the other side. 

120. A point is taken within a square, and straight lines drawn 
from it to the angular points of tlie square, and perpendicular to the 
sides ; the squares on the first are double the sum of the squares on 
the last. Shew that these sums are least when the poiat is in the 
center of the square. 

121. In the figure to Prop. 47, Book i. 

(a) If BG and CH be joined, those lines will be paralleL 

[6) ]f perpendiculars be let fall from Fand K on BC produced, 
the parts produced will bo equal ; and the perpend icuJats together 
will be equal to BC. ' 

(fi) Join GH, KE, FD, and prove that each of tlie triangles n 
formed, eouals the given triangle ABC. 

{d) The sum of the aquares of GH, KE, and FD will be equal 
to eight times the square of the hypotenuse. 

122. The area of any two parallelograms described on the two 
sides of a triangle, is equal t« that of a parallelogram on the base, 
whose side is equal and parallel to the line drawn from tlie vertex of { 
the triangle to tne intersection of the two sides of the former paralle- 
lograms produced to meet. 

123. If one angle of a triangle be equal to a right angle, and m- ' 
Other equal to two-thirds of a right angle, prove from Euclid, Book i, J 
that the equilateral triangle described on tlie hypotenuse, is equal Ifl 
the sum of the equiJatemI triangles described upon the (idea ii'iiiA-l 
contain the right angle. 




! B straight line into two parts, Boch, that their n 
may be equal to a given equare ; and lietermiiie the greatest square 
that the rectangle can eqnu. 

2. Find th£ length of the side of a square equal to a given equi- 
lateral triangle. 

3. Find a square which shall be equal to the som of two given 
rectilineal figures. 

i. The sum of the squares of two lines is never less than twice 
their rectangle. 

B. To divide a straight line so that the rectangle under its 
eegments la&y equal a given rectangle. 

6. Shew how in afl the poBsible cases, a straight line may he 
geomdricallj/ divided into two such parts, that the sum of their squares 
shall be equal to a given square. 

7. Tile square of the excess of one straight line above another, ia 
less than the squarea of the two straight lines, by twice their rectangle. 

8. Divide a given straie-ht line into two parts, such that the 
squares of the whole line and one of the parts shall be equal to twice 
the square of the other part. 

3. Any rectangle is the half of the rectangle contained by the 
diameters of the squarea on its two aides. 

10. ]f a straight line be divided into two equal and into two un- 
equal parts, the squares of the two unequal parts are equal to twice 
the rectangle contained by the two unequal parts, together with four 
times the square of the line between the points of section. 

11. If a line .JB be divided into two parts .^C and CB in the point 
CfProp. J], Book II.), so that the rectangle ABxSC^AC; and if 
jiC be divided in D, ao that CD ^ BC, prove xiiat AC x AD =JiC. 

12. If the points C, D be equidistant from the extremities of the 
straight line AB, shew that the squares constructed on JD and AC, 
exceed twice the rectangle AC, AD by the square constructed on CD. 

13. The sum of the jierpendiculara let &11 from any point within 
an equilateral triangle, will be equal to the perpendicular let fall from 
one of its angles upon the opposilo side. Is this proposition true 
when the point is in one of the sides of the triangle ? In what manner 
must the propositbn be enunciated when the point is without the 
triangle ? 

14. If any point he taken in the plane of a parallelogram from 
which perpendiculars are let fall on the diagonal, and on the sides 
which include it, the rectangle of the diagonal and the peipendicular 
on it, is equal to the sum or difference of the rectangles of the sides 
and the perpendiculars on them. 

Id. ABCD ia a rectangular paralletogram, of which A, C are 
opposite angles, E any point in BC, F any point in CD. Prove that 
twice the area of the triangle AEF together with the rectangle BE, 
HFJs equal to the parallelogram AC- 
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1 6. In any triangle the nquarca af the two aidea are together dmtit 
of the two aquarea of half thu base and of the straight line joining H 
bisection with the opposite angle. 

17. If straigjit linea be drawn from each angle of a triAUffleluMet 
ing the opposite side ; four timea the sum of the squares of these liM 
ia equal to three timea the sum of the squares of the sides of lli| 
triangk. 

18. If from the three angles of a triangle, lines be drawn 

points of bisection of the opposite sides, the aquorea of the distaacfl 
between the angles and the ommon intersection are together one-tluij 
of the aquarca of the sides of the triangle. 

19. ABC is a triangle of wliich the angle at C is obtase, and tiv 
angle at £ is half a right angle: D is the middlepoint of ^A, and CS 
H drawn perpendicular to AS. Shew that theaqunre o{ AC ia doabk 
of the squarea of AD and DE. 

20. In a right-angled triangle, the square on that side which ialbt 
greater of the two aidea containing the right angle, is equal to Uii 
rectangle by the sum and difference of the other sides. 

21. If an angle of a triangle be two-thirds of two right andc^ 
shew that the square of the aide subtending that angle ia equal to tb* 
squares of the sides containing it, together with the rectaJigh 
tamed by thoac sides. 

22. The square deserlhed on a straight line drawn fi^m. one of 
the angles at the base of a triani-le to the middle point of the opposil* 
side, is equal to the sum or diiterence of the square of half the u'da 
bisected and the rectangle contained between the base and that part of 
it, or of it produced, which b intercepted between the same angle ai^ 
a perpendicular drawn from the vertex. 

23. If from the right angle C of a right-angled triangle ABQ 
straight lines l>e drawn to the opposite angles of the square describe! 
on the hypotenuse AB; shew that the difference of the aquanf 
described on theae lines is equal to the difference of the squarea de- 
scribed on the two sides A C, BC. 

24. The hypotenuse AB of a right-angled triangle ABC 

sected in the points D, E ; prove that if CD, CE be joined, tlie snni 
of the squares of the sides of the triangle CDE ia equal to two-thirds 
of the square of AB. 

25. From the hypotenuae of a right-angled triangle portions are 
cut off equal to the adjacent sides : shew that the square on the middls 
segment ia equivalent to twice the rectangle under the 
segments. 

III. 

26. ProTc that the square of any straight line drawn from the 
vertex of an isosceles triangle to the base, is leaa than the square of a 
aide of the triangle by the rectangle contained by the aegments of the 

27- If from one of the equal angles of an isosceles triangle a per- 
^ndicular be drawn to the opposite side, the rectangle cuntained by 
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, is equal to the half of the square deflcrited upon tl._ 

28. If in an isosceles triangle a perpendicular be let fkL from ona 
of the equal angles to the opposite side, the squiire of the perpendicu- 
lar ia equal to the square of the line iutcrcepled between the other 
equal angle and the perpendicular, together nith twice the rectangle 
contnineil by the segments of that side. 

29. The square on the base of an isosceles triangle whose verUcal 
angle ia a right angle, is equal to four times the area of the triangle. 

30. liABC be an isosceles tnangle, and CD be drawn perpen- 
dicular to AB ; the sum of the squares of the three sides 

= JIJ*+2.BJ>' + 3.CD». 

31. If ABC be an isosceles triangle, and DE be drawn parallel 
to the base SC, and EB jouied ; prove that BE* = BC>'- DE + CE*. 

52. If ABC be an isosceles tnang-le of which the angles at B and 
C are each double of A ; then the square of ^ C is equal to the square 
of BC together with the rectangle contained by AC and BC. 

IV. 

33. Shew that in a parallelogram the squares of the diagonals are 
equal to the sum of the square.s of all the sideB. 

34. If ABCD be any rectangle, A and C bemg opposite angles, 
and any point either within or without the rectangle : 

OA'±OC=OB'±OD''. 

35. In any quadrilateral figure, the eum of the squares of the 
diagonals together with four times the square of the line joining theii 
middle points, is equal to the snm of the squares of all the sides. 

33. In any trapezium, if the opposite sides he bisected, the sum 
of the squares of the other two sides, t<^ther with the squares of the 
diagonals, is equal to the sum of the squares of the bisected sides 
together with four times the square of the line joining the points of 
bisectlon- 

37. The squares of (he diagonals of a trapezium are together 
double the squares of the two lines joining the bbections of the 
opposite sides. 

38. In any trapeaum two of whose sides are parallel, the squares 
of the diagonals are together equal to tbesquaresof its two sides which 
are not paialtel, and twice the rectangle contained by the sides which 
are par^eh 

39. If squares be descrihed on the sides of any triangle and the 
angular points of the squares be joined ; the sum of the squares of the 
sides of the hexagonal figure thus formed is equal to four times the 
sum of the squares of the sides of the triangle. 

40. If ABCD be any qaadrilateral, M, IV, P, Q the bisections of 
its Bides, prove that .dC + BD' = 2 ( MP' + NQ'). 



GEOMETRICAL EXERCISES ON BOOK HL 



1. THHoron a, given point witliin a circle, to dravr a chord wliii 
Bliall be bisected in that point. 

2. Through a point ma circle which is not tbe centre, to draw tlB 
least chord. 

3. To draw that diameter of a given circle which shall pass at t 
given distance from a given point. 

4- Any two chords of a circle whicti cut a diameter in the sanit 
point and at equal angles, are equal to each other. 

5. The arcs intercepted bi^wMn any two parallel chords in a tarda 

6. The two right lines which join the opposite cxtremifiea of t*» 
parallel chords, intersect m a point in that diameter which is perpen- 
dicular to the chords. 

7. The straight lines joining towards the same parts, the extreml- 
tiea of any two Hues in a circle eijually distant from the center, a» 
parallel to each other. 

8. A, B, C, A', Jf, C are points on the circumference of a circlaj 
if the lines AB, AC be respectively parallel to A'B', A'O, shew that 
BC is parallel to BC. 

9. Two straight lines which at one point make equal angles with 
the diameter of a circle or the diameter produced, are equally Hiat^mt 
from the center, 

10. Two chorda of a circle being given in position and magnttnd^ 
describe the circle. 

11. If straight lines be drawn through the same point, teiminatel 
both ways by the circumference, they are cut less and less unequally 
in that point, as the angle formed with the diometer passing througn 
that point, approaches a right angle. 

11. 

12. If two equal chords of a circle cat one another either within 
or without a circle, the segments of the one between the point of in- 
tersection and the circumference, shall be etjualto the segments of tba 
other, each to' each. 

13. If from any point without a circle, lines be drawn cutting tha 
circle and making equal angles with the longest line, they will cut off 
equal segments. 

14. Of bU straightlineswhiclican be drawn from two given points 
to meet in the convex circumference of a given circle, the sura of thoM 
two will be the least, which make equal angles with the tangent at thn 
point of concourse. 

15. From a given point without a circle, at a distance ^m tha 
circumference of the circle not greater than its diameter, draw n 
straight line to the concave circumference which shall be bisected by 
the convex turcumferenw. 
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16. From a point without a circle two straight lines are drawn 
cutting the convex and concaTe circumferencca, and also respectively 
parallel to two radii of the circle. Prove that the difference of the 
concave and convex area intercepted by the cutting lines, is eq^ual to 
twice the arc intercepted by the radii. 

17. The diameter of a circle having been produced to a given 
point, it is required to find in the j^rt produced, a point from which 
if a tangent be drawn to the circle, it shall be equal to the segment of 
the part produced, that is, between the given point and the point 

III. 

18. If an arc of a circle be divided info three equal parts by three 
straight lines drawn from one extremity of the arc, the angle cont^ned 
by two of the straight lines is bisected by the third. 

19. If on two lines containing an angle, segments of circles be 
described containing angles equal to it, the lines produced will touch 
the aegmentfl, 

20. In a given straight line to find a point at which two other 
straight lines being drawn to two given points, shall contain a right 
angle. Shew that if the distance between the two given points be 

f renter than the sum of their distances from the given line, there will 
e two such points ; if equai, there may be only one ; if less, the 
problem may be impossible. 

21. Through a given point within or without a circle, it ia re- 
quired to draw a straight line cutting off a segment containing a given 
angle. 

32. Through a given point without a given circle, draw a straight 
line wliich shall cut off a quadrantal arc of that circle. 

23. Divide a circle into two parts such that the angle contained 
in one segment shall equal twice the angle conl^ncd in the other. 

21. Divide a circle into two se^ents such that the angle in one of 
them shall be five times the angle m the other. 

25. If the diameter of a circle be one of the equal sides of an 
isoBCtles triangle, the base will be bisected by the circumference. 

26. If AD, CE be drawn perpendicular to the sides BC, AB of 
the triangle -4.BC, andfl£' be joined, prove that the angles ..^DE, and 
ACE are equal to each other. 

27. If from any point in a circular arc, perpendiculars he let fall 
on ita bounding radii, the distance of their feet is invariable. 

28. In a circle with center O, any two chords, AB, CD are drawn 
cutting in E, and OA, OB, OC, OD are joined. Prove that the angles 
AOC^BOD-'%.AEC,aaAAOD^^BOC=%.AED. 

20. Any segment of a circle lieing described on the base of a tri- 
angle ; to describe on the other sides segments similar to that on the 

30. If the chord of a given circular segment be produced to a fixed 
point, describe upon it when bo produced a segment of a circle which 
shall be similar to the given segment, and shew that the two segments 
have a common tangent. 
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IV, 

31. It AB, CD,he chords of a circle at right ani 
prove that tlie sum of the arcs AC, BD is equal to tl 
AD, BC. 

32. The sum of the arcs subtending the vertical angles made 1^^ 
any two chorda tliat intersect ia tile sanie,Bii long as the angle of into- 
section is the eamu, 

33. Draw two tangents to a circle of given radios which 
contain an ancle equal to a ^ven angle. 

34. If a chord of a circle be produced till the part produced bff 
equal to the radius, and if from its extremity a line Be drawn throarii 
the center and meetin? the convex and concave circumfe 
convex is one third of the concave circumference. 



35. Describe a circle which shall pass through a given point and! 
which shall touch a ^ven straight line in a given point. 

36. Draw a straight line which shall touch a given oircle, a 
make a given angle with a given straight lino. 

37. Describe a circle tlie drcumferenee of which shall pass tbrongk 



circle, so that if tangents he drawn from it to the circle, the oonow 
part of the circumference may be double of the convex. 

SO. In a chord of a circle produced, it is required to find a poin 
from which if a straight line he drawn touching the circle, the hue 1 
drawn shall ho equal to a given straigiit line, 

40. Find a point without a given circle, anch that the earn of tlw 
two lines drawn &om it tooching the circle, shall be equal to the " 
drawn &om it through the center to meet the circle. 

41. Determine the point without a circle, from which, if tm 
straight lines be drawn touching the circle, they may form an equi- 
lateral triangle witli the choi'd which joins the points of contact. 

42. If from a point without a. circle two tangents )ie drawn ; the 
straight line which joins the points of contact will be bisected at right, 
angles by a line drawn from the center to the point without the cirdei. 

43. Tangents to a circle at the extremities of any chord, contun 
an angle which is twice the angle contained by the same chord and ft 
diameter drawn from either of the extremities, 

44. If tangents ho di-avcn attheextremitiesof any twodiametersoi 
a circle, and produced to intciscct one another ; the straight lines joining 
the opposite points of intersection will both pass tlirough the center. 

45. If from any point without a circle two lines be drawn touchii^ 
the circle, and from the extremities of any diameter lines be drawn to 
the pointof contact cutting each otherwitnin the circle, tlie line drawn 
fiTjm tlio point without the circle to the point of intersection Bboll be 
perpendicular to the diameter. 

46. If any chord of a circle be produced equally both ways, and 
tangents to the circle be drawn on opposite sides of it frvm its cxtre> 
mities, the line joining the points of contact bisects the given chord. 
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47- SF is a Btraifiht lino touchmg a circle, and terminated by AD, 
BF, tho tangents at the extremilies of the diain?t«r AB, shew that the 
angle which DF subtenda at the center is a. right angle. 

48. IVith a given radiuH, to de»cril» a circle touching two giren 

49. Describe a circle through a giTen point, and touching a 
^ven straight line, so that the chord joining the given point and point 
of contact may cut off a segment containing a given angle. 

60. To describea circle through two given points to cut a straight 
line given in position, so that a diameter of the circle drawn through 
the point of intersection shall make a given angle with the line. 

VI. 

51. Of two circular segments upon the same base, the larger is 
that which contains the smaller angle, 

52. If any two circles, the centers of which are given, intersect 
each other, the greatest line which can be drawn through either point 
of intersection and terminated fay the circleB, is independent of the 
diameters of the circles, 

63. ADB, ACB are the arcs of two emial circles cutting one 
another in the straight linejl.fi; draw any cnord ^CB cnttuig both 
arcs, and join CB, uB ; CB is equal to DB, 

64. Draw through one of the points in which any two circles cnt 
one another, a straight line which shall be terminated by their circum- 
ferences and bisected in their point of section. 

66. Describe two circles with given radii which shall cut each 
Other, and have the line between the points of section equal to a given 

56. Two circles cnt each other, and from the points of intersection 
straight lines aro drawn parallel l« one another, the portions inter- 
ceptM by the circumferences are equal. 

67- ACB, ADB are two segments of circles on the same base AB, 
take any point C in segment ACB ; join AC, BC,anA piodoix them to 
meet the segment ADB in D and E respectively; shew that the ant 
D£ is constant. 

68. ADB, ACB, are the arcs of two equal circles cutting' one 
another in the straight line AB, draw the chord ACD cutting the 
inner circumference in C and the outer in D, such that AD and DB 
together may be double of AC and CB together. 

69. If Irom two fixed iioints Ln the circumference of a circle, 
straight lines be drawn intercepting a given arc and meeting without 
the circle, the locus of their intersections is a circle. 

60. If two circles intersect^ the common chord produced bisects 
the common tangent. 

61. Shew that, if two circles cut each other, and from any point 
ia the straight line produced which joins their intersections two tan- 
gents be drawn, one to each circle, they shall be equal to one another. 

C3. Two circles intfirsoct in the points A and B ; through A and 
_ JDy two straight lines CAD, EBF, are drawn cutting the circles in 
the points C, D, E, F; prove that CE is parallel to DF. 
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63. Two equal circles arc dravn intersecting ia the points A anl 
S, a third circle is drawn with center A and any radios not greater 
than AS intereecling the former circles in D and C. Shew that the 
three points B, C, DUeio one and the same straight line. 

64. If two circles cut each other, the straight line joining thdr 
centers will bisect their common chord at right angles. 

65. Through two given points to describe a circle bisectiiig tht 
circumference of a given circle, 

VII. 

66. If two circles touch each other externally, and two parallel 
lines be drawn, bo touching the circles in points A and i) reapectivdjf 
that neither circle is cut, then a straight line AB will paaa througn 
the point of contact of the circles. 

67. If two circles touch each other internally, prove that the 
straight lines which join the extremities Con the same side of the com- 
mon diameter) of any two parallel diametcrS] pass through the point 
of contact. 

68. A common tangent is drawn to two circles which touch 
other externally ; if a circle be described on that part of it which . 
between the points of contact, as diameter, this circle will pass thro«,^ . 
the point of contact of the two circles, and will touch the line whidt ' 
joms their centers. 

69. If two circles touch each other externally and parallel dia- 
meters he drawn, the straight Une jouiing the extremities of then 
diameters will pass through the point of contact. 

70. If two circles touch eacli other internally, and any circle ba 
described touching both, prove that the sum of the distances of ill 
center from the centers of the two given circles will be invariable. 

71. If two circles touch each other, any straight hne passL-o 
through the point of contact cuts off similar parts of their circun^e- 

73. Two circles touch each other CKtemally, the diameter of one 
being double of the diameter of the other ; through the point of con- 
tact any Une is drawn to meet the circumferences of both ; shew that 
the part of the hne which lies in the larger circle is double of that in 
the smaller. 

73. If a circle roll within another of twice Its size, any point ia 
its circumference will trace out a diameter of the first 

VIII, 

74. Draw a strMght lino which shall touch two given circles; 
( 1) on the same side ; (2) on the alternate sides. 

75. If two circles do not touch each other, and a segment of the 
line joining their centers be in1«rtepted between the convex circum- I 
ferences, any circle whoso diamet*r is not less than that segment m — 
be so placed as to touch both the circles, 

76. Given two circles : it is required to find a point from which I 
tangents may be drawn to each, equal to two given straight lines. 

77< Two circles are traced od a plane ; draw a straight li 
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ontting them ia such a manner that the chorda intercepted within the 
circles aliall have given iengths. 

78. Draw a straight line which shall touch one of two given circles 
and cut off a givea segment trom the other. Of huw many solutions 
does this problem admit ? 

79. If from the point where a common tangent to two circles 
meets the line joining their centera, any line be drawn cutting the 
circles, it will cut off similar segments. 

SO. Given two circles: it is required to find a point from which 
tangents may he drawn to each, equal to two given atraight lines. 

81. To find a poiut P, so that tangents drawn from it to the out- 
sides of two ei{ual circles which touch each other, may contain an angle 
equal to a given angle. 

IX. 

82. The circumference of one cirde is wholly within that of an- 
other. Find the greatest and the least straight Unes that can be drawn 
touching the former and terminated by the latter. 

83. Draw a stra^ht line through two concentric circles, so that the 
chord terminated by the exterior circumterence may be double that 
terminated by the interior. What is the least value of the radius of 
the interior circle for which the problem is possible ? 

84. If a straight line be drawn cutting any number of concentric 
circles, shew that the segments so cut off are not similar. 

85. If irom any point in the circumference of the exterior of two 
concentric circles, two straight lines be drawn touching the interior 
and meeting the exterior; the distance between the points of contact 
will be half that between the points of intersection. 

8G. Shew that all equal straight lines in a circle will ho touched 
by another circle. 

87. Through a given point draw a straight line so that the part 
intercepted by the cii'cumference of a circle shall be equal to a given 
straight line not greater than the diameter. 

88. Two circles are described about the same center, draw a chord 
to the outer circle, which shall be divided into three equal parts by the 
inner one. How is the possibility of the problem limited ( 

89. Find a point without a given circle from which if two tan- 
gents be drawn to it, they shall contain an an^Ie equal to a given ai^le, 
and shew that the locus of this point is a circle concentric with, the 
eiven circle. 

X. 

90. The circles described on the aides of any triangle as diameters 
will intersect in the aides, or sides produced, of the triangle. 

91. The circles which are described upon the sides of a right- 
angled triangle as diameters, meet the hypotenuse in the same point ; 
and the line drawn from the pointof intersection to the center of either 

, of the circles will be a tangent to the other circle. 

93. If on the sides of a triangle circular arcs be described contain- 
ingangles whose snm is equal to two right angles, the triangle formed 
by the lines joining their centers has its angles equal to those in the 
segments. 
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93. The perpendiculars let Ml from tho three angles of any tri- 
aogle upon the opposite aides, intersect each other in th.e same poinL 

94. If AD, CE be drami perpendicular to the sides BC, ABd 
the triangle ABC, prove that the rectangle contained by BC aa& BIl, 
is equal to the rectangle contained by BA and BE. 

95. The lines which bisect the vertical angles of all triangles on I 
same base and with the same vertical angle, all intersect in <^ 

96. Of all triangles on the same base and between the si 
lels, the isosceles has the greatest vertical angle. 

97. AB, AC, and ED are tangents to the circle CFB', at wh* 
ever point between C and B the tangent EFD is drawn, the ihwo 
sides of the triangle AED are equal to twice AB or twice AC: also 
the angle subtended by the tangent EFD at the center of the circle 
a constant magnitude. 

98. It is required within an isosceles triangle to find a point suck, 
that its distance from one of the equal angles may be double its & 
tancB from the vertical angle. 

90. To find within an acute-angled triangle, a point from whi< 
if straight lines he drawn to the three angles of the triangle, they 1 ' 
make equal angles with each other. 

100. A flag-staff of a given height is erected on a tower w 
height is also given : at vrhat point on the horizon will the Qagsitt 
appear under the greatest possible angle ': 

101. A ladder is gradually raised agunst a wall ; find the locus itf 
its middle point 

XI. 

102. Three equal circles whose centers are in one straight line u 
BO placed that the two extreme circles touch, and that point of contai. 
is the center of the middle one : shew that by joining the points o( i, 
intersection of the circles, a rectangle will be formed whose diagonab T 
intersect in the center of the middle circle. 

103. If three equal circles have a common point of interseetim, 
prove that a straight line joining any two of the points of intersection 
will be perpendicular to the straight line joining the other two pointi 
of intersection. 

104. Two equal i:ircle9 cut one another, and a third circle touches 
each of these two equal circles estemally ; the strdght line which ioina 
the points of section will, if produced, pass through the center of the 
third circle. 

103. A number of circles touch each other at the same point, and 
a Btraicht line is drawn from it cutting them : the straight lines join- 
ing eacli point of intersection with the center of the circle will be all 
pwaliel. 1 

106. If three circles intersect one another, two and two, the thret'-J 
chords joining the points of inletsection slidl all pass through oatM 

KU. I 

107- Given the base, the vertical angle, and the perpendicular in I 
a piano triangle, to construct it. I 
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108. (Uvea tie base, the verticnl angle, and the difFereDce of the 
^ sides, to construct the triangle. 

; 109. Destriho a triangle, having given the vertical angle, and 

( the scgmentB of the base made by a line bisecting the Terlical angle. 

110. Given the perpendicular height, the vertical angle and the 
■ sum of the aides, to construct the triangle. 

111. Construct a triangle in which the vertical angle and the 
difference of the two anglea at the base shall be respectively equal (o 
two given angles, and whose base shall be equal to a given straight 
line. 

112. Given the vertical angle, the difference of the two sidea con- 
taining it, and the difference of the segments of the base made by a 
perpendicular from the vertex ; construct the triangle. 

113. Given the vertical angle, and tlie lengths of two lines drawn 
from the extremities of the base to the points of bisection of the sides, 
to construct the triangle. 

114. Given the base, and vertical angle, to find the triangle whose 

116. Given the base, the altitude, and the sum of the two re- 
maining sides ; construct the triangle. 

XIII. 

116. If two opposite sides of a quadrilateral figure inscribed in a 
circle be equal, prove that the other two are parallel. 

117. The anglea subtended at the center of a circle by any two , 
opposite aides of 8 quadrilateral figure circumscribed about it, are 
tcgethor equal to two right angles. 

118. Four circles are described so that each one may touch inter- 
nally three of the sides of a quadrilateral. Shew that a circle may 
be described so as to pass through the four centers of the above 

nil. Four circles are drawn, of which each touches one side of 
a qnadrilaleral figure, and the adjacent aides produced; shew that 
the centers of these four circles will all llo in the circumference of a 

120. One side of a trapezium capable of being inscribed in a given 
circle is given, the sum of the remaining three sifes is given; andalao 
one of the angles opposite the given side : construct it. 

121. If the sides of a quadrilateral figure inscribed in a circle he 
produced to meet, and from each of the points of intersection a 
straight line be drawn, touching the circle, the squares of these tan- 
gents are together equal to the square of the straight line joining the 
points of intersection. 

122. If a quadrilateral figure be described about a drcle, the 
Bums of the opposite sides are equal ; and each sum equal to half the 
perimeter of the figure. 

123. If two opposite sides of a qnadrilateral figure about or in a 
drcle be at equal distances from the center, the other aides will be 
paralleL 
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124. If the hypotenuse AB of b ri^ht-aneled triangTc JBCl 
hiaected in D, and EDF drawn perpendicular to AB, and DE, Sf, 
cut off each equal to DA, and CE, CJ" joined, prove that the hxi 
lines will bisect the angle at C and its Bupplement respectivdy. 



125. If two chords of a circle intersect each other at right M^ 
either within or without the circle, the sum of thesquares described op* 
the fonr segments, is equal to the Bquare described upon the dinmela 

126. If from any point in the diameter of a semicircle, there h 
drawn two straight lines to the circumference, one to the bisecte i 
the circumference, the other at right angles to the diameter, t 
Bqnarcs upon these two lines are together double of the square op 
the seroi-diameter. 

127. If from any point in (he diameter of a circle, strMght )k- 
be drawn to the extremitiea of a parallel chord, the squares of thai 
linea are together equal to the squares of the segments into wh' ' ' 
diameter is divided. 

123. If any two chorda bo drawn in a circle perpendicnlv to 
each other, the sum of their squares is equal to twice the square if 
the diameter diminished by four times the square of the linn j ' * 
the center with their point of intersection. 

129. Two points are taken in the diameter of a cinile at u? 
equal distances from the center ; through one of these draw any chord, 
and join its extremities and the other point. The triangle so tanoA 
has the sum of the squares of its sides invariable. 

130, If chorda drawn from any fixed point in the cirvumf^mB* 
of a circle, be cut by another chord which is parallel to the tangol 
at that point, the rectangle contained by each chord, and the part d 
it intercepted between the given point and the given chord, is confltnti 

ISl. If JB be a chord of a circle inclined by half a right angle U 
the tangent at A, and AC, AB be nuy two chords equaUy inclined It 
AB,AC^-t-AD^'-2.ABK 

133. A chord POQ cuts the diameter of a circle in Q, in an anglt 
equal to half a right angle ; PO'+ 0Q' = 2(rad.J'. 

133. Let ACDB he a semicircle whose aiameter is AJB 
AD, BC any two chords intersecting in P; prove that 

AW ^DA.AP + CB.BP. 

134. itABDC be any parallelogram, and if a circle be described 
passing through the point A, and cutting the sides A3, AC, and the 
diagowil AD, m the points F, G, H respectively, shew that 

AB.AF+AC.AG^AD.AJT. 
136. Produce a given straight line, bo that the rectangle under (he 
given line, and the whole line produced, may equal the square of tha I 
part produced. 1 

136. If /I be a pointwithinacircle,£C the diameter, and throngli i 
A, AD be drawn perpendicular to the diameter, and BAE meeting I 
the circumference in E, then BA.BE = BC. BD. ^ I 

137. The diameter ACD of a circle, whose center is C, is pro- I 
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DceJ to P, determincapoiDt i^in the line ^P such that therectat^Ie 
'F. PC may be equal to the reclongle PD. PA. 

138. To produce a given straight line, bo that the rectangle con- 
lineil by the whole line thus produted, and the part of it produced, 
llall l>e equal to a. given Bquarc. 

139. Let ABCD be any quadrilateral figure, let the line joining 
lie middle points of the diagonals be bisected in IS, and with center E 
ny circle be dDScribcd. Prove that for all points P in thia circle, 

PA* + PB' + PCr PD\ is the Barae, 
and that it is equal to£'J'-i-£'B' + EZ)' + 4.£:P'. 

140. If trom a fixed point P, any two straight lines be drawn 
nttine a circle, and BD, AC he drawn intei-secting in O, prove that 
) la always in the straight line joioing the points where the tangents 
rom P meet the circle. 
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1. Tn a given circle, place a stmight line equal and parallel to a 
von straight line not greater than the diameter of the circle. 

2. Trisect a given circle by dividing it into three equal sectors. 

3. The eentcts of the circle inscribed in, and cirenmscrihed about 
. 1 equilateral triangle coincide; and the diameter of one is twice the 

^meter of the other. 

4. If a line be drawn from the Tertex of an equilateral triangle 
perpendicular to the base, and intersecting a line drawn from eitjier of 
the angles at the base pcrpendicniar to the opposite side ; the distance 
from the vertex to the point of intersection, shall be equal to the radius 
of the circumscribing cii'clo, 

5. If an equilateral triangle he inscribed in a circle, and a straight 
line be drawn from the vertical nngle to meet the circumference, it 
will be equal to the sum or difference of the straight lines diawnfrom 
the extremities of the base to the point where the line meets the cir- 
cumference, according as the line does or does not cut the base. 

6. The perpendicular from tha vertex on the base of an equi- 
lateral triangle, is equal to the side of on equilateral triangle inscribed 
in a circle whose diameter is tlie base. Required proof. 

7. If an equilateral triangle be inscribed in a circle, and the 
adjacent arcs cut off by two of its sides be bisected, the lino joining 
the points of bisection shall be trisected by the sides. 

8. If an equilateral triangle bo inscribed in a circle, any of ita 
ndes will cut off one-fourth part of the diameter drawn through the 
opposite angle. 

9. The perimeter of an equilateral tiiangle inscribed in a circle is 
peater than the perimeter of any other isosceles triangle inscribed in 
uio same cii'cle. 

10. If an equilateral triangle be inscribed in a circle, the sqtiare of 
{he side of the triangle is triple the square of the radius, or of the side 
of the regular hexagon inscribed in the same circle. 

Y 
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11. It any two consecutive sides of a hexagon inscribed in a eiide 
be respectively parallel to tlicir opposite sides, the remalmng sideE an 
parallel to each other. 

12. ProTC that the area of a regular hexagon is greater than that 
of an equilateral triangle of the same perimeter. 

13. If two equiiateral triangles oe inscribed in a circle m as to 
have the aides of one parallel to the sides of the other, the &gan 
common to both will be a regular hexagon, whose area and perimetN 
will bo equal to the refflainder of the area and perimeter of the two 
triangles. 

14. Determine the distance between the opposite sides of an eqat 
lateral and equiangular hexagon Inscribed in a circle, 

16. Inscribe a regular hexagon in a given equilateral trianele.* 
16. To inscribe a regular dodecagon in a given circle, nr -*" 

that its area is equal to the square of the side of an equilateral 

inscribed in the circle. 

II. 
17- Describe a circle touching three sfraight lines. 

18. Any number of triangles having the same base and the Bi 
vertical angle, will be circumscribed by one circle. 

19. Find a point in a triangle uom which two straight I 
drawn to the extremities of the base shall contain an angle e 
twice the vertical angle of the triangle. Witliin what limita 
tlUH possible 'S 

20. Given the base of a triangle, and the point from which tl 
perpendiculars on ite three sides are equal ; construct the triane:! 
To what limitation is the position of this point subject in order U 
the triande may lie on the same side of the base ? 

21. From any point B in the radius CA of a given circle v 
center is C, a straight line is drawn at right angles to CA mevling' tt 
cireumfercnce in £> ; the circle described round the triangle CMi 
toochea the given circle in D. 

22. Determine that point in (he arc of a quadrant from v . 
two lines being drawn, one to tho center and the other bisecting ths < 
radius, the included angle shall be the greatest possible. 

23. If from the angles of a triangle, lines be drawn to the p 
where the inscribed circle touches the sides ; these lines shall inte 
in the same point. 

24. The straight line which bisects any angle of a triangle 
scribed in a circle, cuts the circumference iu a point which is < 
distant from tlio extremities of the side opposite to the bisected a 
and from the center of a circle inscribed in the triangle. 

25. Let three perpendiculars from the angles of a triangle . 
on the opposite sides meet in/'.a circle described so as to pass thr 
P and any two of the pointa A, B, C, is equal to the circumscrilni 
circle of the triangle. 

26. If perpendiculars Aa, Bb, Cc be drawn from tho a „_ 
points of a triangle ABC upon tUe opposite sides, shew that they w 
bisect the angles of the triangle a be, and thence prove that the pe 
meter otahc mil be less than that of any oth« triangla whiuh o 
bo inscribed in ABC, 
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27. Find the least triangle wliich can be circnmBCribed about a 
given circle. 

28. If ACB be a plane triangle, OCF ita circumscribing circle, 
roAGEFa diameter yerpcndioular to the base ^£, then if CFbe 
joined, the angle GFC is equal to half the diflereuce of the angles at 
the base of the triangle. 

29. The line joining the centers of the inscribed and circumscribed 
circles of a triangle, subtends at any one of the angular points an angle 
equal to the semi-difTcrence of the other two angles. 

III. 

30. The locos of the centers of the circles, which are iuscribed 
in all right-angled triangles on. the same hypolenuse, is the quadrant 
described on tie hypotenuse. 

31. The center of the circle wliioh touchea the two semicirclcB 
described on the sides of a right-angled triangle is the middle point of 
the hypotenuse. 

S2. If a circle be inscribed in a right-angled triangle, the esceas 
of the sides containing the riglit angle above the hypotenuse is equal 
to the diameter of the iuBcribed circle. 

33. Having given the hypotenuss of a riglit-ongled triangle, and 
the radius of the inscribed cirflo, to construct the triangle. 

34. ABC is a triangle inscribed in a circle, the lino joining tha 
middle points of the arcs AB, AC, will cut off equal portions (rf the 
two contiguous sides measured from the angle A. 

IV. 

85. Having given the vertical angle of a triangle, and the radii of 
the inscribed and circumscribed circles, to construct the triangle. 

36. Given the base and vertical angle of a triangle, and also the 
radius of the inscribed circle, required to constinict it. 

37. Given the three angles of a triangle, and the radius of the 
inscribed circle, to construct the triangle. 

38. If the base and vertical angle of a plane triangle be given, 
prove that the locus of the centers of the inscribed circle is a circle, 

; and find its poution and magnitude. 



I a given triai^Ie inscribe a parallelogram which shall be 
equal to one half the triangle. Is tliere any limit to the number of 

I ftuch parallelograms ? 

' 40, In a given triangle to inscribe a triangle, the sides of whicb 
shall be parallel to the sides of a given triangle. 

41. If any number of parallelograms be inscrilicd in a given 
Iclogram, the diameters of all the figures shall cut one another 

in the same point. 

42. A square is inscribed in another, the difference of the ar 
I is twice the rectangle contained by tlie segmenta of the side which 

"« made at the ongular point of the inscribed square. 

43. JnscrilH an cquuateral triangle in a square, (1) 'Vnien tUo 
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vertex of the trianffle is in an angle of the square, (2) WTien theve^T 
tex of tlie triangle is in tile point of bisection of a side of the square j 

44. On a given straight line describe an equilateral and fjoi- I 
angular octagon. 

VI. 

45. ASCD is a. rectangnlar parallelogram, Reiinired to drairfd 
FG parallel to .^D, DC, m that the rectangle EF may be equal to a^ 
figure EMD, and EB equal to FD. 

46. Inscribe a circle in a rhambus. 

47. Having given the distnnei'S of the centers of two equal cirdeg 1 
whicli cut one another, inscribe a square in the space includud between It 
the two circumferences. I 

4B. The square inscribed in a circle is equal to half the sqnan I 
described about the same circle. 

49. The square is greater than any oblong inscribed i 
circle. 

60. A circle having a square inscribed in it being givca, to find • 
circle in which a regular octagon, of a perimeter equal to that of it 
square, may he inscribed. 

fil. Describe a circle about a iignro formed by constmcting ■ 
equilateral triangle upon the base of an, isosceles triangle, the V' ' ' 
angle of which is four times the angle at the base. 

fi2. A regular octagon inscribed in a circle is equal to the we t- 
contained by the sides of the squares inscribed in, and circumscriba 
about the circle. 

53. If in any circle the side «f an inscribed hexagon bo produecdn 
till it Ijecomcs equal to the aide of an inscribed square, a tangent 
drawn from the extremity, without the circle, shall be equal li ' 
side of an inscribed octagon. 

VII. 

64. To describe a circle which shall touch a straight line given in 
position, and pass through two given jioints. 

55. To describe a circle which sliall touch a given circle in a given 
point, and also a given straight line. 

£C> Describe a circle touching a given straight line, and also two 
given circles. 

G7- Describe a circle which shall touch a given circle, and each of 
two given Btraight lines. 

68. Twopointsaregiven,oneineaehof two given circles; describe 
a circle passing through both points and touching one of the circles. 

59. Describe a circle touching a straight line in a given point, and 
also touching a given circle. When the line cuts tlie given cirela, I 
shew that your construction will enable you to obtain six circleSi 
touching the given circle and the given line, but not necessarily in 
given point. 

60. Describe a circle which shall touch, two sides and pass throng 
one angle of a given square, 

61. If two circles touch each other exteroolly, describe a 
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(wliith BhaHl touch one of them In a ^ven point, and also touch the 
other. In what case does tliis become iiiipussibie 1 
62. Describe three circles touching each other and having their 
centers at three given points. In how many diffurcnt «'aya may this 
iw done ? 

viir, 

63. Inscribe a circle in a given aector of a circle. 

64. Let two straight linea be drawn from any point within a, citiAc 
to the circumference: describe a circle, which shall touch them both, 
and the arc between them. 

65. In a given triangle having inscribed a circle, inscribe another 
circle in the space thus intercepted at one of the angles. 

GG. Let AB, AC, he the bounding radii of a quadrant ; complete 
the square ABDC and draw the diagonal AD ; then the part of the 
diagonal without the quadrant will be equal to the radius of a circle 
inscribed in the quadrant. 

67. If on one of the bonnding radii of a quadrant, a semicircle be 
deacrihed, and on the other, another semicirde be described, so as to 
touch the former and the quadrantal arc ; find the center of the circle 
inscribud in the figure bounded by the three curves. 

68. In a given segment of a circle inscribe an isosceles triangle, 
such that its vertex may he in the middle of the chord, and the baso 
and perpendicular together equal to a given line. 

60. Inscribe three circles in an isosceles triangle touching each 
other, and each of them touching two of the three sides of the triangle. 

IX. 

70. In the fig. Prop. 10, Book it, shew that the base ED is tho 
side of a regular decagon inscribed in the larger circle, and the side of a 
regular pentagon inscribed in the smaller circle. 

71. In the fig. Prop. 10, Book iv, produce DC to meet the circle 
in F, and draw BF; then the angle ABF shdl be equal to three times 
the angle BFD. 

72. If tho alternate angles of a regular pentagon be joined, the 
figure formed by the intersection of the joining lines will itself be a 
regular pentagon. 

73. li ABCDE\ye any pentagon inscribed in a circle, oaA AC, 
BB, CE, DA, EB he joined, then are the angles ABE, BCA, CDB, 
DEC, BAD, together equal to two right angles. 

74. A watch-ribbon is folded up into a flat knot of five edges, shew 
tliat the sides of the knot form an equilateral pent^on. 

7C. If from the extremities oi the side of a regular pentagon 
inscribed in a circle, straight lines he drawn to the middle of the are 
subtended by the adjacent side, their difference is equal to the radius ; 
the sum of tlicir squares to three times the square of the radius ; and 
tile rectangle contained by them is eq^ial to the square of the radius. 
76. Inscribe a regular pentagon in a given square so that four 
Qglesof thepentagon may touch respectively the four sidesofthesquare. 
. 77. Inscribe a regular decagon in a given circle. 
}8. The square described upon the side of a regular pentAgon in, 
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la circle, ia cqualla the square of the side of a regular hexagoi 
1 vith tlic equare upon the side of a regular decagon iu the se 



Fs5 

I 

■ 79- In a given cirelo insciibe three cqusl circles touching euck 

■ other and the given circle. 

H 80. Shew that if two circles be inscnbed in a third to touch oa 

H another, the tangents of the pointa of contact will all meet in tlie ssip 
F point, 

81. If there ha three concentrie circles, whose radii ere I, S, 3, 
determine how many circles may be described round the ioterior one, 
having their centers in the circumference of the circle, whose radios ii 
2, and touching the interior and exterior circles, and encli other, 

(82, Shew that nine equal circles may he placed in contact, so thai 
■ square whose side is tliree times the diameter of one of thom will 
circuinsciibe them, 
m 



I 



83. Produce the sides of a given heptagon both ways, till tb^ 
vjneet, forming seven triangles; required thesum of their vertical an^OL 
T 84. To convert a given regular polygon into another which muI 
I have the same perimett'r, but double the number of sidea. 

86. In any polygon of an even number of sidea. inscribed ii 
circle, tho sum of the 1st, 3rd, Gth, &c. angles is equal to the sum ol 
the 2nd, 4th, Bth, &c. 

-_. Of all polygons having equal perimeters, and the same number 
of ^des, tho equilateral polygon has the greatest area. 

GEOMETRICAL EXERCISES ON BOOK VI. 

I. 

1. Trianoleb and panillelogi'ams of unequal altitudes are lo 
each other in the ratio compounded of tho ratios of their bases and 
altitudes. 

2. If two triangles are equal, and tho sides about one angle of 
the one are reciprocally proportional to thesidesaboutoneangleof the 
other, then two angles are either equal or supplements to each other. 

3. In the base AC of a triangle ABC lake any point Z>; bisect 
AD, DC, AB, BC, m E, F, G, H respectively : shew that EG is 
equal lo HF. 

4. If linos be drawn from the angles of a triangle bisecting the 
opposite sides, shew that the line joining the pointa of bisection ia 
parallel to the third side of the triangle. 

5. Construct an isosceles triangle equal to a' given scalene triangle 
and having an equal vertical angle with it. 

G. IF, in similar triangles, from any two equal angles to the 
opposite sides, two straight Ones be drawn making equal angles with 
the homologous aides, these straight lines will have tlie same ratio as 
tho ndes on which they faU, and will also divide those sides propoN 
KonaUr. 
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.'. Any three lines being dravm making cqnal angles with the 
three Hides of tiny triangle towards the same parts, and meeting one 
another, will form a triangle nmilar to the original triangle. 

8. BD, CD are perpendicular to the sides AB, AC of a triangle 
ABC, and CE is drawn perpendicular to .iJZI, xoBetat^ AB iaE; shew 
that the triangles ABC, ACE are Bimilar. 

: 9. In any triangle, if a perpendicular be let fall upon the hose 
fcora the vertical angle, the base wil! be to the sum of the sides, as the 
difference of the sides to the difference or Bum of the segments of the 
ttase made by tiie perpendicular, according aa it fails witiiin or 
witliout the triangle. 

10. If triangles AEF, ABC have a common angle A, triangle 
ABC : triangle AEF :: AB.AC : AE.AF. 

11. If one side of a triangle be produced, and the other shortened 
by equal quantities, the line joining the points of section will be 
divided by the base in the inverse ratio of (lie sides. 

II. 

12. Find two arithmetic means between two given atraiglit lines. 

13. To divide a given line in harmonical proporlion. 

14. To iind, by a geometrical construction, an arithmetic, 
geometric, and harmonic mean lietween two given lines. 

16. Prove geometricaliy, that an arithmetic mean between two 
quantities, is greater than a geometric mean. .Also having given the 
Hum of two lines, and the excess of their aritlimetic above their 
geometric mean, find by a construction the lines themselves. 

IG. If through the point of bisection of the base of a triangle any 
lino be drawn, intersecting one side of the triangle, the other produced, 
and a line drawn parallel to the base from the vertex, this line shall 
be cut harmonicallv. 

17. If the interior angle BAC,'Ani the exterior angle IIAC of any 
triangle ABC be bisected by lines AE, AF which also cut SC in E, 
Fi shew that BF, BC, BE are in harmonic progression. 

18. If a given straight line AB be divided into any two parts in 
the point C, it is required to produce it, so that the whole line 
produced may be harmonically divided in C and B. 

ID. If from & point witliout a circle there be dran'n three straight 
lines, two of which touch the circle, and the other cuts it, the line 
which cuts the circle will be divided harmonically by llie convex 
oiicumference, and tbo chord which joins the points of contact, 

III. 

20. Shew geometrically that the di^onal and side of a square aro 
I Incommensurable. ' 

I ' 21. If a straight line be divided in two given points, determine a 
I third point, such that its distances from the extremities, may be 
■ proportional to its distances from ihc given points. 

22. Determine two straight lines, such that the sum of their 
juares may equal a given square, and their rectangle equal a given 
I nctangle. 
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23. Draw a Btraiglit line sncli that the perpendiculars let M 
trom aDj point in it an two given lines may be in a given mtio. 

24. If diverg'ing lines cut a straight line, so that the vhole is L, 
one extteme, as the other extreme ia to the middle part, tliey «iB 
intersect every other intj^rtepted line in the same ratio. 

25. It is required to cut off a part of a given line so that the pal 
cut off may be a mcun proporlionul between the remainder id 
another given line. 

26. It is required to divide a given finite straight line into tm 
parla, the sqaares of whiuh shall have a given ratio to each other. 

IV. 

37. From the vertex of a triangle to the base, to draw a strL_ 
line which shall be an arithmetic mean between the sides containiof 
the vertical angle. 

28, From the obtuse angle of a triangle, it is required to drawl 
line to the base, which shall be a mean proportioniJ bi-tivet 
segments of the Ijaae, How many answers does this question 
ofl 

2!>. To draw a line iiram thevertexof a triangle to the base, whick 
shall be a mean proportional between the whole base and one segntent 

SO. If the perpendicular in a right-angled triangle divi^ Itab 
hypotenuse in c:ctrcmo and mean ratio, the less side is equal to tfa* 
alternate segment. 

31. From the vertex of any triangle ABC, draw a straight liw 
meeting (he base produced iaD,Ba that the rectongie DB . JtC = AlA, 

32. To find a point jF* in the base £C of o triangle produced, m 
that FD being drawn parallel to AC, and meeting AC produced to A 
AC : CP :: CP ; PD. 

33. If the triangle ABC lias the an"le at C a right angle, anil 
fi^om C a perpendicular be dropped on the opposite uJe intersecting 
it m D, then AD : DB :: AC? : CM 

S4. In any right-angled tiianglo, one side ia to the other, as IIk 
excess of tbe hypotenuse above the second, to the line cutoff from thi 
£rst between the right angle and the line bisecting the opposite anglh 

35. If on the two sides of a right-angled triangle squares ba 
described, the lines joining the acute angles of the triangle and tha 
opposite angles of the squares, will cut off equal segments from thi 
Bides ; and each of these equal segments will be a mean proportional 
between the remaining segments. 

36. In any rigbt-anglcd triangle ABC, (whose hypotenuse iaAB^ 
bisect the angle A by Ali meeting CB in i), and prove that 

%A(?-.AC-Ciy-.-.BC: CB. 

37. On two given straight linos iniilir triangles are described. 
Required to find a third, on which, if a triangle similar to them be 
described, its area shall equal the difference of their areas. 

38. In the triangle ABC,AC = %.BC. If CA C£ respectiTcbt 
bisect the angle C, and the c.tlerior angle formed by producing AC\ 
provo that the triangles CBD, ACD, ABC, CDE, hove their areas 

1, 2, 3, 4. 



39. A, B, C are given points. It is required lo draw through any 
other point in the same plane n-itli A, B, end C, a. straight line, such 
thtit the sum of its distances from two of the given points, maj be 
equal to its distance from the third. 



40. It ia required to bisect any triangle by a line draws parallel 
to the base. 

41. To divide a given triangle into two parts. Having a given ratio 
to one another, by a straight line drawn parallel to one of its sides. 

42. Find three paints in the sides of a triangle, such that they 
being joined, the triangle shall be divided into four equal triangles. 

43. From a given point in the side of a triangle, to draw lines to 
the sides which shall divide the triangle into any number of equal parts. 

44. Any two triangles being given, to draw a straight line parallel 
to a side of the greater, whiuh shall cut off a triangle equal to the less, 

VI. 

is. The rectangle contained by two lines is a mean proportional 
between their squares. 

4(i. Describe a rectangular parallelogram which shall be eqoal to 
ft given square, and have its sides ill a given ratio. 

47- If from any two points within or without a parallelogram, 
straight lines be drawn perpendicular to each of two adjacent aides 
and intersecting each other, they form a parallelogram similar to the 

48. If two systems of parallel slrnigbt lines at equal distances 
cut one another, the figures between them will be all uniilar paral- 
lelograms. 

49, It is required to cut off from a rectangle a similar rectangle 
■which shall be any required part of it. 

CO. A given rectangular field is to be kid out as a grass-plot 
(having the form of a double sqnare,) surrounded by a walk of 
uniform breadth. Find the breadth of the walk, and give a construc- 
tion for it. 

61. The diagonals of a trapezium, two of whose sides are parallel, 
cut one another in the same ratio. 

VII. 

S2. In a given circle place a straight line parallel to a given 
Straight line, and having a given ratio to it; the ratio not being 
greater than that of the diameter to the given line in the circle. 

B3. In a given circle place a straight line cutting two radii which 
are perpendicular to each other. In such a manner, that the line itself 
may be trisected. 

64. If from the extremities of any diameter of a given circle, 
perpend iculare be drawn to any chord of the circle, they shall meet 
the chord, oitlie choi'd produced in two points which are equidistant 
btrom the center- 
ed. AB ia a diameter, and Pany point in the circumference of a 
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cirule; jiPand £P are joined and produccdif necessary; iffromauj 
point C of AB a pei'pendicular be drawn to AB meeting- AP and Be 
in points D and E respectively, and the circumference of the circW ' 
in a point F, shew that CZ) ia a third proportional to CE and CF. 

66. Divide a given arc of a cirde into two parts which shall han 
their chords in a given ratio. 

57. If from the extremity of a diameter of a. circle tangentak 
drawn, any other tangent to t!ie circle terminated by them is M 
divided at its point of contact, that the radius of the circle is a 
proportional between its segments. 

fi8. From a given point wilhout a circle, it is required to dnir h 
straight line to the concave circumference, which shall be dividi^ in t 
given ratio at the point where it intersects the convex circumferenoa* 

60. From what point in a circle must a tangent be drawn, so that. 
B perpendicular on it from a given point in the cu-cumference may bs 
cut by the circle in a given ratio? 

60. Through a given point within a given circle, to draw *. 
fltraight line such that the parts of it intercepted between that poisT 
imd flie circumference, may have a given ratio. 

61. Let the two diameters AJi, CD, of the circle ADBC be it 
right angles to each other, draw any chord EF, join CE, CF, meetiiv 
AB in G and H ; prove that the triangles CGH and CEF are similal. 

G2. A circle, a straight line, and a point being given in po8itii)i% 
required a point in the line, such that a line drawn from it to tin 
eiven point may be equal to a line drawn &om it touching the at ' 
what must be the relation among the data, that tiie problem i 
become porismatic, L o. admit of innumerable solutions? 

VIII. 

63. Prove that there may be two, hut not more than two, mm. 
triangles in the same segment of a circle. 

Qi. If as in Enelid ri. 3, the vertical angle BAC of th« triangk 
BAC be bisected by AD, and BA be produced (o meet CB draws 
parallel to AD in L; shew that AD will be a tangent to the cirda 
described about Ihe triangle EAC. 

66. If a triangle be inscribed in a circle, and from its vertex, lines 
be drawn parallel to the tangents at the extremities of its base, thi^ 
will eut OR similar triangles. 

OC. If from ony point in the circumference of a circle perpen- 
diculars be drawn to the sides, or sides produc«<I, of an inscribed tri- 
angle : shew that the three points of intersection will be in the at 
straight line. 

67. If through the middlepointof any chord of a circle, two chords 
he drawn, the lines joining their extremities abaU intersect the fi""" 
chord at equal distances from its e:\trcmities. 

68. If a straight line be divided into any two parts, to find 1 
locus of tho point in which these parts subtend equal angles. 

69. If the line bisecting the vertical angle of a triangle be tUvidei' 
into parts which are to one another as tile base to thesumof tbosidM^ 
tho point of division is the center of the inscribed cinile. 
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70. The rectangle contained by tlie aides of any triangle is ■ _ 

tangle by the radii of tho inscribed and circumscrihed circles, as 

..ice tlie perimeter ia to the base, 

71. Sliew that the locus of the rertiees of all the triangles ci 
Btmcted upon a given base, and having their sides in a given ratio, is 

72. If from the extremities of the base of a triangle, pcrpen- 
diciilara be let fall on the opposite Bides, and likewise straight fines 
drawn to bisect the same, the intersection of the perpendiculars, that 
of the bisecting lines, and the center af the circumscribing circle, will 
be in the same strught line, 

IX. 

73. If a tangent to two circles ho drawn cutting tho straight line 
■which joins their centers, the chords are parallel which join the points 
of contact and the points where the line through the centers cuts the 
circumferences. 

74. If through the vertex, and tte extremities of the base of a 
triangle, two circles be described, intersecting one another in the base 
or its continuation, their diameters are proportional to tlic sides of the 
triangle. 

75. If two circles touch each other externally and also touch a 
straight line, the part of the liae between the points of contact ia i 
mean proportional between the diameters of the circles, 

7G. If from the centres of each of two circles exterior to o 

another, tangents he drawn to the other circle, so as to cut one another, 
the rectangles of the segments are equah 

77. if a circle be inacribed in a right-angled triangle and another 
he described touching the side opposite to the right angle and the 
produced parts of the other sides, show that the rectangle under the 
radii is equal to the triangle, and thesumof the radii equal to the sum 
of the sides which contain the right anele. 

78. If a perpendicular be drawn &om the ri^lit angle to the hy- 
potenuse of a right-angled trianele, and circlea be inscribed within tlie 
two smaller triangles into whicli tho given triangle is divided, their 
diameters will be to each othec as the sides coutaining the right 
angle. 

X. 

79. Describe a circle passing through two given points and fonch- 
ing a given circle. 

I 80. Describe a circle which shall pass throngh a given point and 

^tonch a f^ven straight line and n given circle. 

' 81. Through a given point draw a circle touching two given 

|«rcles. 

82. Describe a circle to touch two given right lines and such tiint 
k tangent drawn to it from a given point, may be equal In a given line. 
Describe a circle which sIibU have its center in a given line, 
ill toach a circle and a straight line given in position. 



8J. Given the perimeter of a right-angled triangle, it is requircil 
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to construct it, (1) If the sides arc in arithmetical progreaaion. (2) If 
the sides are in geometrical profpiwiasion, 

G5. Given the vertical anele, the perpendicular drawn from it K 
the base, and the ratio of the ecgmenla of the base mode by it, U 
construct the triangle. 

8G. Apply (vi, c.) to "construct a triangle ; having given tht 
Teriical angle, the radius of the inscribed circle, and the rectangle 
contwned by the straight lines drawn from the center of the circle lo | 
the angles at the base. i 

87. Describe a triangle tvith a given vertical angle, eo that Ihi I 
line which bisects the base shall be equal to a given line, and the I 
angle which the bisecting line makes with the base shall be equal to I 
a given an^le. I 

88. Given the base, the ralio of the wdcs containing the vertii^l I 
angle, and the distance of the vertex from a given point ia the base; 
to construct the triangle. I 

89. Given the vertical angle and the base of a triangle, and a!» 
a line drawn from either of the angles, cutting the opposite side in > 
given ratio, to construct the triangle. 

90. Upon the riven base JB construct a triangle having its aida 
in a given ratio audita vertex situated in the given indefinite line CD- 

91. Describe an equilateral triangle equrd to a given triangle. 

92. Given the hj^tennse of a right-angled triangle, and thedile 
of an inscribed square. Required the two sides of the triangle. 

93. To make a triangle, which shall be equal to a given tiiangl^ 
and have two of its sides equal ta two given straight lines ; and shew I 
that if the rectangle contained by the two slraight lines be less thu d 
twice the given triangle, the problem is impossible. J 

XII ] 

94. If the rectangles under the segments of (he diagonals of a 
quadrilateral figure be equal, a circle may be described about it. 

95. Given the sides of a quadrilateral figure inscribed in & circle, 
to find the ratio of its diftgDnafs. 

96. The diagonals AC, BD, of a trappKium inscribed in a ciitito ■ 
cut each other at right angles in the point E ; I 

the rectangle ^B.BC: the rectangle AD. DC :: BE : ED. I 

XIII. J 

07- 1° sny triangle, inscribe a triangle similar to a given tii-! I 

98. To inscribe a square in a given triangle. U 

99. Of the two squares which can be inscribed in a right-angled H 
triangle, which is the greater? U 

100. From the vertex of an isosceles triangle two straight linM fl 
drawn to the opposite angles of the square described on the base, cut M 
the diagonals of the square in E and F : prove that the line EF m S 
parallel to the base. I 

101. Inscribe a square in a segment of a circle. ■ 



r 
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102. Inscrilie a aqimre in n sector of a circlCj so that the angn]ar 
points shall be one on each radius, and the otlicr two in Uie circam- 
ference. 

103. Inscribe a square in a given equilateral and equiangular 
pentagon. 

104. Inscribe a parallelogram in a given triangle similar to a 
given parallelogram. 

105. If any rectangle be inscribed in a given triangle, required the 
locus of the point of intersection of its diagonals. 

106. Inscribe the greatest jiarallelogram in a given semicircle. 

107. In a given rectangle inscribe another, whose sides shall bear 
to each other a given ratio. 

108. In a given segment of a circle to inscribe a similar segment. 

109. The square inscribed in a circle is to the square inscribed in 
the senticircle :: S : 2. 

110. If tt square be inscribed in a right-angled triangle of which 
one side coincides with the hypotenuse of the triangle, Ihe extremities 
of that side divide the base into lliree segments that are continued 
proportionals. 

111. The sqnare inscribed in a semicircle is to the square inscribed 
in a quadrant of the same circle :i 8 : 5. 

112. Shew that if a triangle inscribed in a circle be isosceles, 
having each of its sides double the base, the squares described upon the 
radius of the circle and one of the aides of the triangle, shall be to each 
other in the ratio of 4 ; 15. 

113. APB is a quadrant, SPT a straight line touching it at 
P, PM perpendicular to C^ ; prove that triangle SCT : triangle 
ACB :: triangle ACB : triangle CMP. 

114. If through any point in the arc of a quadrant whose railius 
is R, two circles be drawn touching the bounding radii of the quadrant, 
andr, r be the radii of these circles : shew that rr' = fl°. 

IIB, If ii be the radius of the circle inscribed in a right-angled 
triangle ABC, right-angled ai A ; and a perpendicular be let fall from 
A on the hypotenuse BC, and iJf r, r be the radii of the circles in- 
scribed in the triangles ADB, ACD : prove that j^ + r''=JP. 

XIV. 

116. If two diagonals of a regular pentagon be dmwn to cut one 
another, tlie greater segmenta will be eijual to the side of the pentagon, 
and the diagonals will cut one another m extreme and mean ratio. 

117- If in a ^^en equilateral and equiangnlar hexagon another 
be inscribed, to determine its ratio to the given one. 

118. A regular hexagon inscribed in a cIr'Ic is a mean propor- 
tional between an inscribed and circumscribed equilateral triangle. 

119. The area of the inscribed pentagon is to the areji of the 
circumscribing pentagon, as the square of the radius of the circle 
inscribed within the greater pent^on i» to the square of the radius 
of the circle circumscribing it, 

120. Tha diameter of a circle is a mean proportional between the 
(rides of an cquilater^ triangle and hexagon whion are described about 
that circle. 
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SOLUTIONS, HINTS, &c 



To triied a given itraight I 
AVALTBIS. I«t AB be the given stiaiglit li 
o three eqtisl puu in the points D, E. 



!, and suppose it diiiU 




On DE describe an equilttteral triangle DEF, 

then DF ia equal to AO^ and FE to EB. 

On ^£ describe an equilalcral triangle ABC, 

and join AF, FB. 

Then becauje AO is equal la DF, 

(hcrefure the angle DAF i* equal lo ihe angle DFA, 

and the two angles DAF, DFA are double of cme of them DAF. 

But the angle FDE is equal to the angles DAF, DFA, 

and the angle FDE ia equal to DAC, each being an angle of an equilatenl 

triangle f 

therefore the angle D^C is double the angle D^F J 

wherefore the angle DAC is bisected by AF. 

Also because the angle FAC is equal to the angle FAD, 

and the angle FAD 10 DFA j 

therefore the angle CAF is equal to the allemate angle AFD : 

and consequently Fi> is parallel to^C. 

Synthesis. Upon AB describe an equilateral triangle ABC, 

bisect the angles at A and B by the straight lines AF, BF, meeting in F ; 

through F draw FD parallel to AC, and FE pariUel to BC. 

Then ^fiis Irisected in the points D, E. 

For since AC is parallel to FD and /'.I tneels diem, ^ 

therefore the alternate angles FAC, AFD are equal f 

but the angle FAD ia equal to the angle FAC, 

hence the angle DAF is equal to the angle AFD, 

and thetEforc DA a equal to DF. 

But the angle FDE is equal to the angle CAB, 

and /-ED to CBA ; (i. 29.) 

therefore the remaining angle Dffi Is equal to the remaining angle ACB. 

Hence the three sides of the triangle DFE are equal to one another, 

and DF has been shewn to be equal to DA, 

IhcTEfore AD, DE, EB are equal to one anotbet. 



d 
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Hence the following Iheorem. 

If Hie angles al the base of an equilateral triangle be biirected b]' tvo 
lines which meet at B point within the triangle; the twa lines drawn from 
this point parallel to the sides of the triangle, divide the base into three equal 

Note. There is another tnethod wherebj a line may be divided into three 
equal parts : — by drawing from one extremity of the given line, another making 
»aj acute angle with it, and taking three equal distances from the extremitjr, 
then joining the extremities, and through the other two points of division, 
drawing lines parallel to this line through ibe other two points of division, 
■nd (0 the given line ; the three triangles thus formed are equal in all respects. 
This may be extended for any numher of parts, and is a paiticulac case of 
£uc. VI. 10. 

73. 

Ift-ao appoaite lides of a paraltelngram le biiecicd., and two Unci lie draicn 
'om the poiiili of Wieeifon ta the oppoiile anglei, lliete iico linei Iriiecl (As 
diagoaal. 




Through E draw EK parallel to JC and meeting FB in JT. 
Then because EB is the half of AB. and DF the balf of DC ; 
therefore EB is equal to DF ; 
and these equal and parallel straight lines are joined towanla the same 
parts hj DE and FB ; 

therefore DE and FB are equal and parallel, (i. 33.) 

And because .^£B mee IS the paral2els£ir,-iC, 

therefore the esterior angle BEK is equal to the interior angle EAG. 

For a similar reason, the angle EBK is equal to the angle AEG. 
Hence in the ttUnales ^EG, EBK, there arc the two angles GAE, AEG 
in the one, equal to the two angles SEB, EBK in the other, and one side 
adjacent to the equal angles in each Irian gle, namely viE equal to EB: 
therefore AG is equal to EK, (i. S6.) 
but EK is equal to GH, (i. 34.} 
therefore AG ia equal to GH. 
By a similar process, it may be shewn that GH is equal to HC. 
Hence AG, GH, HC are equal to one another, 
1 and therefore ACii trisected in the points G, //. 

I (!3. 

■ Drav through a givm point, belB'sea tvo slraiglU Unci not parallel, a 

E ilraight line zch'ick thall be iljeet^d ia that point. 

I Analysis. Let BC, BD be the two lines meeting in S, and let A be the 

E given point between them. 
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Suppose EAF the tine required drann tbiough A so that EA ii eqd 




B II £ C 

through A draw AG parallel lo BC and GH parallel » EF. 
Then AGUE ia a paraUelogram, wherefore AE ia equal to GH, 
bnt £.4 is equal to AF by hypothesis; therefore GHia equal to AF 
Ueoce in the triuigles BUG, GAF, 

the angles ffSG, .JGF are equal, aa also BGfl, GFA, (Euc. 1.89.) 

also the side GU is equal to AFi 

whence the other puts of the triangles are equal, (Euc t. Sfl.) 

ibenfare BG ia equal to GF. 

Synthesis. Through the given point A, draw AG parallel to BC, 

on GO, take GF equal to GB ; 

then F is a second point in the required line: 

join the points F, A, anil produce FA to meet BC in f ; 

then ihe line FE is bisected in the point A ; 

draw G//FBrallclto^£. 

Then in the triangles BGII, GFA, lie side BG is equal lo GF, 

and the angles CBH, BGH are respectively equol to FGA, GFA j 

wherefore Gff is equal to AF, (Euc. 1.26.) 

hut C/f is equal to AE, (Euc 1.34.) 

therefore AE is equal to AF, m EF is bisected in A. 

Gl. 

From two given pointt on ilte same liie of a liralghtliae gSfcn in potiliai, 
raa Iwo liraight Hact ahlch thall meet tn that tine, and raakt equal anglm 
<ilh it ; alio prone, thai Ua lum of Viae IwO linet ii Itn than llie lum of mtf 
Bifier f vo Aiw/ rfrovn la any other paint in Vie titw. 

Analysis. Iiet A, Bhe the two given pointi, and CD the given \iae. 
Suppose G the required point in tlie tine, such that AG and BG bei 
joined, the aogk ACC is equal to the aitgle BGD. 




B 

Draw AF perpendicular lo CD and meeting BG produced tn E. 

Then, becauae the angle BGD ia equal to AGF, (hyp.) 

and also to the ladcsJ angle FGE, (i. 15.) 

therefore the angle AGf is equal lo EGFi 
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> triuiglel 



also the right angle AFG is equal to the light angle EFG, 
and the side FG is common to the two trianglcg AFG, HFG, 
ihererore AG Is equal to EG, and AF to FE. 
Hence (he point E being luionn, the point G a determiaed by the 
inleraectioil of CD and BE. 

SyntheBii. Prom A draw AF perpendicular to CD, and produce it to 
£, making FE equid to AF, and join BE cutting CD in G. Join also AG. 
Then AG and BG make equal angles with CD. 
For Bincc AF is equal to FE, and i^G is common to the 
AGF, EGF, and the included angles AFG, EFG arc equal ; 
therefore the base AG is equal to the base EG, 
and the angle AGF to the angle EGF, 
but the angle EGF ia equal to <he vertical angle BGD, 
CherEfore the angle AGF is equal to the angle BGD ; 
tbat ia, the atraieht Uucs AG and BG make equal angles with the stntif 
line CD. 

Alao the sum of the Itnea AG, G£ is a minimum. 

For take any other point H in CD, and join EH, HB, AH. 

Then aiuce any two sides of a triangle are greater than the third side, 

therefore EH, HB are greater tlian EBia the triangle EHB. 

But EG is equal to AG. and EH to AH ; 

therefore AH, HB ate greater than AG, GB. 

That is, AG, GB are leas than any other two linea which can be dra' 

lioin A, B, to any other point H in the line CD. 

47- 

Given one angle, a side opposite to it, and Ihc turn of Oie oi/ier tmo fit 
eomlruct the triangle. 

Analyaia. Suppose BAC the triangle required, hating BC equal 
(tiven aide, BAC equal to the given angle opposite to BC, also BO equal 
the sum of the other two sides. 



the 



^ 



Then si 



Join nc. 

nee the two sides BA, AC are equal to BD, 
by taking BA from these equala, 
the remainder AC ia equal to the remainder AD. 
Hence the triangle ACD is isosceles, and therefore the angle ADC is equal 
to the angle -iC'Z). 

But llie eilerior angle BAC of the triangle ADC is equal to the two 
interior and opposite angles ACD and ADC : 

Wherefore the angle BAC is double the angle BDC, and BDC it the 
half of the angle BAC. 

Hence the lynlhesis. 
At the point D in BD, make the angle BDC equal to half the given 
angle, 

aod from B the other estremity of BD, draw BC equal lo the given side, 

and meeting DC in C, 
at C in Ci> make llie angle DC A equal to the angle CDA, so that CA 
may meet BD in the point A. 

Then the triangle ABC shall have the required conditions. 
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To bhcct a triangle by a Roe draxca from a given point fB one of the lUl 



Suppoaa OF the line drawn from D which bisects the triangle , 

therefore (he triangle DBF is half of the triangle ABC. 

Bisect BCia E, and join AE, OS, AT, 

then tlie triflOgle-^Bfiishiilf ofthe iriangle viBC: 

hence the triangle ABE ia e<jual to the tiiangle DBF ; 

talie away ^om these equals the tiiangle DBE, 

therefore the retnainder ADB ia equal to the Temainder DBF. 

But ADE, DBF are equal triangles upon the same base DE, and oo At, 

ime side of it, 

thej are therefore between the same parallelB, 

that is, AF is parallel to DE, 

therefore the point F is defermined. 

Synthesis. Bisect the base BC in E, join DE, 



A.iTa.' 



AFx 



rallel to 0£, a 



aDF, 



therefore the triangle ADE is equal to the triangle DEF; 

to each of these equals, add the triangle BDE, 

therefore the whole triangle ABE is equal to the whole DBF, 

but ABE is half of the whok triangle ABC ; 

therefore ABF is also half of the triangle ABC. 



If from a point ailhout a parallelogram linei he dram to the extmpdtlu tf 
too adjacent Met, and of the diagonal which Ihey include. Of the trUw^ 
thu) formed, that, ahoie baie U the dtagoiial,iieqvalto the turn ^ the ot/krrtw. J 

Let ABCD be a parallelogrojn of which AC is one of the diagonals, ■ 
let P be any (wint without it ! and let .iF, FC, BP, PD be joined 

Then the triangles APD, APB are together equivalent to the triangle AFC I 



Draw PGE parallel to 

£i ud. join i)G, GC, 




meeting AB in G, and DE in 
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Then the triangles CBP, CBG are equal : (Euc, i. 3?.) 

and taking the common part CBlf from each, 

the remainders PHB, CIIG are equal. 

Again, the triangles Z>.</', J)^G are equal i (Buc. 1.370 

also the nianglea DAG, AGC aie equal, being on the aame bate AG, and 

Iwtwef n Che game paralleb AG, DC : 

theiefbre the tTisngle DAF is equal to the triangle AGC : 

but the triangle PHB is equal to the triangle CIIG, 

wherefore the triangles PHB, DAP ore equal to AGC, CHG, or ACir, 

add to these equals the triangle APH, 

therefore the triangles AFH, PHB, DAPaa equal to APH, ACH, 

that is, the triangles "■ ' ~ ' ..,.._._ 

If the point /■ bi 



1. Let C be the intersection of the eireles on the other side af the baM, 
Bud join AC, BC Then the angles CBA, C'BA being equal, the angle* 
CBP, CBP are also equal, Euc. i, 13 : next by Euc i. *, CP, PC are 
proved equal ; la»l]y prove CC to be equal to CP or PC 

2. The angles CAB, CBA, behig equal, the angles CAD, CBE are 
equal, Bug. i. 13. Then, by Euc. i. 4, CD is pniTed to be equal to CB. 
And by Euc. i. B, 32, the angle at the vertex is shewn lo be four timeieithet 
of the angles at the base. 

3. In the Rg. Euc i. 1, produce AB both ways to meet the circles in D 
and E, join CD, CE, then CDS is an isosceles liisngle, having each of the 
angles at the base one fburth of the angle at the vertex. At E draw EQ 
perpendicular to DB and meeting DC produced in G. Then CEG is an 
equilateral triangle. 

4. Join CC, and shew that the angles CCF, CCG are equal to (no 
light anglea ; also that the line FCO is equal to the diameter. 

5. Prove the four sides to be equal, and the angles not right angles, 
according to the definition of a rhombus. 

6. This Is a partieuUt case of Euc. i. 32. 

7. The same remsrli applies. The triangle hovever maybe described by 
tneans of Euc. t. 1. Let AB be the given base, produce AB both ways to 
meet the circles in D, E ; willi center A, and radius AE, describe a circle, and 
with center B and radius BD, describe another circle cutting the furmcr in G. 
Join GA, GB. 

H. Apply Eue. r. 6, 8. 

9. This is proved by Euc. i. 32, 13, 0. 

10. Let fall also a perpendicular from the vertss on the base. 

11. Apply Euc. 1. 4. 

12. Lei CAB be the triangle (fig. Euc. I. 10.) CD the line bisecting the 
angle ACD and ihe base AB. Produce CD, and make DE equal to CD, 
and join AE. Then CB may be proved equal to AE, also AE to AC. 

13. Let A be the given point without the line, and B the given point in 
the line. Suppose D the point requited in the line. If AB and AD be joined, 
DAB is on isosceles triangle: draw DE perpendicular to AB, and the con- 
(tnictlon is obvious. 

14. This may be effected in two ways, (1) by Euc. i. 9, 10, when the 
two lines meet; {2) when the Unes are produced beyond the point of inler- 

, by Euc. I. 9, 31. It may be remarked also, that the line drawn 

through ihe given point makes equal angles with the two given lines. Euc 1.5. 
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15. The two given poinU maj be both on the same lide, (n 
may be on esch side of the line. If the point required in the line be ui| 
to be found, and lines be drawn joining this point and the 
isoBcelea trisngle is fanned, and if a perpendicular be drawn on tbc imt hi 
the point in ilie line : the consiruction is obuioua. 

le. Let AB, AC be the lines and D the given point. Draw DE f 
to AB meeting AC in F, and make AG equal to DK, join DG cami ij 
inU. ' 

17. Let ABC be an isosceles triangle having tbe sides AB ar, 
and (he vertical angle BAG greater than either of the angles eii ibe b«.i| 
which case the line required will be found to fall within the triangle. Su[f* 
DE the line required. Through E draw EF laeeting the bue in f, d 
parallel to AB; and join AF. Then DK is equal to AB br hypaliiab.dl 
DE is equal to BF, Eue. 1. 34. Therefore BA is equal to BF ' 
triangle BAF is isosceles. Hence the synthesis. 

18. Let ABC be an isosceles triangle, and from any point D i 
BC, and the extremity B, let three lines DE, DF, BG be drawn M _ . 
and making equal auglei with the base. Frodiici: ED and make DH eqiHllH 
Df and join BH. ■ 

19. If the iiaicelei triangle be obtuse-angled, by Euc. r. 5, 32. the n 
will be made evidHit. If the triangle be acute-angled, the e. 
proposition requires some modificatian. 

30. Construct the ligure and apply Eue. i. S, 32, 15. 

IF the isosceles triangle have its vertical angle less than two ' 
right angle, the line ED produced, meeU AB produced towaMU i~ 
then 3. AEF = 4 right angUs + AFE. If the vertical angle b 
two thirds of a right angle, ED produced meets AB produce 
vertex, then 3 . AEF =2 right angles + AFE. 

21. For in the figure, Enc. 1. 18, the two sides CB and BAS 

than AC, butBA is equal to AD, therefore the remainder BC is ^raltrA 

CD or the diflerence between the two sides AB, AC of the triangle, ii M 



nBC. 



the sides. 

22. Produce EG, FG to meet the perpendiculars CE, BF, produced if I 
necessary. The dcmonstiation is obvious. F 

23. If the given triangle have both of the angles at tha base, acute ■ngts; 1 
Ihe difference of the angles at the base is at once obvious from Euc t. ^' " 
one of the angles at the base be obtuse, does the property hold Kood ? 

2i. Let ABC be a triangle liaving ihe angle ACB double of the aB^ I 
ABC, and let the perpendicular AD be drawn to the base BC. Take SE I 
equal to DC and join AE. Then AB may be proved to be equal to " " 

If ACB be an obtuse angle, then AC is equal to the sum of the 
of the base, made by the perpendicular from the vertex A. 

25. I^is theorem is the converse of (he precedmg. 

26, Iiet the sides AB, AC or any triangle ABC be produced, the exterior 
angles bisected by two lines which meet in D, and let AD be joined, ihni AD 
bisects the angle BAG. For draw DE perpendicular on BC, also DF, DO 
perpendiculars on AB, AC produced, if necessary. Then DF may be proved 
equal to DG, and the squares of DF, DA are equal 10 the squares of FU GA 

* ■ ' ^ofDG; hence AF is equal 

s throu^ 



pf which the i 



re of FD is 
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-^ji angle of die ttisngle, or it msj not ; if it in not, draw throagh en ingle of 

*)Uie iiiangle a IIde parallel la lhi> line, Eiic 1.31. If a Lne fqusl to the given 

■Hine be supposed lo be drawn parallel to the line through one of the anglei, B 

i*p«T»llc1ograni may be formed and the con-stniction delermined. 

2S. Let AD bisect the base, sod AE the vertical angle A, and meeting 

k the base ia the points D, E. The angle AKU may be ^ewn to be greater 

' than the angle ADE. 

29. liei ABC be the ttiangle ; AD perpEndicular to BC, AE drawn to 

" the bisection of BC, and AF biaeeling Ihe angle BAG. Produce AD and 

^ nuke DA' equal to AD : join FA', KA'. 

I 3U. If the point in the base be supponed to be determined, and lines drairD 

• from it paraUel to the sides, it will be found to be in the line which bisects 

' the veciical angle of the tiimgle. 

! 31. Let ABC be Ibc triangle, at C draw CD perpendicular to CB and 

equal to tlie sum of tlie required lines, through D draw DE parallel to CB 
ineeting AC in E, and draw EF parallel to DC, meeting BC in F. Then 

I £F is equal la DC. Next produce CB. making CO equal to CE, and jolti 
EG cutting AB in H. From U draw HK perpendicular to EAC, and HL 
perpendicular to BC. Then HK and HL logeiher are equal to DC. The 

' proof depends on Theorem 18, p. 234. 

^ 32. Let ABC be a triangle whose verlical angle Is A, and wliose base 
BC is bisected it) D ; let an^ line EDO be drawn through D, meeting AC in 
a and AB produced in E, and farming a triangle AEO having the same 
tertical angle A. Draw BH parallel to AC, and the triangles BDH, GDC 
•n equal. Enc i. 26. 

33. If ABC, DBC be two equal triang;tes on the same base, of which 
ABC is isosceles, £g. Euc i. 37. By producing AB and making AG equal 
to AB or AC and joining OD, the perimeter of the triangle ABC may be 
shewn to be less than the perimeter of the triangle DBC. 

34. Let two triangles be cmutructcd on the same base with equal peri- 
meters, of which one of them is isosceles. Through the vertex of that which 
ia not isosceles draw a line paiallel to the base, and intersecting the perpen- 
dicular drawn tiom the vertex of the laOBcelea triangle upon the common ba«e. 
Join this point of intersec^D and the extremities of the base. 

35. At C maka the angle BCD equal to the angle ACD, and produce 
AB lo meet CD in D. " i . a 

36. By bisecting the hypotenuse, and drawing a line from the vettex to 
the point of bisection, it may be ahewn Chat diis luic forms with the shorter 
side and half the hypotenuse an equilateral triangle. 

37. Let ABC be a triangle, having the right angle at A, and the angle 
at C greater than the angle at B, also let AD be perpendicular to the base 
and AE be the line drawn to E the bisection of the base. 

Then AE maybe proved equal to BE or EC independently of Euc. ill. 31. 
I S8. On the rame base AB, and on the same aide of it, let two triangles 
I ABC, ABD be constmcted, having the side BD equal to BC, the angle ABC 
« right angle, but the angle ABD not a right angle ; then the triangle ABC 
may be shewn to be greater than the triangle ABD whether the angle ABD 
be acute oi obtuse. 

39. Let ABC be the triuigle required, BC being the given base, and 
CD the perpendicular on the hypotenuse from C iht right angle. It may be 
sheWQ that the three triangles ABC, CDD, AC;D, have their angles respect- 
ively equal : therefore the tngle ACD is equal 10 the angle CBD. Hence the 
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BA describe a drculat arc culliDg CB in D, atii] join AD. Then D 

difieieoce between the sum of tbe tnd lidei AC, CB and the liypnteouK U.I 
also one side AC the perpendicular is given. Hence the constniclion. " 
line EB lake EC equal to ihe given side, ED equal to the given di! 
At C, draw CA perpendicular to CB, and equal to EC, join AD, at A in It I 
make liie angle DAB Equal to ADB, and let AB meet EB In B. Then AK ■ 
is the triangle inquired. I 

41. (1) Let ABC be the triangle required, having ACB the tightm^ I 
Produce AB to D making AD equal to AC or CB: then BD ia tl '" 
the sides. Join DC : then the angle ADC ia one Tourth of a light ai 

DBC is one half of a right angle. Hence to construcl : at B in 1 . 

the angle DBU equal la half a Tight angle, and at D the snsle BDC titdM 
to one fourth of a right angle, and let DC meet BM in C. At C dnvaP 
al right angles to BC meeting BD in A : and ABC is the trianRle requini L 

(2) Let ABC be the triangle, C the right angle : from AB cut off ill 
equal to AC ; then BD is the ditieience of the hypotenuse and one aide. J<kl 
CD i then the angles ACD, ADC are equal, and each is half tbe auppleiMl| 
ofDAC, wbichishalfarigbiangle. Henc- ■■■ ' =- ' ■ 

42. See page 260. 

43. Apply Euc. i, 1,0. 

44. The angle to be trisected ia one-fourth of a righ t angle. If aneid-l 
lateral Iriangh; be described on one of the sides of a triangle which Com ' 
the given angle, and a line be drawn to bisect that angle of the equik 
triangle which is at the given angle, the angle contained between t])'~ "'' 
the other side of the triangle will ]x one-twelfth of a right angl^ d 
one-third of the given angle. '' 

It may be remarked, generally, that any angle i . _ 

eighth, &c. part of b right angle, may be trisected by Plane Geomi 

45. The perpendicular drawn from the vertex on the base 

lateral triangle bisects the angle at tbe veiteiL, which is two-ihirdaof oi 

m. Let ABC be the equilateral triangle of which a side is required i> 
found, havmg given BD, CD the lines bisecting (he angles at B, C. Si> 
the angles DBC, DCB ate equal, each being one-third of a right angle, da 
sides BD, DC are equal, and BDC is an isosceles triangle having (he and! 
at ihe vencjc Ihe supplement of a third of two tight angles. Hence the di 
BC may be found. 

47. See page 2G9. 

4i>. Let the given angle be taken, (I) as the indiided angle between da 
given sides ; and (Z) as the eppoiite angle io one of Ihe given sides. In d# 
latter case, an ambiguity will arise if the angle be an acute angle, and opporiM 
to the less of the two given sides. 

49. Let ABC be the required triangle, BC the given base, CD the gira 
diff'erence of the sides AB, AC : join BD, then DBC by Euc. i. 18, con V 
shewn to be half tbe difierence of tbe angles at the base, and AB is equal U 
AD, Hence at A and B in the given base BC, make the angle DBC equal ■ 
lialf the dilference of the angles al the base. On CB take CK equal to itai 
difference of the sides, and with center C and radius CE, describe a dtdl 
cutting BD in D I join CD and produce CD to A, and at B make the angle 
DBA equal to the angle BOA. 

60, On the line which is equal to Ihc perimelec of (he required trianglt 
describe a triangle having its angles eijual to (he given angles. Then bised 
the angles at tbe base ; and from the point where iheae lines meet, draw lioM 
parallel to the Hides and meeting tbe base. 

51. Let ABC be the required triangle, BC tbe givra base, and the lidt 
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lAB greater ihsn AC. Blake AD equal to AC. and draw CD. Then Che 
^ jangle BCD ma)' be shenti lo be equal to half the diSerence, and lheBn(;le DCA 
^ equal id half the sum of the anglea at the base. Hence the uigles ABC, ACB 
r -at the baseoflhe triangle are known. 

^£ 52. Let the two given lines meet in A, and let B be the given point. 
K J' If DC, BD he Buppoiied to he drawn making equal angle* with AC, AD 
and DC be joined, BCD la the triangle lequired, and the figure ACBD nay 
£ y be shewn to be a parallelt^ram. Whence the construction. 
^, 63. It can be shewn that lines drawn from the angles of a ulangle to 
^_ bisect the opposite sides, intersect each other at s point which ia two thirds of 
^^ their lengths trom the angulai points from which the; are drawn. Let ABC be 
bsi the triangle required, AD, BE, CF the given lines from the angles drawn to the 
y' bisections of the opposite sides and intentecthig in G. Produce OD, making 
-^ DH equal to DO, and join BH, CH : the figure GBHC is a paraUelogram. 
S Hence the construction. 

^ 54. Let ABC (fig. to Euc i. 20.) be the required triangle, having the 

base CB equal to the given base, the angle ABC equal to the given angle, and 
the two sides BA, AC together equal to the given line BD. Join DC, then 
nncc AD is equal to AC, the triangle ACD is isosceles, and therefore the 
angle ADC is equal to the angle ACD. Hence the consliuction of the 
J triangle. 
^ 65. Let ABC be the required triangle (fig. to Euc. i. 18), having the 

angle ACB equal lo the given angle, and the base BC equal to the given line, 
^ also CD equal lo the difference of the two sides AB, AC. If BD be joined, 
" then ABD isan isosceles triangle. Hence the ajnihesis. Does this consliuc- 
tion hold good in all eases ? 
_ 66. Let ABCbetherequired triangle, (fig. Euc. 1. 18), of which the side 

* BC is given and the angle BAC, also CD the difference between the sides AB, 

* AC. JoinBD; then AB is equal lo AD, because CD is their di!rerence,and 

* the triangle ABD is isosceles, whence the angle ABD is equal to the angle 

■ ADB ; and since twice the angle ABD and BAD are equal lo two right 
angles, it follows that ABD ia half the supplement of the given angle BAC. 
Hence the constmetion of the triangle. 

67. Let FC be perpendicular to AB, and FE be drawn lo any other 
point E in AB: then FC may he proved leas than FE, Euc. j. 32, 19. Let 
CD be taken equal to CE and FD be joined, then FD is equal to FE, and 
no other line can be drawn from F equfd lo FE ; if poaaible, let FA be equal 
to EF, which may be shewn to be impossible. 

5S. Thia is directly obvious (rom Euc. i. S4. 

69. Thia proposition requires for its proof the case of equal triangles 
omitted in Euclid : — namely, when two aides and one angle ate given, but not 
the angle included by the given sides. 

00. Let AB be the given line and C, D the given points. From C draw 
CE perpendicular to AB, and produce it making EF equal (o CE, join FD, 
and prepuce it to meet the given line in G, which will he the point required. 

61. See page 268. 

62. The construction of this problem may be effected from Piob. 
61, page 268. 

63. See page 207. 

6J. The points D, W, are (he inteisecllons of the diagonals of two rect- 
angles : if the rectangles be completed, and [he lines OD, OD' be produced, 
they will be the other two diagonals. 

65. Let AB, AC, AD, be the three lines. Take any point E [□ AC, 
and on EC make EF equal (o EA, through F draw FO parallel to AB, join 
GE and produce It lo meet AB in B. 



! 



276 GEOMETRICAL EXERCISES, &C. 

SG. Take any point in the given line, and apply Euc. i 

^7' On one of Ihe parallel linea take I<:F, equal to the given linc.af 

with center E and radius EF, describe a circle cutting the other in G. ' 

EG, and through A draw ABC parallel to EG, 

GO. Let the lines be produced (if neceasarj) and meet, then by Euc 

69. This ia rosnifeBt hom, Euc. i. 39. 

70. This will appear frotn Euc. i. 29, 15, 26. 

71. When the appoaite aides are equal, draw the diagonal, and ipflj 
Euc. 1. B, 28. When the oppoaile angles are equal, shew that the two 
adjacent lo each side are respectivel; equal to two right angles, ih 
Euc I. 29. 

72. Apply Euc. [. 29, 26. 

73. This is proved by applying Euc i. S, 1. 

74. This will appear from Euc. i. 38. 

75. See p^e 267. 

76. A'D' and B'C may be proved to be paralleL 
77- Let the line drawn ftom A fall without the parallelogram, and IM 

CC, BB', DD' be the perpend iculara from C, B, D, on the line dtKWB fiM 
A ; from B draw BE parallel to AC, and the truth is manifest. JUax, Itt 
fall within the parallelOBraHi. 



7S. Let tbe diagonals 
m angles in each ai ' " " " 
DB, AC are equal. 



I in E. In the triangles DCB, CDA __ 
aide DE respectively equal : whereFoTe ibc diagootk 
since DE, EC are equal, it Ibllovs that EA, SM 
are equoL Hence DEC, AEB are two isosceles triangles having theii ke '"^ 
angles equal, wherefore the angles at their bases ore equ^ ceapectiTely, 
therefore the angle CDB is equal to DBA, 

79. Draw a line AB equal to the given diagonal, and at the poiot A. 
make an angle BAC equal uj the given angle- Bisect AB in D, sad thnuA 
D draw a line parallel lo the given line. This will be the positioa of ok 
D&er diagonal: Through B draw BE parallel to CA, join AE, and thm ' 
B draw BC parallel to EA. Then ACBE is the parallelogram required. 

69. (I) By supposing the point P found in the side AP of tbe pa 
lelogram ABCD, such that the angle contained by AP, PC may be Iriaa... 
by the line PD; CP may be proved equal to CD; hence the solution h 
obvious. 

(2) By supposing the point P found in the side AB produced, so tb* 
PD may bisect the angle contained by ABP and PC ; it may be abewn thA 
the side AB must he produced, so that BP is equal lo BD. 

61. Construct a right^ngled paralklogiam by Euc, i. 44, ei 
given quadtilsleral figure, and &om one of die angles, draw a line 
opposite side and equal to the hose of the rectangle, and altnelram thesdjacett 
angle parallel lo this line will complete the rhombus. 

82. Bisect BCin D, and through the vertex A, draw AE parallel tc 
with center D and radius equal to half the sum of AB, AC, describe m 
cutting AE in E. 

B3. Produce one side of the square till it become equal to the diagoosl, 
Ihe. line drawn from the extremity of [his produced aide and parallel to the xd- 
jacent side of the square, and meeting the diagonal produced, detetmiiuB th* 
point required. 

S4, liet fUl upon Iha diagonal perpendiculars from the opposite angles of 
the pBiaUelogram. These perpsndiculais may be proved to be equal, ard cbA 
pair of triangles is situated on different aides of the same base and hw 
■ItiludflS. 

8S. One csM of ihis Theorem is induded in Tbeoiem 84, lupn. 
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other raae, vhcn ilia poinl is in the diagoaiJ produced, is obvious tram tbe 

8U. IF a line be drawn pubUfI Io AD through the point of intecsecCian of 
the ili^ona), and the line dravn throuffh O parallel lo AB ; then by Euc i. 
43, 41, the truth of the theorem is matufeBt. 

67. It nui; be remarked that paiallelograina arc divided into pairs of 
equal triangles by the diagonals, and therefore by taking the triangle ABD 
equal to tlie triangle ABC, the properly may he easily shewn. 

88. See page 270. 

89. If the square and paraUelt^^nun be upon the same base and between 
the same parallels, the truth is obvious from Euc. i. 37. 

DO. This may be proved by shewing that the area of the isosceles triangle 
is greater than the aiea of any other triangle whieh has the same vertical angle, 
and the sum of the sides containing that angle equal to the sum of the equal 
sides of the isosceles triangle, 

91. Let ABC be an isosceles triangle (fig. Euc. 1.42.), A B perpendicular 
to the base BC, and AECG the equivalent rectangle. Then AC is greater 
than AE, &c. 

92. See page 270. 

03. On any ^de BC of the given triangle ABC, take BD equal lo the 
given bate ; join AD, through C diaw CE parallel to AD, meeting BA pro- 
duced if necessary in E, join ED : then BDE is the triangle required. By 
a process somewhat similar the triangle may be formed when the a/(ifiiijc is given. 

94. Apply the precedio^c problem (93) to make a triangle equal to one 
of the given triangles and of the same altitude as the other given trUngle. 
Then the sum or diffeience can he readily found. 

95. (I) DF bisects the triangle ABC (fig. Prop. 92, p. 270), On each 
side of the point F in the line DC, Cake FG, PH, each equal to one third of 
BF, the lines DO, DH shall trisect the triangle. Or, 

Let ABC be any triangle, D the given point in BC. Trisect BC in E, F. 
Join AD, and draw EG, FH parallel to AD. Jom DO, DH i these lines 
trisect the triangle. Draw AE, AF and the proof is manifest. 

(2) Let ABG be any triangle; trisect the base BC in D, E, and join 
AD, AE. From D, E, draw DP, EP parallel lo AB, AC and meeting in 
F. Join AP, BP, CP ; these three lines trisect the triangle. 

(3) Let P be the given point within the triangle ABC. Trisect the base 
BC in D. E. From the vectes A draw AD, AE, AP. Join PD, draw AG 
parallel to PD and join PG. Then BGPA is one third of the triangle. The 
problem may be solved by trisecting either of the other two sides and making 

9(!. If the figure ABCD be one of four sides J join the opposite angles A, 
C of the figure, through D draw DE parallel to AC meeting BC produced in 
E, join AE :— the triangle ABE may be proved equal lo tbe four-sided figure 
ABCD. 

If the figure ABCDE be one of five sides, produce the base both ways, and 
the figure may be aanaformed into a triangls, by two constructions sitnilar to 
that employed for a figure of four sides. U'the figure consists of six, seven, or 
my number of sides, the same process must lie repeated. 

97. Let D, E, F be the bisectiona of the sides AB, BC, CA of the 
triangle ABC 1 draw DE, EF, FD ; the triangle DEF is one fourth of tbe 
triangle ABG 

The triangles DBE, FBE aie equal, each being one fourth of the triangle 
ABC : DF is therefore parallel la BE, and DBEF is a parallelogram of which 
PE is a diagonaL 

2A 



I 
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fl8. This may be ihewn by Euo. i. 35. 

99. Tho base toi,j be divided into nine equal parts, and linu nt , 
drawn from the Ttttei W the poioU of diyirion. Or, the sides of the tniigli 
may be iriseiled, and the points of tiiiection joiDed. 

lOU. It is ptoved, Euclid, i. 34, that each of the diagonals of a panlldir 
gram bisects the figure, and it may easily be shewn that they also bisect net 
other. It is bence muiifest that any straight line which bisects a psndUh 
gram muii pass ihtough the inrerafclion of the diagonals. The difio* 
positions of a line through the intersection of the diagonals will suggoltk 
GOOBtructions in the dilferent cases. 

lUl. The bisccliog line mast pass Ibrough the intenection of ^ 
diagonals. 

102. Trisect the side AB in E, F, and draw EO, FH parallel lo A] 
or BC, meeting DC tn G and H. If the given point P be in EF, the i* 
lines drawn from P throagh the bisections of EG and FH will trisecl ll 
parallelogram. If P be in FB. a line irom P thiougli the bisection of FH 
will cut ofTone third of the parallelc^Tam, and tlie remaining trapeziam iili 
be bisected by a line iiom P, one of its angles. If P coincide with £ Oi F, 

1U3. (1) Reduce the ttapeBiam ABCD to a Iriangle BAE by R* 
96, supra, and bisect the triangle BAE by a line AF from the TCtlei, lit 
faU without BC, through F draw FG parallel to AC or DE, and join AG. 

Or thui. Draw the diagonals AC, BD: bisect BD in B, and joio^ 
EC. Draw FEG parallel to AC the other diagonal, meeting AI> in F, ii ' 
DC in G. AG being joined, bisects the trapezium. 

(2) Let £ be the given point in the side AD. Join EB. Bisect i 
quadrilateral EBCD by EF. Blake Che triangle EFG equal to the trin^ 
EAB, on that side of EF on which the greater part of ABCE lies. Bi^ 
the triangle EFG by EH. EU bisects the Rgure. 

101. If a straight tine be diawn from the given point through the ifli 
section t>f the diagonals and meeting the opposite side of the Hquare; 
problem is then reduced lo the bisection of a traperimn by a line drawn b 
one of its angles. 

105. I.eC BCED be a trapeiium of which DC, BE are die diagn 
intersecting each other in G. If the triangle DGB lie equal to the trlangk 
UGC. the side DE may be proved parallel to the side BC, by Euc. i. 38. 

lOfi. This may be shewn by Euc. i, 20. 

107. It is Bufiicient to suggest, that triangles on equal liases, and of eq 
altitudes, are equal. 

103. Draw the two diagonals, then four triangles are formed, two on «M 
side of each diagonal. Then two of the lines drawn through the pmi 
of bisection of two sides may he proved parallel to one diagonal, and r._ 
parallel to the other diagonal, in the same way as Theorem U7. page S7JV 
The oUier property is manifest from the relation of the areas of the trianglet 
made by the lines drawn through the bisections of the sides. 

109. Apply Euc I. 20. 

llt>. Let Che side AB be parallel to CD, and let AB be biscctedin 
CD in F, and let EF be drawn. Join AF, BF, then Euc. i. 38. 

111. If the four sides of the figure he of diiferenl lengths, the truth of 
the theorem may be shewn. If, howcTcr, two adjacent sid^ of die figun b* 
equal to one another, as also the other two, the lines drawn from llie anglM 
^0 the bisection of the longer diagonal, will be found to divide the trapeaiuiii 
nlo four triangles which are equal In area to one another. Euc. i. 38. 

112. The diameters of a square bisect one another at right angles. 
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13. D»w IwD uideRnite lines AM, AN at right nngln to each other. 
On AM lake AG equal lo the aide of one of the given tquares, and on AN 
take AC equal lo the side of (he second square, join BC, then the square on 
BC Is equal 10 the squares on AB and AC. Again, on AM take AD equal 
toBC, and on AN take AE equal lo the side of the third square; join DE, 
■nd [he square on DE is equal to the three squares an AB, AC, AE. 

1 14. This prublem is the same as to conslnicC a right-angled triangle, 
baying given the hypotenuse and one side. 

116. B; Edc. I. 47, hearing in mind that the square described on any line 
Is four times the square described upon half the line. 

116. Construct (he figure, and the trutli is obvious from Euc. I. 47. 

117. See Theo. 3ti, p. 235, and apply Euc. 1. 47. 

118. Apply Euc. 1.47. 

119. Let the baseBC be bisected in D, and DE be drawn perpendicular to 
&£ hypotenuse AC. Join AD : then Euc. 1. 47. 

120. Theformerpart is St once manifest b; Euc. 1.47. Let the diagonals 
of the square be drawn, and the given point be supposed to coincide with the 
Intersection of the diagonals, the minimnin is obvious. Find its value in (eana 
of the side. 

121. (a) Apply Euc. i. S, 29. 

(J) Let AL meet the base BC in P, and let the perpendiculars from F, 
K meet BC produced in M and N reapectively ; then the triangles AFB, 
FMB may be proved to be equal in all [espects, as also the triangles AFC, 
CKN. 

((.■) If FH, FO be produced and meet in O, and OB, OC be jtrined, the 
triangle OBC is equal in all respects to the triangle ADE, and joining the 
points A, O, the line A O is in the same- straight line with AL which nteeta 
the base BC in R. Then OR is s perpendicular fkim an angle on the oppo- 
site side BC of the triangle OBC. If BK, CF can be proved to be perpen- 
dicular to the other two sides OC,OB respectively: then BK and CFintatsect 
AL in the same point. 

(d) Let fall DQ perpendicular on FB produced. Then the triangle 
DQB may be proved equal lo each of the triangles ABC, DBF; whence the 
triangle DBF is equal to the triangle ABC. 

Perhaps however the better method is to prove at once that the triangles 
ABC, FBD are equal, by shewing that they have two sides equal in each 
triangle, and the included angles, one the supplement of the other. 

122. Let any paiallelograms be described on any two aides AB, AC of a 
triangle ABC, and the sides parallel to AB, AC be produced to meet hi a 
point P. Join PA. Then on either aide of the base BC, let a parallelogram 
be described having two sides equal and pamllel to AP. Produce AP and it 
will divide the parallelogram on BC into two ports respectively equal to the 
parallelograms on the sides. Euc. i. 35^ 36. 

123. Let Iheequilaleral triangles ABD,BCE,CAF be described on AB, 
fiC, CA, the sides respectively of the triangle ABC having the right angle 
at A. 

Join DC, AK: then the triangles DBC, ABE areequal. Next draw Da 
perpendicular lo AB and join CG : then the triangles UDO, BAG, DGC ate 
equal to one another. Also draw AE, EK perpendicular to BC ; the triangles 
EKH, EKA are equal. Whence may be shewn that Ihe triangle ABD is 
equal to the triangle BHE, and in a similar way may be shewn that CAF is 
■ to CHE. 
he restriction is unnecessary : it only brings AD, AE into the same 
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Dinidf agiven itraighl Hne into two parti iseh, that Iheir reelangkm 
equal to a given tguare ,■ and dciermUie tbt grcatett iqttare tahich the n ' 
can leyal. 



Let AB be tbc given s 



II line, and Jet M be the aide of [be g 



It U required Id divide the line AB into two part) 
coattuned by tbem maf be equal to the aquare on Jif. 




Bisect AB m C, with ceatei C, and ladius CA ot CB, describe llie n 
circle ADB. 

At the point B draw BE at right angles to AB and equal to JIf. 
Through £, draw £ZI paralL.') to AB and cutting the semicircle in It : 

and draw DF parallel to EB meeting AB in F. 
Then AB is divided in F, so thai the reclangU AF, FB is equal to 
iquBie of JVf. 

The square villhe the grcateit, when ED touches the Bemicirdi^ 
or when M ii equal to half of the given line AB. 



The iqjiate of the exceic of one strai^t Hne above another U fecr than Al 
marei of the tao linei by taice their rectangle. 
Let AB, BC be the two atraight lines, whose difference Is AC. 
Then the square of /I C is_le»8 than the squares of JJIand BC by H 



the Kctangle contained by AB and BC 



_C_B 

9— 



therefore the whole AK ia equal to the whole CE ; 

and AK, CE together ate double of ^A'j 

but AS, CE are the gnomon AKF and CK, 

and ^AT is the rectangle contained by AB, BC; 
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therefore the gnomon AKF and CK ate equal to twice the rectangle 
AB.BCi 

but AE^ CK are equal to the squares of AB^ BC ; 
hence taking the former equals from these equals, 
therefore the difference of AE^ and the gnomon AKF is equal to the dif. 
ference between the squares AB, BC, and twice the rectangle AB, BC; 

but the difference AE and the gnomon AKF is the figure BF which is 

equal to the square of AC. 
Wherefore the square of ^Cis equal to the difference between the squares 
of ABy BC, and twice the rectangle AB, BC. 

16. 

I In any triangle the squares of the two sides are together double of the two 

squares of half the base and of the straight line Joining its bisection mth the 
t opposite angle. 

Let ABC be a triangle, and AD the line drawn from the vertex ^ to the 
bisection D of the base BC» 



II 




From A draw AE perpendicular to BC. 
Then, in the obtuse^ngled triangle ABD, £uc. ii. 12 ; 
the square of AB exceeds the squares of AD, DB by twice the rectangle 
BD, DE : 

and in the acute^mgled triangle ADC, Euc ii. 13 ; 
the square of ^C is less than the squares of AD, DC, by twice the 
rectangle CD, DEt 
wherefore, since the rectangle BD, DE is equal to the rectangle CD, DE ; 
it foUows that the squares of AB, Ac are double of the squares of 
AD, DB. 

17. 

If straight lines be drawn from each angle of a triangle bisecting the opposite 
sides^four times the sum of the squares of these Hnes is equai to three times the 
sum of the squares of the shies of the triangle. 

Let ABC be any triangle, and let AD, BE, CF be drawn from A, B, C, 
to D, E, F, the bisections df the opposite sides of the triangle: draw AG 
perpendicular to BC. • 

A 




Then the square of AB is equal to the squares of BD, DA together with 
twice the rectangle BD, DG, (ii. 12.) 

and the square of ^C is equal to the squares of CD, DA dhninished by 
twice the rectangle CD^ DG ; (ii, 13.) 

2a3 
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thcrefoie the squBces of AB, AC are equal to twice the iqauc BD, 

twice the squiic of AD ; for DC is equal to SO : 
■nd tvice Uie iquare* at AB, AC tie equal to the square of ACb 
four limes the square oiAD : for BC i» iwice BO. 
SimiUrlf , twice the squares of AB^ BC are equal to the iquiie till 
Knd four liinet tbe square of BE : 

and twice the squntes o( BC, CA ore equal to the aquan ^ ii,' 
four times ihe aquBTe of FC : 

hence, by adding these equals, 

fouitlmea the squares of ^^, AC, fiCaie equal to four tinieB dieifi 

of AD, BE, CF together with the squares of AB, AC, BC: 

and taking the squares of AB, AC, BC frum these equalt, 

therefore ibree times Uie squares of AB, AC, BC are equal to fbuiii 

the squares of AD, BE, CF. 

13. 

The turn of the perpcndUulari, ^. 

Lei ABC be an equilstetal triangle, and P any point trilhin it! 
and ftom /■ lei faU FD, FE, FF perpendiculars on the sides AB, BC.Cl I 
mpcctlTelv, also from A let fall AG perpendicular on the base BC. 
Then AG ia equal to the sum of FD, PE, Pp. 




From P draw FA, FB, FC to the angles A, B, C. 

Then the ttiaagle ABC is equal to the three triangles FAB, FBC, FCJ- 1 

But since everjr triangle is half of n rectangle of the aanio base and alljlude, L 

therefore the rectangle AG, BC, is equd to the three rcctangles ^JB PDi I 

AC, PFhniBC, PE. ■ 

Whence the line AG is equal to (he sum of the lines PD, PE, PF. 
If the point P fall on one side of the triangle, or coincide with E : 

theti the triangle ^flC is equal to the two triangles APC, BPA: 
whence AG is equal to the sum of the two perpendiculars PO, PF. 
If the point P fall without the base BC of the triangle : 

then the triangle ABC is equal to tbe ditfcrence between tbe anm of ihc 
two triangles APC, BPA, and the triangle FCB. 
Whence AG is equal to the difference between the sum of PD, FF, and PE. 



1. See page S80. 

2. Apply Eue. r. 42, n. U. 

3. Euc. I. 45, 47 ; II- 14 ( will suggest the necessary ci 

4. This follows from Euc. ii. 7. 
G. A square may be found equnl to the given rectangle; and iheo Ihe , 

Pmb. is reduced to Prob. i. p. 380. 
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tf G. Thid problem Is, in other words, Oiien tile lum of two linei aud the 

•um of theii squares, lo find the lines. 
K Let AB be the given stiHighl line, at B draw BC at right angles lo JB, 
' bisect the angle ABC by BD. On AB uke AE equal to the side of the 
,t given square, and with center A and radius AE describe a circle cutting BD 

in D, from D draw DF perpendicular to AB, the line AB is divided in F 



n line. Fin-d a line AK of which the square shall 
' AB ; from AB cut off AC equal lo the difference 
n AE and AB, and C la the point of section ancb that the squares dF 
I AB and BC are double the square of AC. 
U If the square of one part were required to be three times the square of 

the other, the problem, by aid of Euc ii. 7, is at once reduced to depend on 

£i>c. 11. II. 
' 9. In the Ggure, Euc. ii. 7. Join BF, 
\ GD. Half the rectangle DB, BG, mar be pi 
I BC. Or, 

I Join KA, CD, KD, CK. Then CK is perpendicular to BD. And the 
^ triangles CBD, KBD are each equal to the triangle ABK. Hence, twice the 
I triangle ABK is equal to the figure CBKD ; but twice the triangle ABK is 
, equal to the rectangle contained by AB, BC; and the figure CBKD is equal 

to half the rectangle contained by DB and CK, the diagonals of the squares 

OB AB, BC. Wherefore, &c. 

10. The difference IJetwcen the two unequal parts may be shewn to be 
equal to twice the line between the poinls of section. 

11. In the question, for C read H, as in the figure, Euc. ii. 11. If D 
be the point hi AH, so that HD = BH, then AB = AH + BH j 

and since AB . BH = AH", .-. (AH + BH) . BH '- AB', 
.-. BH' = AH»-AH.LH = AH.(AH-BH);or, HD' = AH.AD; 
that is, AH is divided in D, so that the rectangle conuined by the whole line 
and one part, is equal lo the square of the other part. Bf a similar process, 
HD may be so divided ; and so on, by always taking from the greater part 
of the divided luie, a part equal to the less. 

Also, if BA be produced, and AK be taken equal lo AB, KM to £H, 
ML to MA, and so on ; KH, MA, LK, &c. may be proved to he similarly 
divided lo AB. The proof that KH is so divided appears from the figure : 
forCF.FA-CA'; and AK = AC, also AF = AH. 

13. This proposition is only another form of stating Euc. ii- 7* 

13. See page 2t)2. 

U. Id the figure, Theorem SB, p. S70, draw PQ, PR, PS perpendiculars 
on AB, AD, AC respectively : then since the triangle PAC is equal to tho 
two triangles PAB, PAD, it follows that the rectangle contained by PS, AC, 
is equal to the lum of the rectangles contained by PQ, AB, and by PR, AD. 
When is the rectangle by PS, AC, equal to the dljercnee of the other two 
lectangles ? 

16. Through E draw EG paraUel to AB, and through F, draw FHK 
parallel to BC and cutting EG in H. Then the area of ihe rectangle is mads 
up of (he areas of four triangles ; whence it may be readily shewn that lake 
tht area of the triangle AFE, and the figure AGHE is equal to the ares of the 
RCtangle. 

16. See page 281. 

17. See page 281, 
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18. The commaa inLeisecCion of tbe ihiee Unei divides esdi h\ 
pailB, one of which U double of ihe othEF, and this poinl is the tb. 
ihree Uianglca whidi have Uaes diawn from it lo the bisection of ttie ti 
Applj Euc. II. 12, 13. 

19. Apply Tbeorem 1 G supra, and Eac i. 47. 
80. This may be shewn fmvn Euc. I. i? i ii- fl. Cor. 
21. This will be found to be thai particular case of Euc j,. 

which the dislajiee of the obtuse angle ftom the fool of the perpaidio 

haU of the aide lubtended by the right aoglc made by the perpendioilii <j 

the ba« produced. 

23. (I) Let the triangle be acute-angled (Euc. ti, 13, fig. 1.) 
Let AC be bisected in E, and BE be JDined ; also EF be dnvD ' 

dicular to BC. DP ia equal to Fa Then the square of BE may 1. , 

to Ik equal to the square of BC together with the rectangle BD, BC. 
(2) If the triangle he obtuse-atigled, the perpendicular EF ttSUu* 

or without the base according as the liisecling line is drawn &1101 the«l(Htl 

(he aaiU angle at the base. 

23. Let ABDE be the square on ABi from C draw CF, CO w 
diculan on DB, EA produced. Then by Euc. 11. 12. 

24. From C h^t fall CF perpendicular on AB. Then ACE ia an ah 
angled triangle, and BEC is an acute-angled triangle. Apply Em. it 
13 j and by Euc. i. 4J, the squares of AC and CB are equal tu the iciiiBd 
AB. ' 

25. Apply Euc. t. 47, il. 4 ; and the note p. 76 on Euc, 11. 

20. Draw a perpendicular from the Tertei to the base, and ap 
47 ; II. fi. Cor. Enunciate and prove the proposition when the s 



Euc 

29. Let the equare on the base of the isosceles triangle be descrital 
Draw the diagonals of the square, and the proof ia obtious. 

30. Apply Euc. I. 47i to espccBs the squares of the three sides in terS' 
of the squares of the perpendicular and of the segments of AB. 

31. Draw EF parallel to AB and meethig the base in F ; drai. 

EQ perpendicular to the base. Then DF Is a paraUelogTam, aad by Euc ulji 

32. Bisect the angle B by BD meeting the opposite side in 1> aai 
BE perpendicular lo AC. Then by Euc. 1. 47 ; iI. B, Cor. 

33. This follows directly from Theorem 20, p. 233. 

34. Let the point O be within the rectangle. Draw the diaipMials bi 
teisecting esch other in P and jom OF. Enc. 11. 12, 13. Let O be wtAgr' 
the triangle. 

35. Draw from any two opposite angles, atrught lines to meet in d 
biseelion of the diagonal joining the other angles. Then by Euc. 11. 1 3^ IS, 

36. Draw two lines from die point of bisection of either of (he biseccrf 
aides 10 the extremities of the opposite side ; and three triangles wil] be 
two on one of the bisected sides and one on the other, in eacb of * 
a line drawn from die vertex to the bisection of the base. Then by 
IG, p. 242. 



If the extremities of the li 



the opposite ( 



of the trapezium be joined, the figure formed is a parallelogram which bM 
its sidea respectively parallel lo, and equal to, half the diagonals of the trap** 
•'""■ ''■'■e sum of the squares of the two diagonals of the trapeidato way b» 
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dly atiewn to be equal to the sum of the iquirea of the fooc sidei of (lie 
nlleloeTotn. 

38. Draw peipcnilicul&ra from the extremities of one of the parallel sides. 
Meting the other side producred, if neeeflsurf. Then from the four righs 
Bglcd triangle* thus formed, may be shewn tht truth of the proposition. 

39. Let ABC be any triangle; AHKB, AGFC, BDEC, the squatea 
□ their gidea t EF, OH, EL the lines joining the angles of the gc[uBte«. 
' e GA, KB, EC, and draw HN, DQ, FR perpendiculara upon them 

Tely : also draw AF, Bit, CS perpendiculars on the aidec of the 
angle. Then AN may be proved lo be eiiual to AM; CR to CP ; imd 
4BQ to BS ; and by Euc. ii. 13, 13. 
Ml 40. Draw the Deccastiry lines and apply TheoreiD 16, page Si2. 
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I/AB. CD fie diordi of a circle al right ungki to each otJicr, pro 
\c )um o/llie arct AC, BU U equal to Hie lum of the arct AD, BC. 
Draw the diameter FUG parallel U> ^B, and cutting CD in R. 



i 




■cFOis 






■cFC, 



BG, 



! equal to the arcs y.^, ^O, of which, ^f is equal 
therefore the arcs JD, BG are equal 10 the arc FC ; 
add to each CG, 
therefore the arcs AD, BC are equal to the area FC, CG, which make up 
the half circumference. 

Hence also the arcs AC. DS are equal to half the circumfeience. 
Wherefore the area AD, BC are equal lo the arcs AC, DB. 

17- 

TTirj diameter of a circle lunlng been produced to a given point, it it re- 
quired tofni in tin part produced a point, Jrovt ahlch if a tangent be dratm 
to the eirete, it ilmll he equal to the tegment of the part produced, tliat u, 
betaccn the gisen point and t/ie point found. 

Analysis. Let AEB be a circle whose ceater ia C, and whose diameter 
AB is produced to the given point D. 
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e ■egment CD a ip 



Join DE imd produce ic to meet ihe drcumfereiice agEuD in F; 

join also CE and CF. 

Then in the triangle GDF. becauao GD is equal to GE, 

iheiefoie ibe angle GED ii equal to the angle GDEf 

and because CE ia equal to CF, 

the angle CEF is equal to the angle CFE j 

Iberefoie ibe angles CEF, GED are equal to the angles CFE, GDE: 

but tince GE it a tangent at £, 

tfaererore the angle CEG is a right angle, (iit. la) 

hcnca the angles CEF, GEF are equal to a right angle, 

anil consequently, the angles CFE, EDG me alm> equal to a right ai^ { 

wherefore the remaining angle FCD of the triangle CFZ> ia a right •»■' 

and iherdbre CF ia perpendicular to AD. 
SjTithesia. From the center C, draw CF perpendicular to AD im* 
the circumfeience of the cirde in F : 

join DF cutting the circumference in E, 
join hIbo CE, and at £ dian EG perpendicular to CE and intenediW 
BD in G, 

Then G will be (he point required. 
Pot in the triangle CFD, aiace FCD is a right angle, ibe angle* CFD, 
CDF ore together equal to a right angle ; 

also since CEG ia a right angle, 

therefore the angles CEF, GEO are together equal to aright angle; 

therefore the angles CEF, GED are equal to the angles CFIt, CDF; 

but because CE ia equal to CF, 

Ihe angle CEF ia equal to the angle CFD, 

wherefore the remaining angle GED is equal to the remaining angle CDf, 

Bod the side GD ii equal to the side GE ol the triangle EGD, 
therefore the point G is delermincd accoidiog to the tequiced coaditioiu- 



Ifachoririfa circle Reproduced tUt the part producti he eqaal fn the raJimt 
oni if from it> extremity a tine he drawn through the center and meeting Ml 
coBDe.B and concave circumjirencei, Ihe convex li anc'third of (Ae coneax 

Let AB an; chord be produced to C, so that BC ii equal to the ndlna tt 
thedrdei 

and let CE be drawn from C through the center D, and meetil 

Then the arc BF is one-third of the arc AE. 

Draw EG parallel to AB. and join DB, DG. 

Since the angle DEG is equal to the anghi DGE : (i. 8.) 
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Pi (ht angle GDF is equal to the angles DEG, DGE, (r- f 
therefore the gngle GDC ia double of the angle DEG. 
But the angle BDC is equal to the angle BCD, (i. 5.) 
andthe angle rSG is equal 10 the alternate angle ^C£; (i. 29.) 
H' therefore the angle CDC is double of the angle COB, 

add 10 these equals the angle CDS, 
iS therefore the whole angle GDB ia treble of the angle CDB, 

% but the angles GDB, CDB at the center D, are subtended by the arcs 

BF, BG, of ohich BG is equal to AE. 
Wherefore the circumferencB AE ia treble of the dreumference BF, and 
fl BF is one-lhild of AE. 

Hence may be solved the following problem : 
t; AE, BF are two arcs of a circle intercepted between a chord and a given 

t^ diameter. Determine the position of (he chord, so thM one arc shall be triple 
■ t of the other. 

HI 9G. 

, , AB, AC an^ED are tangenti to the cfrcle CTB; at vhatcver point txUfen 

C and ^ the tangrmt EFD ii draam, ifia three lides of the triangle AED ore 
equal to txeice AB or laice AC .- alto the angle iitbtcnied by the tangent EFD 
_ at the center of the circle, ii a coniianl quantity. 




therefore ED is equal to E3 and DCi 

to each of these add AE, AD, 

viiaetoKAD, AE, EDtmeqasi loAB, AC; 

and AB ia equal lOilC, 

therefore .^D, AE, ED Aie equal to twice AB, or twice AC; 

or the perimeter of the triangle AED is a constant quantity. 

Again, the angle EGF is half of the angle BGF, 

and the angle DGF is half of the angle CGF, 
therefore the angle DGE is half of the angle CGB, 
or the angle subtended by the tangent ED at G, is half of the angle con. 
tained between the two radii which meet the circle at the points where the two 
tangents AB, AC meet the cirelc. 

107. 
fiioen the liaie, the vertical angle, and the perpendicular In a plane triangl; 
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Upon the givi 



At the point B draw BC peTpcndJculat to ^B, and eaaal ti 
of the triuigle. (i. 11,3.) 

Through C, draw CBE parallel to JB, and meeting the ci 
flandfi. (1.31.) 

Join DA, DB% also EA, EB. 
Then EAB ot DAB ii the triangle required. 
It !■ alio tnanUeBt, that if CDE touch the circle, there wOl be M . 
uiangle which can he consttucied on the base AB with the giTen aliitiidt- I 

Ift'wo chordi of a cfrck inlcriccC each other al tig^l anglet ettteral 
■nithoHt the circle, tie lam qf the iqjiarci deicribei npon the Jbur le, 
equalto the iqiiare dcKribcd upon the diameter. 

Let the chords AB, CD inursect al right angles 




Dnw Ibe diameter AF, and join AC, AD, CF, Dg. 

Then the angle AC F in a somictrcle is aright angle, (tii. SI.) 

and equal to the angle AED : 

alio the angle ADC is equal to tlie angle AFC. (lii. 21.) 

Hence in the triangles ADE, AFC, there are tiro angles in the ax le^ 

tiiely equal to two angles in the other, 

consequently, the third angle CJF is equal to the third angle DAB; 

therefore the arc DB is equal to the arc CF, (iit. 26.) 
and therefore also the chord DB is equal to the ehotd CF. (m. S9.] I 
Because AEC is a right-angled triangle, 1 

Oiesquaimof .^£, £C are equal ID the square ot ACi (t. 47.) I 

■imilarl]', the squires of DE, EB are equal to the square of DB; \ 

therefore the squares of AE, EC, DE, EB, are equal (o the aquaia <i \ 
AC,DB\ \ 

but DB was proved equal to FC, ^ 

and the squares of AC, FC are equal to the square of AF, 
wherefore the squares of AE, EC, DE, EB, ace equal to the square of 

A F, the diameter of the circle. 
When the chords meet without the circle, the property is proved in ■ 
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Euc III. 3, sugRcsIs th( 
f 2. The least chord drawn through > given point, is the line perpEndlcnlsT 
~ ''laC diameter which puses through the giien point. 

t. The given point may be either within or without t]ie circle. Find the 

Br of the circle, aod join (he given point and the center, and upot: this line 

deKiihe t, semicircle, a line equal to the given distance may be drawn from 
the given point to meet the arc of the semicircle. When the point is without 
the circle, the given diatance may meet the diameter produced. 

4. Bisect the lines and join the point! of bisection with the center of the 
drcle, the two trianglea thui formed nia7 be aheno to be equal, and bj 
£dc. III. 14, the equality of the lines is inferred. 

5. Join the extremities of the chorda, then Euc i. 2? ; lit. 28. 

fi, Thfl two chords form hy their intcraections the aides of two isosceles 
bianglea, of which the pamUel chords in the drele are the bases. 
I. 7. The angles in equal aegments are equal, and by Etic. i. '2'J, 
■ 8. Construct the figure and tile arc BC may be proved equal In the arc 

wc. 

^ 9, See Theorem 4, supra. 

I 10. The point determined by the lines drawn from the bisections of the 

diords and at right angles to them respectively, vQI be the center of the 

required circle. 

11. This may be shewn by the aid of Eoe. iii. J. 

12. Join the point of intersection with the center of the circle and let fall 
from the center perpendiculars upon the chords. 

13. Let DKE, DBO (lig. Euc. iii. a) be two lines equally inclined to 
DA, then KE may be proved to be equal to BO, and the segments cut off by 
equal Btraighl lines in the Same circle, as well as in equal circles, are equal to 

14. 1/et two lines AP, BP be drawn from the given points A, B, making 
Equal angles with the tangent to the circle at the point of contact P, lake any 
other pomt Q in the convex circumference, and join QA, QB : then hy Prob. 
Gl, p. 2IJS, andEuc. 1.21. 

15. I^t A be the given point (fig. £uc in. 3G, Cor.) and suppose AFC 
meeting the circle in F, C, to be bisected in F, and let AD be a tangent drawn 
from A. Then 2 . AF' = AF , AC-AD=, but AD is given, hence also A F 
is given. 

To construct Draw the tangent AD. On AD describe a semicircle 
AGD, bisect it in O ; with center A and radius AG, describe a circle cutting 
the given circle in F. Join AF and produce it to meet the draimference 
again in C. 

IG. Produce the radii to meet the drcumferenco. 

17- See page 285. 

IS. This is obvious from the note to Euc. in. 20. 

19. Let the segments AHB, AKC t>e Fiternally described on the given 
JbicB AB, AC, to contain angles equal lo BAC. Then hy the converae to 
Eac. tii. 32, AB touches the drcle AKC, and AC the circle AHB. 

20. Join AB, and upon it describe a segment of a circle which shall con- 
Udn an angle equal to the given angle. If the circle cut the given line, there 
will Ijb two points ; if it only touch the line, there will be One; and if it neither 
cut nor touiJi the line, the problem is impossible. 

21. This is the same as Euc. in. 34, with the condition, that the line 
must pass through a given point. 

32. Let A be the given point, PQ any qnadrantal arc of the given ci'^'- 
Fiom C the center draw CD perpendicular to PQ, and with center ( 
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radius CD, describe a circle, which wiU touch PQ in I>. Then two tangalH 
FiBj be drawn to ihis circle from A, either of which is s solution. Then 
conatructioQ serves foe any given chord fcii t/iaa the diameter of the gi 

23. The line which divides the circle into two segmenta is cquiJ 
the line which joiaa the two poiats of intersection of the circles in ihefigoiB 
Euc I. 1. ■ 

24. At the center O of the given circle draw any radius OA, and il i 
point O draw the radius OB making the angle AOB equal to one-third ufi 
right angles, join AB. AB dividca the circle as required. 

25. The perpendicular from the vertex bisects the base of the iwKC 
triangle, and the circle described upon one of the sides will pass through i 
bisection of the base, Euc. jii. 31. 

26. If a circle be described upon the side AC as a diameter, the cina 
ference will pass through the paints D, E. Then Euc. in. 31. 

27. Let AB, AC he the bounding radii, and D any point in the arc E 
The circle described on AD will alwiyi be of the same magnitude, and 
angle EA F in it, is conaunt :— whence the arc EDF is conbtant, and ihcnfa I 
its chord EF. 

28. Join AD, and the first equality foUows directly ftom Euc 
32. Also by joining AC, the second equality may be proved in a similar «s^ I 
If however the line AD do not fait on the same side of the cenier O si E, 
will be found that the diffireace, not the lam of the two angles, is equil i 
2.AED. See note to Euc. III. 20, p. 121. 

21). Let ABC be a triangle of which the bass or longest side is BC, nJ I 
let a segment of a circle be described on BC. Produce BA, CA to mo " 
are of the segment in D, E, and join BD, CE. If circles be described 
the triangles ABD, ACE, the sides AB, AC shall cut oiT segmcnla sitnj 
the segment described upon the bate BC. 

30. The s^ment must be described on the opposite ride of the piednnd 
chord. By converse of Euc. iii- 33. 

31. See page 285. 

32. Draw any straight line intersects ^^ *"> punllel chord* ai 
meeting the circumference. 

33. The angle contained he 

contact, and the diameter drawn from 

contained by the tangents- 
Si. See page 2(tS. 

35. Let A be the given point, and B the given point in the given liN 
CD. At B draw BE at right angles to CD. join AB and biseirc i[ in F.aal 
from F draw FE perpendicular to AB and meeting BE in E. K is the eeslcl 
of the required circle. 

30. Let O be the center of the given circle. Draw OA perpendiCDla 
to the f^iven straight line : at O in OA make the angle AOP equal lo the 
given angle, produce PO to meet the circumference again in Q, Then P. 
Q are two points from which tangents may be drawn fulfilling the requlnd 
condition. 

37- Let C be the center of the given circle, B the given point in l)w 
circumference, and A the other given point through which the required circle 
is to be made to pass. Join CB, the center of the circle is a point in CB 
produced. The center itself may be found in three ways. 

38. It is sufficient to suggest that the angle between ■ chord and 
tangent is equal to the angle ta the alternate segment of iba circle. 
111. 33. 



'ee:n the chord which joins the potnH <t 
n one of them, is equal to half the n^ 
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39. Let AB be the given chotd of the circle whose center is O. Draw 
DE toucliing the circle at any point E ; join EO, and with center O and 
radiuB £0 deBcribe a circle i produce the chord AB lo meet the citcumrereaee 
of this circle in F : then F is the point required. 

40. Let D be the point required in the diameter BA produced, Bucb that 
the tangent DP is half of DB. Join CP, C being the cenier. Then CPD ii 
a right-angled triangle, havuig the sura of the base PC and hypotenuse CD 
double of the perpendicular PD. 

41. This is included in problem 3R, Eupra, 

42. If BE inlerseel DF in K (fig. Euc. in. 37). Join FB, FE, then by 
means of the triangles, BE ia shewn to be bliected in K at tight angles. 

43. The angle between the chord BE and the diameter BFM niay be 
■hewn ta be equal to the angle between the tangent BD and the luie DF 
drawn from D through ihe centec of the circle, (fig. Euc. in. 37.) 

44. Let AB, CD be anjr Ino dianteteta of a circle, O the center, and let 
the tangents at their eilremities form the quadrilateral figure EFGH. Join 
EO, OF, then KO and OF may be proved to be in the same straight line, 
mnd similarly HO, OK. 

Note. — Thia Proposition is equally true if AB, CD be any two chorda 
whatever. It then becomes equivalent to the following proposition :— The 
diagonals of the circumscribed and inscribed quadrilaterals, intersect in the 
same paint, the points of contact of the former being the angles of the latter 
figure. 

43. Let C be the point without the circle from which the tauj^Dts CA, 
CB are drawn, and let DE be any diameter, also let AE, BD be joined, 
interaecthig in P, then if CP be joined and produced to meet DE in O: CG is 
perpendicular to DE. Join DA, EB and produce them to meet in F. 

Then the angles DAE, EBD being angles in a semicircle, are right angles; 
or DB, EA are drawn perpendicular to the sides of the triangle DEF: whence 
GPCF is perpendicular to the ihkd side DE. 

4& Let [he chord AB, of which P ia its middle point, be produced both 
ways to C, D, so that AC is equal to BD. From C, D, draw the tangents to 
the circle forming the tangential quadrilateral CKDK, the paints of contact of 
the sides, being E, H, F, Q. Let O be the cfnter of the circle. Join EH, 
GF, CO, GO, FO, DO. 

Then EH and GF may be proved each parallel lo CD, they are theiefoie 
parallel to otie another. Wlience is proved that both EF and DO bisect AB. 

47. Iiet C be the center of the circle, and E the point of contact of DF 
with the circle. Jahi DC, CE, CF. 

4fl. Let A, Bbe the centers of the circles. Draw AB cutting the circora. 
l^rences in C, D. Talie CE, DF each equal to the radius of the required 
circle : the two circles described with centers A, U, and radii AE, BF, respec- 
tively, will cut one another, and the point of intersection will be the center of 
the required circle. 

4a. Let D be the given point and EF the given straight line. (fig. Euc. 
III. 32.) Draw DB 10 make the angle DBF equal to that contained in the 
alternate segment. Draw BA at right angles 10 EF, and DA at right angles 
10 DB and meeting BA in A. Then Alt is the diameter of the circle. 

50. Let A, B be the given points, and CD the given line. Prom E the 
iniddleof the line AB, draw EM perpendicular to AB, meeting CD in M, and 
draw MA. In EM lalieany point Fj draw FH to make the given angle with 
CD; and draw FG equal to FH, and meeting MA produced in G. Through 
A dtaw AP parallel to FG ; and CPK parallel to FII. Then P is the center, 
d C the third defining point. of the circle required: and AP may be proved 
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CPbjimeamoflhelriBnglesGMF, AMP; uid UAIF,'C 

Also CFK the diamelei mdiei with CD the angle KCD « 
FUD, that is, id the given angle. 

51. This is mBnifeat from Euc. III. 23. 

62. Tile line diawn througli thf point of intenection oT llie ivo 

fiarallel la tile line which joins their centers, may be shewn to be doubltofll 
Ine which joins theic centers, and greater than any other stcaighl line dank 
through the same point and terminated by the drcuraferences. The ^irasH 
line is therefore dependent on the dislaoice between the centers of Ibc u 

53. The chord AB h common to the two equal circlo. The u^ 
ADB, ACli msy be shewn to lie equal. Hence the triangle BCD li iMicdi 

54. Let two unequal circles cut one anotlier, and let the line ABC to| 
through B, one of the points of intersection, be the line reij, 
A8 ia equal to BC. Join O, O' the cent«rs of the circles, and 'draw <>!■ 
O'P' perpendiculars on ABC, then PB is equal to BP'; through O'dsl 
O'D parallel to PP'j then ODO' is a right-angled triangle, and a k ' 
described on 00' as a diameter will pass through die point D. Hcnte *| 
synlhesia. If the line ABC be supposed to move round the point B 
extremities A, C to lie in tlie extremitiei of the two circles, it is man 
ABC adniita of a maximum. 

55. Suppose the thing done, iheii it will appear that the line joi 
points of intersection of the two circles is bisected at rigltt angles by the 1*1 
jirining the centers of the circles. Since the radii are known, the eenlen d 4i 
two eircles may be determined. 

56. Lei iheeirclesinteraectinA, BjandletCAD, EBFbesnjpinlUtI 
passing through A, B and ir'- — .>.>-i i— ■>— -^-i— i-:_ ^.>a . n ■» ■ 
Then the figure CEFD may h. 
il equ»1 to EBF. 

57. Complete the circle whose segment is ADB ; A HB being Ihtvlal 
part. Then since the angle ACB is constant, being in a given seinneiil, it I 

sum of thearcsDEand AHBis " '"•■- ----- • '■"-' 

also given and therefore constant- 
Sit. From A suppose ACD drawn, lo that when BD, BC are jinncd. J 

and DB shall togetlier be double of AC and CB together. Then the *t ' 
ACD, ADB are supplementary, and hence the angles BCD, BDC are el- 
and the triangle BCD is isosceles. Also the angles BCD, BUC are gli^ 
hence the triangle BDC is given in species. 

AgainADi-DB-3.AC + 2.BC, orCD = AC + BC. 

Whence, make llie triangle bda having its angle* at d, c equal e 
(he segment BDA ; and maice co^cd — ci, and join ab. At A n 
angle BAD equal to bad, and AD is the line required. 

50. The line drawn from the point of Intersection of the two lioia to All 
center of the given circle may be shewn to be constant, and the center of dl I 
giren circle is a fixed point. 

60. This is at once obvious from Euc tii. 36. 

61. This follows directly from Euc. in. 36. 

62. Each of the lines C£, DF may be proved parallel li 
chard AB, 

If two diameters from one of the points of inlerseclion be drawn io bMhl 
circles, and the other extremities of them be joined with the other inten 
of the circles : then these two lines are in Oie same straight line. 

63. By consiructing the figure and joining AC and AD, by Euc. 11 
It may be proved that the Ime BC falls un BD. 
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f coniuueljtig Uic figure and applying £uc. i. 8, 4, the Lrulh U 

By supposing ihe thing done, ths line joining the poinlB of intenec 
m of the two circles, will paaa Lhiough the center of the given circle. From 
le of tile given points draw a line through the center of the given cicck and 
^cutting the two circles in four points; then by Euc. iti. 35. 

tili. Draw a common tangent at C the point of contact of the ciicl-'s, and 
^ prove AC and CB to be in the same straight line. 

■ G7. Let the circle Abd touch the circle ABD at A on the inside, and let 
^ BCD, bed be any two parallel diamelers of the two circlea; join Ai, £B; 
, Ad,dDt andpioveAiB, AijD to be straight lines. 

- eU. JUet A, B, be the centers, and C the point of contact of the two 

'^ circles i D, E the points of conlscl of the circles with the coramon tangent 
* DE, and (JF a tangent common to the two circlea at C, meeting DFin E. 
t Jain DC, CE. Then DF, FC, ¥E may be shewn to be equal, and FC to 

be at right angles to AB. 
r 6!(, The line must be drawn to the estrcmities of the diameters which are 

I on opposite sides of the line joining the centers. 

^0. The sum of the distances of the center of the third circle from the 

centers of the two given ciiclcs, is equal to the sum of the radii of the given 

circles, which is constant. 

71. Jjet the circlea touch at C eithec eiternaUy or internally, and thcit 
diameters AC, BC through the point of contact will either coincide or be in 
the same straight line. DCE any line thr<iugh C will cut off similar s^menti 
from the two circles. For joining AD, BE, the angles in the segments DAC, 
EEC are proved 10 be equal. 

The remsjning segments are also similar, sitice they contain angles which 
■re suppletnenlary to the angles DAC, EBC. 

72. Let the line which joins the centers of the two circlea be produced to 
meet the circumferences, and let the estremitiei of this line and any other line 
from the point of contact be joined, Frooi the center of the larger circle draw 
perpendiculars on the sides of the right-angled triangle inscribed within ic 

73. In general, the locus of a point in the circumference of a circle which, 
rolls within the circumference of another, is a curve called the Jfj/poci/ctoid ; 
but to this there is one exception, in which the radius of one of the circles 
is double that of the other : in this case, the locus is a straight line, as may be 
Easily shewn from the figure. 

74- (i) Whenlhetangent is on the same side of the two circles. JoinC, 
C' theii centers, and on CC describe a semicircle. With center C and radius 
equal to the iigtrence of the tadit of two circles, describe another circle cutting 
the semicircle in D ; join DC and produce It to meet the circumference of the 
given circle in B. Through C draH CA parallel to DB and jom BA ( this 
line touches the two circles. 

(2) When the tangent is on the alternate sides. Having joined C, C; 
on CC describe a semicircle ; with center C, and radius equal to the lum of 
the radii of the two circles describe another circle cutting the semichcle in D, 
join CD cutting tlie circumference in A, through C' draw CB parallel to CA 
and join AB. 

75. The possibility is obvious, and tbe center of the required circle will 
he found to be the point of intersection of two circles described from the 
centers of the given circles with their radii increased by the radius of the 
Kquired circle. 

■ 1 . 7ii. At any pcnnli P, R in the circumferences of the circles, whose centers 
I an A, B, draw FIJ, BS, tangents equal to the given lines, and join AQ, BS. 
' 2B3 
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TheK being made the aides of a triangle af which AB is the bi 
the iTiangle U llie point tequircd. 

77. In each circle dcBW a chord of the gina length, describe dici 
centric irlili the giTsn circles touching these cbords, tni then draw 1 
line touching ihese circles, 

78. Within one of ihe drcles draw > chord cutting off" B s^nKiii q^M 
the given ugnient, and debcitbe a coDcentric circle touching the choni; li 
draw a atnlght line touching this Uttei citcle and the aiher given ciidt 

79. Prove the angle in the legment of one circle to be equj 
in the Bcgment of the oihei circle which ii on the other tide of the lioe. 

80. At any points P, K in the circumferences of the circles whotem 
are A, B, draw PQ, KS, tangents equal to the given lines, and join AQ, 
These being madt the sides of a triangle of wiucb AB is the base, the lai^ 
of the triangle is the point required. 

81. Join the centers A, B; at C the point of contact draw a t«ngRit,B| 
at A draw AF cutting the tangent in F, and making wiili CF an angkcq 
to one fourth of the given angle. From F draw tangents to the circles. 

82. Let the straight line joining the cenlCTSof the two circles be pi " 
both ways to tneel the ciccumferenct of the eiterior circle. 

83. Let A be the common center of two circles, and BCDE the d 
such that BE is double of CD. From A, IS draw AF, BG pei 
BE. Join AC, and produce it to meet BO in G. Then AC t 
to be equal to CG, and the angle VB(i being a right angle, is the anglais*! 
semicircle described on CG as its diameter. 

84. The lines joining the common center and the extremitteBarthedi 
of the circles, ma; be bhewn to contain unequal angles, and the onglntllil 
centers of the drdes are double the angles at the circumferences, it I'olluvilWl 
the segments containing these unequal angles arc not similar. 

86. Let AB, AC be the straight lines drawn from A, a point ii 
drcle to touch the inner circle in the points D, H, and meet the o 
again at B, C. Join BC, DE. Prove BC double of Dbl. 

Let O be the center, and draw the common diameter AOGintemeUnDttl 
in F, and join EF. Then theligure DBFE may beproved to be a paiallelan* I 

88, This appears from Euc. in. 14. ^ <■ 

87- The given point may be either within or without the circle. Dnvll 
chord in the circle equal 10 the given chord, and describe a concenlric drf 
touching the chord, and through the given point draw a line toncbiiu M 
latter circle. 

85. See S3, supra. The diameter of the inner circle must not be ta 
than one third of the diameter of the exterior circle. 

S9. Suppose AD, DB the tangents to the circle AEB and which coeua 
the given angle. Draw DC to the center C and }mn CA, CI). Then the m 
angles ACD, BCD are always equal ; DC bisects the given angle « D a 
the angle ACB. The angles CAB, CBD, being right ingUs, are consum 
and the angles ADC, BDC are ciinstsnt, as also the angles ACD, BCD ) ilM. 
AC, CB the radii of the given circle. Hence the locus of D is a circle irhia 
center is C and radius CD. 

90. Let AB, AC be the sides of a triangle ABC. From A draw the pa- 
pcndiculsr AD on the opposite side, or opposite side produced. The semjdnkt 
described on AB, BC both )iai] through D. Euc. 111. 31. 

91. Let A be the right angle of the triangle ABC, the firH praiMI* I 
follows from the preceding Theorem 90. Let DE, DF be drawn to U, F lib 
centres of the circles on AB, AC, and join BF. Then ED may be proved U 
be perpendiculu to the radius DF of the circle dd AC at the point D. 
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^^Kteroally coDUioing angles, whoK sum ii cqu4il to iwo right uigles. I[ i« 
^^Bvious ihal the sum of the angles in the remalniiig segtneDts ia equal (a fout 
^K|ht angles. These area may be shewn to intersect each other in one point D. 
Kxtn, i, c be the centers of the circlet on BC, AC, AB. Join ah, be, cat 
i^^b, bC, Vtti bB, Be, cA; bD, <-D, aD. Then the angle cba maybe 
l^^tcv-jd equal to one half of the angle AliV. SimUarl]r, the other two angles 

- S3. It may be rcmaikeil, thai generally, ihe mode by which, in pare 

netry, three lines must, under ipedfied condicioiu, pass through the same 
'lal by reductlo ad absatdum. This will for the most part require 
!e theorem to be tint proved or taken fnr granted, 
nverse theorem in this itutance is, "If two perpendiculars dnva 
'0 angles of a triangle upon the opposite sides, inleraecl in a paint, th« 
wn from the third angle through this point will he perpendicular 10 
Kthe third tide." 

E The proof will be fonnally thuB. Let EHD be Ihe triangle, AC. BD two 
^^erpendieulari intersecting in F. If the third perpendicnlar EG do not pass 
^^irougb F, let it take some other position as EH ; and through F draw £FO 
—.to meet AD in G. Then it has been proved that EG ia perpendicular to AD : 
^whence the two angles EHG, EGH of the triangle E«H are equal to two 
""right angles: — whieh iaabsuid. 

J 84. The circle described in AB aa b diameter will pass through E and 
"D. ThenEuc. in. 36. 

95. Siuce all the triangles are on the same base and have equal vertical 
** angles, these angles are in the same segment of a given circle. The line! 
r bisecting the vertical angles may be shewn to pass through the extremity of 
*^ diBt diameter which bisects the base. 

96. Let AC be the common base of the triangles, ABC the isosceles tri. 
■tigle, and ADC any other triangle on the same base AC and between the 
lame parallels AC, BD. Describe a circle about ABC, atid let it cut AD in 
E imd join EC. Then, Euc. i. 17, in. 31. 

"" See page 287- 

Let ABC be the given isosceles triangle having (he vertical angle at 
C, and let FQ be any given line. Required to find a point P in FO such that 
the distance PA shaU he double of PC. Divide AC in D so that AD ia 
double of DC, produce AC to E and make AE double of AC. On DE 
describe a dicle cutting FO in F, then PA is double of PC. This is found 
by abewing thatAP< = l.PC<. 

99. On any two sides of the triangle, describe segments of circles each 
.aining an angle equal to two thirds of a right angle, the point of inter- 

•ection of the arcs within the uiangle will be the point required, such thai 
three lines drawn from it to the angles of the triangle shall contain equal 
angles. Euc jii. 23. 

100. Let A be the base of the lower, AB its altitude, BC the height of 
the HagslafF, AD a horiionLal line drawn from A. If a circle be described 

giasing through the points B, C, and touching (he line AD in the point E i 
will he the point required. Give the analysis. 
I 101. If ihe ladder be tuppoaed to be raised in a vertical plane, the locus 

I of the middle point may be shewn to be a quadrantal arc of whieh the radius 
I Is half the length of the ladder. 

I 102. By joining (he paints of intersection of the circles, the four.s!ded 

I figure so formed may be shewn to have its opposite sides equal and its angles 
I light angles. The diagonals may easily be shewn to cut one another at the 
I cen(et of the middle circle. 
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103. Let A, B, C, be the centers of the three «]u&l circlet, mi In 
inUriKct each otfaei in the painl U : and let the circles whose cenun tn. 
iaienect each other again in E s the titcle* whose ceniera are B, C in F; 
the circlet whose cenlera are I!, A in G. Then F(i is perpendicular U III 
BO lo FC ; and DF lo GE. Sioce the ciicIeH are equal, and all paw iba* 
the SBDie point D, the centeis A, B, C are in a circle about D whose ab>j 
the aacne aa the radius of the given circles. Join AB, BO. CA ; ilieo it 
will be pecpcndicular to the chords lt£, DF, UG. Agaia, the ligurciD^U 
DBFC,Bte equilateral, and hence FO ii paiilkl toAB; that is,pei]Miito 
to DE. Similarly for the other two cases. 

104. Lei E he ttie center of the circle nhich touches the t«Q equal aa 
whose centers are A, B. Join AE, BE which pass through iht jm 
of contact F, G. Whence AE is equal to EB. Also CD the coiuinimda 
biscclaABat right angles, and therefore the perpendicular from EoAN 
coincides with CD. I 

106. Let three circles touch each other at the point A, and fnan A toil 
line ABCD be drown coiting the circumferences in B, C, 1>. Let O, O," 
be the centers of the circles, joio BO, CO', DO", these lines are pandlelua 
another. £uc. i. 6, 2S. 

IIMI. Proceed as in Theorem 93, supra. 

107. See page 287. 

108. Let ABC be the triangle required ; BC the given base, BD * 
Riven diffijrence of the sides, and BAC the given vertical angle. Join CI1» 
draw AM perpendicular lo CD. Tiien JIAD is half the vertical angkrt 
AMD a right angle : the sngle BDC is therefore given, and hence D t^ 
point in the are of a given segment on BC. Also since BD is given, the pM 
U is given, and therefore the sides BA, AC are given. Hence the synlbc* 

lUU. hst ABC be the required triangle, AD iheline bisecting the Tcni^ 
angle and dividing tlie base BC into the segments BD, DC. About ihetiis^ 
ABC describe a circle and produce AD to meet the circumference in £.d* 
the arcs BE. KC are equal. 

110. Analysis. Let ABC be the triangle, and let the circle ABC It 
described abgui it ; draw AF lo bisect the vertical angle BAC and mcei ' 
circle inF, make AV equal IoAC,and draw CV to meet ihe circle in T; 
TB and TF, cutting AB in D ; draw the diameter FS cutting BC in B, 
culling AF in Ei join AS, and draw AK, AB perpendicular to FS wid 
Then shew that AD i> half the sum, and DB half the ditTerence of the i 
AB, AC Neit, that the point F in which AF meets the cL 
circle is given, also the pohit E where DE meets AF is given. The po 
A, K, B, E are in a circle, Euc. ill. 22. Hence KF.FR = AF. KB, a gi 
rectangle I and (he segment ER, wliich la equal to the perpend iculai i 
being given, RF ilaelf is given. Whence the construction. 

111. On AB the given base describe a circle such that the s^menlA 
shall contain an angle equal to the given vertical angle of Ihe triangle. Di 
the diameler EMD cutting AB in M at right angles. At D in ED, m 
thesngleEDCequal to half Ihe given difference of the angles at thebue,! 
let DC meet the circumference of (he circle in C. Join C A, CB; ABC is 
triangle lequired. For, make CF equal to CB, and join FB cutting CD in _. 

112. Let ABC be the Iriangle, AD the perpendicular on BC MIA 
center A, and AC the less side as radius, describe a cirele cutting tbebwvBO 
in E, and the longer side AB in O. and BA produced in F, and join AB. EO^ 
FC. Then the angle GFC being half the given angle, BAC is given, and ikl 
angle BEG equal la GFC is also given. Likewise BE the difference of lk» 
aegmenis of (he base, and BG (he difference of ihr sides, are given bj Out 
problem. Wherefore ibe triangle BEG is given (with two solutions), ^^p'iy 
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angle EGB being; gin 
Ecn ; and hence the vene 
shortest side is given. Hence the construction. 
I 113. Let ABC be the triangle. D, £ (he biaeftions of theaidcs AC, AB. 
Join CE, BD intersecting in F. BJaect BD in O ind join EG. Thtn KF, 
one-lhird of EC a given, and BG one half of BD ia also given. Now EG is 

Srallel to AC; and the angle BAG beirg given, ila equal c^poule angle 
BG ia also given. Whence the a^ntenl. of the circle conlaiaing the anglfi 
BEO ia also given. 

Hence F ia a given point, and FE a given line, whence E la in (he ciicum- 
fcrencc of the given circle about F whose radius <s FE. 'Wlierefore E being in 
two givea circlet, it is itself ihdr given Intersection. 

1 14. Of all triangles on the tame base and baving equal vertical angles, 
ihat triangle will be the grealeat whose perpendicular from the vertex on ibe 
base is a maiimum, and the greatest perpendicular is (bat which bisects Ibe 
base. WTience the triangle is isosceles. 

115. Ijct AB be the given base and ABC the sum of the other two sides: 
at B draw BD at right angles to AB and equal to the given altitude, produce 
BD to E making DE equal to BD. Wid center A and isdius AC describe 
the circle CFG, draw FO at right angles to BE and find in it (he Center O ot' 
the circle which passes through B andE and touches the fonner circle in iht 
point F. The centers A, O being joined and (he line produced will pasa 
Ihrough F. Join OB. Then AOB ia the triangle required. 

lie. Draw the diagonals of (he qaadrilateral, and by Euc. III. 91, i. 39. 
1 117. From the center dra' lines 10 (he points ot contact: then £uc. 

bi. 37. 

I ] 18. The centers of the four circles are determined by the intersections of 
2m lines which biaect the four angles of the given quadrilateral. Join these 
four points, and the opposite angles of ibc d^uBdrilateral so formed are equal to 

119. See the remark on Prop. 118, supra. 

120. I«i ABCD be the required tiapeiiutn Inscribed in (he given circle 
(fig. Euc. III. 22.) of which AB is given, alao the sum of the remaining three 
sides and (he angle ADC. Since the angle ADC is given, ibe opposite angle 
ABC is known, and therefore (he point C and the side BC. Produce AD md 
make DE equal to DC and join EC. Sines (be sum of AD, DC, CB is given, 
and DC is known, (hereibre (he aum of AD, DC is given, and likewise AC. 
and the angle ADC. Also the angle DEC being half of the angle ADC ia 
given. Whence the segment of the circle which contains AEG fa given, also 
AE is given, and henee the point E, and conscquenil}' the point D. Whence 
the construction. 

121. I>Bt ADBC be the inscribed quadrilateral ; Let AC, BD produced 
.eet in O, and AB, CD produced meet in P, also let the tangents from O, P 
eet the circles in K, H respoclively. Join OP, and about (he triangle PAC 

describe a circle cutting PO in O and join AG. Then A, B, G, O may be 
shewn to l>e points in the circumference of a circle. Whence ihe aum of the 
aqiiarei of OH and FK may be found by Euc 111. 30, and shown to be equal 
■i iheaquare of OP. 

122. This will be manifest ttonx (be equalit]! of (he two tangents drawn 
I a circle from the same point. 

123. Let AC, BD be joined in the Bgure Enc. lit. 14 ; the sidea AC, 
D arepaiallel. Join AD, BC. Then the angles in equal aegmenls of the 
ime circle are equal, by Euc. i. 37, AC, BD are parallel. 

124. A circle can be described about the figure AECBF. 
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135. See page 2aS. 
I2e. Join the center 

peipendicuUt lo the diami 

127. Let AB be » cbord pacilUI (a the diameter FG of ibe dnk-i 
Theg. 31, p. 285, and H any poini in the diamtter. Let HA taiUl 
joined. Bisect FG in O, draw OL perpendicular to FG cutting ABil 
and join HK, HL, OA. Then the square of HA and HF maj be p * 
equaltolheaiiuBreaofFH, HGbyTheo.lC,p.28l ; Kuc. i. 47; Eat i 

IS8. Lei lite chords AB, CD intersect each other in U at righl IM 
Find F the center, and draw the diameters HBFG, AFK and join AC, ll 
BD. Then by Euc. ii. 4, 6; iii. 35. 

129. Let E, F be the points in the diameter AB equidistant ftwni 
eeoter Oj CED aiij' chord; draw OG perpendicular to CED, and imV' 
OC. The lum of the squares of DF and FC may be shewn to be equiH 
twice the square of FE and the rectangle contained by AE, EB bv Egti 
47; II- 5; III- 35. ' 

130. Lei the chords AB, AC be drawn from (he point A, and let i. 
FG parallel to the tangent at A be drawn intersecting the chords AB. A 
D and E, and join BC- Then the opposite angles of the 
BDEC arc equal to two right angles, and a circle would circ 
figure. Hence by Euc. i. 3lj. 

131. Let the lines be drawn as directed in the enunciation 
diameter AE and join CE, DE, BE; then AC' + AD' and S-AB" nuTll 
each sliewn to be equal (o the square of the diameter. 1 

133. Let QOP cut the diameter AB in O. From C the center dni 111 
perpendicular to QP. Then CH is equal to OH, and by Kuc 
squares of FO, OQ are readily shewn to be equal lo twice the squart ofTP- 1 

133. From P draw PQ perpendicular on AB meeting it in Q. J«Dit| 
CD, DB. Then circles would cirEumscnbc the quadrilaierals ACFOdM 
BDPQ, and then by Euc. in. 36. I 

134. Describe the figure according to the enunciation; draw AEdil 
diameter of the circle, and let P be the intersection of the diasoDB 
parallelogram. Draw EB, EP, EC, EF, EG, EH. Since AE is a diimO) | 
of the circle, the angles at F, G, H arc right angles, and EF, EG, EH « 
perpendiculars from the vertex upon the bases of the triangles EAB. EJC I 
EAP. Whence by Euc. ii. 13, and Theorem 16, page 381, (he truth af <k I 
property may be shewn. 

136. Describe a circle having the given line AB as its diameter 
center C. Draw any radius CD, and at D draw a tangent DE equal u 
and join CE. In AB produced, make CF equal to CE. F is the poal I 

138. Let AD meet the circle in G, H, and join BG, GC. Then BOC I 

is a right-angled triangle and GD is perpendicular to the hypotenuse and ik 
rectangles tnay be each shewn to be equal (o the square of BU. Kuc. tii. 3t; 
II, 5; I. 47. Or, if EC be joined, the quadrilateral figure ADCE may bear 
cumscribed by a circle. Euc iii. 31, 22, 36, Cor. 

137. On PC describe a aemicirclE cutting the given one in E, and dt«« I 
'^P perpendicular lo AD ; then F la the point required. 



Let EC meet the drcle in 



d when produced, li 



138. This is only a case of the preceding, instead of taking the langcit I 

'E equal to AB. it must be taken equal to the side of the given square. F 

133. Let F, G, the bisections of the diagonals AC, BD, join Pp' PB I 

PO, PA, PB, PC, PD, EA, EB, EC, ED. Then by Prop. 16, p. 842. L 

140. Let FAB, PDC be lh« Btnlght lines from F cutting the eircb ii I 
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I, B, C, D. Join PO, and about the triangle PAC describe s circle catting 

^^»0 in G, and join AG. Draw the diameter th rough P, and the center Q, and 

tiToiigh O B peipendicular to FQ cutting it ia JK, and tbs circle in H, E; 

^K-traw HP, KP. Then it maj be shewn that the points A, B, O, O, are in 

(be drcumfercnce of a circle, also HE is bisected in R. Next by Euc. iii. 

«ti6,34, 37; II. S; i. 47, IIP' may he proved to be equal to CP.PD; or HP 

Mtf r« a langsni drawn from P to the circle. In the same way, PE i» a taogent. 

^^^JVheaix O is situated in the chord nhich joins the points of contact Dtlan- 

_ ^wijents drawn from F to the circle. 



GEOMETRICAL EXERCISES ON BOOK IT. 
SOLUTIONS, HINTS, &c 



^ 10. 

* 1/ an equilateral triangle be inicribrd in a circle, the iquare of the tide of 
the iTvmgle ii triple the iquare of the radiui, or of the ode of the regular 

H hexagon i?urr ibed ju the lame circle, 

IjCt ^££1 be an equilateral triangle tnscribed in the circle ABD, of which 
llie center is C. 




Join BC, and produce BC to meet the drcumfeiencE in K, alto join AE. 

And because ABD is an equilateral trianele inscribed In the circle ; 

therefore AED Is one-third of the whole circumference, 

and therefore AE is one-sixth of the circumference, 

and consequently, the straight line AE is the side of a tegular hcxi^on 

(IV. 16.), and is equal to EC. 

And because BE ia double of ECoi AE, 

therefore the M]uare of BE a quadruple of the square of AE, 

but the square of &£ is equal lo the squares ot AB, AE; 

therefore the squares of AB, AE are quadruple of the square of AE, 

and taking from these equals tlie square of AE, 

therefore the square of AB it triple the square of AB. 



raigM liae given in poiitimi, and 

Analysis. Iiet AB be the given strught line, and C, 2) the two given 

Suppose the circle required which passes through the points C, D to touch 
the line AB in the point E. 
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C G' 
Join C, D, and produce DC to meet AB in f, 
and let the circle be desciibed having the center L, 
join also LE, and Jtbh i./r perpendicular to CD. 
Then CD is bisectwl in H, and LE is petpendiculAr to AB. 
Also, since from the point F without the circle, are drawn two i 
linca, one of which FE touches the circle, and tbe other FOG ents 
rectangle coQUined by FC, FD, is equalto the square of J^Ji;. (iii.a 
Synthesis. Join C, Jl, and produce CD to meet AB in F, 
take (he point £ in FB, such thai the squsre of FE, thall beel<iJ>l 
the rectangle FD, FC. 

Bisect CD in H, and draw HK perpendicular to CD ; 

then HK pastes through the center, (iii. 1, Cor. I.) 

At E draw EG perpendicular lo ^fl, 

then EG paases through the center, (ill. 19.) 

consequently £, the point of intetseclion of these tvo lines, is i 

of the circle. 

It is al«D manifest, that another circle ma^ be described passing liun^ 
C, D, and touching the line AB aa the other side of the point f ; indiH 
circle will be equal to, t^realiir than, or less than the other circle, acctndiiiC' 
the angle CFB is equal to, greater than, or leas than the angle CFA. 




3tAn OP, OQ, these Hues are equal to one wolhar. 
Joiu also CO. 

Then in the triangles CPO, CQO, the two sides PC, CO, ue eqiul 
QC, CO, and the base OP is equal to the base OQ ; 

therefore the angle PCO is equal to the angle QCO ; 

and the angle ACS is bisecud by CO: 

also CO produced will bisect the arc AB in D. (iii. 26.) 

If a tangent EOF be drawn to touch the arc ^B in I> ; 

and CA, CB be produced to meet it in E, F: 

the inscriptioD of the circle in the sector it reduced to the tnicriptioil </ 

a circle in a triangle, (iv. 4.) 



H ON BOOK tV. SOL 1 

1 « 1 

■ ABCBUareela^igukTparilklogfam. lUquiredtodTa^EG.FG parallei 1 
■lAD. DC, .0 l/iat Hit Tcctunsk EF may le equal Iv iMjiguTC EMD, and 1 
Kb cgual to FD. 1 

B Antaysis. Let EC, FG be drawn, u xeq^iiiei, bisecdng the rectangle 

W "' Draw ,he diagmilBD cutting £G in ffwidFG in if. 

^ ThcQ BD also biiecla the tec tangle ABCD^ 

™ and therefore the ares of the triangle fGtfia equal U) that of the two 

?| triangles EtlB, FED. 
•* A K B 


J 


-,*^ 


A 




< 


^ L 


a J 


E. Draw GL perpendicular to BD, and join GB, 

also produce fC to M, and K*7 lo N. 
* If the triangle LGH be supposed to be equal to the triangle EHB, hy 
■ adding //CS to^each. 

the triangles LGB, GEB are equaJ, and they are upon the same base 
m Gfi^aodonthesamesideofit; 
■I therefore Iher are between the same parallels. 


U that is, if LE were joined, LE would be parallel to GB ; 

K and if a semicircle were described on CB as a diameter, it would pass 

■ through the points E, L; for iLo angles at £, i are right angles : 

I also Z£ would be a chord parallel to the diameter Gfl ; 

r iherefote the arcs intercepted between the parallels LE. GB are equal, 

and consequenUy the chords EB, LG are also equal ; 
i but EB is equal to GAf, and GM to GN; 

wherefore LC, GM, GN, are equal to one another; 

hence G ia the center of the cui:le inscribed in the triangle BDC. 

Synthesis. Draw the diagonal BD. 

Find G the center of the circle inscribed in the triangle BDC ; 

through G draw FGAT parallel to BC, and /■«■« parallel to ^fl. 

Then EG and FG bisect the rectangle ABCD. 

Draw GL perpendicular to the diagonal BD. 

In the triangles CLH, EHB, the angles GLH, IlEB are equal, each 

bdng a right angle, and the vertical angles LHG, EIIB, also the side LG 

i« equal to the side JSfli 

therefore the triangle LHG is equal lo the triangle EUB. 
Similarly, it ma; be proved, that the triangle GLK is equal to the triangle 
KFD; 

therefore the whole uiansle KGH U equal to the two triangles EHB, 
KFD; 

and ninsen..">fl,v EG, FG bisect the reclanghi JBCD. 
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302 GEOMETRICAL BXBRC1SE8, &0, 

1. DBiw through the cenMt a diametn parallel to ihe girai Ik, 

from its extfemitieB, draw two lines perpendicular on the diameter. 

2. Tiisect the circucnfereDce sod join the center with the pctna t 

3. ' See E«c. iv. 4, 5. The a 
coinride, and the diameier of the 
double of the dioaieier of the inscribed circle. 

4. Let a line be drawn from the third angle to the point of inter 
the two lines ; aad the distances of thti point &oin the angles may be 
be equal. 

5. Let the line AD drawn fmni the vertex A or the equilalenl In 
cut the base BC, and meet the circumference of the circle in D. Lci ORI 
be joined : AD is equal lo DB and DC. If on DA, DF be taken o(d 
DB, and BE be joined ; BDE may be proved to be an equilateral tn(| 
also the triangle ABE may be proved equal to the triangle CBD. 

The other case is «hen Ihe line does not cut the base- 

6. Iiet a circle be described upon the base of the equilateral trisnglc,! 
let an equilateral triangle be inscribed in the circle. Draw a diuncUt i 
one of the vertices of the inscribed triangle, and join the other eitmiLn 
Ihe diameter with one of the other extremities of tlie sidca of the inicii 
triangle. The side of the inscribed triangle itiay then be proved to be if 
to the perpendicular in tbe other triangle. 

7. The tine joining the points of bisection, is parallel ti 

triangle and therefore cuts off an equilateral triangle from the given lnii(k 
1^ Euc. III. 21 ; I. 6, the truth of the theorem ma; be shewn. 

8. Let a diameter be drawn from anj angle of an equilateral lr#| 
inscribed in a circle to meet the circumference. It may be proved dui i\ 
radius is bisected by the opposite side of the tdangle. H 

9. Let ABC be an equilateral triangle inscribed in a circle, and let Al^ll 
lie an isosceles triangle inscribed in the same circle, having the aanx MbI 
A. Draw the diameter AD intersecting BC in E, and B'C in E' ui^l 
BCfall below BC. Then AB, BE, and AB', B'E'. are reapecliidj »l 
aemi-perimelers of the triangles. Draw B'F perpendicular to BC, aadsl 
offAH equal 10 AB, and join BH. If SF can be proved to be grata M ll 
B'H, the perimeter of ABC is greater than the perimeter of AB'C Nmhlfe 
B'C faU above BC. ■ 

10. See page 299. ■ 

11. The angles contained in the two segments of the circle, ma; bedic«|| 
to be equal, then by joining the enlcemities of the arcs, tbe two temiiB^ 11 
sides may be shewn to be parallel. II 

12. It may be shewn that four equal and equilateral triangleg ir[|] (a H 
an equilateral triangle of the same perimeter aa the hexagon, which ii Utai D 
hy six equal and equilateral triangles. ■ 

13. Let ibe figure be constructed. By drawing the diagonals of ^ I 
hexagon, the pmof is obvious. I 

14. By Euc. 1. 47, the perpendicular distance from the ceane of itl I 
circle upon the side of tbe inscribed hexagon may be found. ■ 

15. The alternate sides of the hexagon will fall upon the sidet «f tel 
triangle, and each side will be found to be equal (0 one-third of ihcnderfl 
the equilateral triangle. I 

16. A regular duodecagon may be inscribed in a circle fay nwaiu of ih I 
equilalera! triangle and square, or by means of the hexagon. The unof ik I 
duodecagon is three times the square of the radius of the circle, which ii llw I 
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At r.-aare of [he side of an eijuiiatfrBl Crianglc inGCrihcd in the lame drde. 
M^edbeoiem 1, p. S99. 

V «B 17- In geneial, ihree suaight lines when produced nill meet and faim ■ 

iangle, e^icept nhen all three are parallel or two parallel are intcraecled bj the 

A^vciid. This Problem Ineludea Euc IV. 5, aod all the caaes nbich arise trom 

A ^vcoducing the sides of the tiiangle. The ciicles described touching a lide 

* a triangle and the oilier (no sidei produced, are called the cicribed citcles, 
r^^ 18. Thli ii maiiifeit fiom Euc. ui. 21. 
B^i 19, The point required is the center of the drcle which drcumacribes the 

riSDgle. See the nolea an Euc. IIT. SO, p. I21. 
^^ 20. If the perTKndiculan meet the three sides of the triangle, the point 
T^t« within the ttiangle, Euc. iv. 4. If the perpendiculsn meet the bale and 
ip^Jle two sides produced, the point la the center of the cicribed circle. 
.^^ 31. This ia maaifett Train Euc iii. 11, IS. 
1^5 22. The point required will be found to be that pohit at which the Une 

Irawn bisecting the radius is perpendicular to it. 
^^ 23. Let ABC be a triangle, and let D, E be the points where (he in- 
K^crihed circle touches the aides AB, AC. Draw BE, CD intersecting each 
^^»tberinO. Join AO, and produce it to meet BC in F. Then F is the pomt 
^^«vherc the inscribed circle touches the third side BC. If F be not (he point of 
^^^ontact, let aome other point G be (he point of contact. Through D draw 
^^}H puallel to AC, and DK parallel to BC- By the aimilat triangles, CU 
^^■nay be proved equal to CF, or G the point of contact coincides with F, the 
L voint where the line drawn from A through O meet! BC. 

■' 24. In the figure, Euc. IV. 5. Let AF bisect the angle a( A, and be 

^^ ipmduced to meet the circumference in O. Join GB, GC and find (he centre 

H of the circle inscribed in the triangle ABC. The lines GU, GB, GC are 

equal to one another. 
t^ 25. Let ABC he any triangle iracrihed in a circle, and let the perpendi- 

jT culara AD, BE, CF intersect in G. Produce AD to meet the circumference in 
f^ H, and join BH, CH. Then the triangle BHC may be shewn to be equal in 

a>ll respects to the triangle BGC, and the circle which circumscribes one of the 
triangles will also circumacribe the other. Similarly may be shewn by producing 
, BE and CF, Ac. 

■' 2a FirsL Prove that the perpendiculars A o, B 6, C c pass through the 

"' same pomt O, as Theo. 93, p. 29ft. Secondly. That the triangles A eft. Be a, 
Caiare equiangular to ABC. Euc. iii. 21. Thirdly. Tha( the angles of 
the triangle a A e are bisected by the perpendiculars; and lastly, hy means of 
* Proh. 61, p. 308, that o6 + 6c+fo is a minimum. 
'*' 27. The equilateral triangle can be proved to be the least triangle which 

can be circumscribed about a circle. 
*' 28. Tiirough C draw CH parallel I0 AB and join AH. Then HAG Ihe 

■* difference of the angles at (he base is equal to the angle HFC. Euc. ill, 21 

and HFC is bisected by PG. 
■• 29. Let F, G, figure, Euc iv. 5, be (he centers of (he circumscribed and 

inscribed circles ; join QF, GA, then the angle GAF which is equal to the 

• difference of (he angles GAD, FAD, may beshcwn tube equal to half Ibediffflc- 
ence of the angles ABC and ACB. 

* 30. This Theorem may be suled more generally, aa follows: 

■ lyet AB be the base of a triangle, AEB the locus of the vertex ; D the 

bisection of (he remaining arc ADB of (he circumscribing circlet ^^n ths 

' locus of the center of the inscribed circle is anotiier circle whose center is D 
and radius DB. For join CD : then F the center of the inscribed circle is iq 
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CD. Join AP, PB ; then tticss tines bU«ct llie anglcB CAB, CBA, mi 

SP, DA iniif be proved la be equkl to one another. 

31. Irft ABC be a iriangle, having C a right angle, and upon AC, 
let aemicircles be described : bisect the hypotenuM in D. and let M DK, 
peipendiculan an AC, BC respectively, and produce them to meet iht die 
fcTences of the Bemiciiclei in Fj Q; then DP may be proved to be equ 
DQ. 

32. Lot the angle BAG be a right angle, fig. Euc. it. 4. Jan . 
Then Euc ni. 17, note p. 120. 

33. Suppose the triangle Cdnstriicted, tbeu itmay be shewDthal dxiA 
ence betneen the hypatenuae and the eum at' the two aides is eqi ' 
dismeler of the inscribed circle. 

34. Let P, Q be the middle points of the arcs AB, AC, and let PQl 
joined, cutting AB, AC in DE; then AD ia equal to A E, Find the — 
and join OP, QO, 

35. TVith the given radius of the ciic urn scribed circle, describe loni 
DrawBC cutting off the Begmeot BAC containing an angle equal to the in 
vertical angle. Bisect BC in D, and draw tbe diameter EDF : join Ffi.< 
with venter F and radius FB describe a circle : this will be the locus nt 
centers of the inscribed circle (see Theorem 30, supra). On DE oiu 
equal to the given radius of the Inscribed circle, and through Q dia* 9 
parallel 10 BC, and meeting (he locus of the centers in U. O is the " 
the inscribed circle. 

3G. This may readily be effected in almost a litnilar vaf as tbe 
Problem. 

37. With the given radios describe a circle, then hy Euc- iti. 3. 

38. Let ABC be a triangle on the given base BC and having ii 
angle A equal to the given angle. Then since the angle at A iaconsta-.,.... 
point in the arc of a segment of a circle described on BC. Iiei D be tbe (cii<b4 
the circle inscribed hi (be triangle ABC. Jain DA, DB, DC: then tbeai^ 
at B,C, A. are bisected. Euc. iv. 4. Also since the angles of each of th * 
angles ABC, DBC are equal to iwo right angles, it follows that the angle BS 
is equal (o the angle A and half the sum of the angles B and C, But (be — 
of (he angles B and C can be found, because A la given. Hence (he i 
BDC la known, and therefore D ia the locus of the vertex of a triangle desa 
on the base BC and having its vertical angle at D double of the angle al .. 

39. Suppose (he parallelogram (o be rBc(Bngular and inscribed in 
given triangle and to be equal in area (o half the triangle j it may be A 
that the parallelogram is equal to half the altitude of the triangle, and 
there ia a restriction to the magnitude of the angle vhich two adjacent ud( 
the parallelogram make with one BnD(her. 

40. Ijct ABC he (he given triangle, and A'B'C the other triangle, U 
sides of which the inscribed triangle ia required (a be parallel. Through 
point a in AB draw ab parallel to A'B' one aide of the given triangle 
through a, h draw ae, ic respectively parallel (o AC, BC. Join Ae 
produce it to meet BC in D ; (brou{th D draw DE, DF, parallel to et, 
respectively, and join EF. Then DEF is (he triangle required. 

41. Thispointwillbefound tabe thcinleraectionof thediagtnudsof 
given parallelogram. 

42. The difference of the two squares is obviously the siun of tbe 
triangles at the comers of the exterior square. 

43. ( 1) Let ABCD be the given square : join AC, at A in AC, ■ 
the angles C AE, CA F, each equal to one third of a right angle, aai join 
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(2) Bisect AB any lide in P, and dMw PQ paralld to AD or BC, then 
' " nakc the angles as in ihe former case. 

. Kach of the inletiot angles of a tegular oclagon may be ihewn to bB 
10 the thrQc.fouiIhs of two right angles, and \hs exteiioc angles made by 
uing the Bidea, are each equal to on-e-lburth of two right angles, or one 
f B right angle. 
. See page 301. 

4G. Ijel the di^onBli of (he rhombus be drawn ; llie center of (be in' 
Tibed circle may be shewn to be the point of iheir inleiseclioa. 
"" 47. If ABCD be the wnuired equare. Join 0, O' the cenlsrs of the 
•dreles and draw the diagonal AEC cutting OO' in E. Then E is the middle 
"* point of OO' and llie angle A£0 is half a right angle. 

, 48. Let the squares be inscribed in, and circumscribed about a circle, and 
jjlet the diameters be drawn, the relation of ihe two squares is manifeat. 
* 49. Let one of the diagonals of the square be drawn, then the isosceles 
tight-angled triangle which is half the square, may be proved to be greater than 



r right-angled triangle upon the same hypoten 
Ti^ half of the Bide of the square inscribed 



: square inscribed in the given circle, this 
-' wiu ne equal lo a side of the required oclagon. At the exlremities on the 

~ same side of this line make two angles each equal to ihrec-ftmttha of two right 
' angles, bisect these angles by two alraiglit lines, the point at which they meet 

'■' will be the center of £e circle which eiectmiscribes the ocisgon, and eiiher of 

^ the bisecting lines is the radius of (he circle. 

61. First shew the possibility of a circle circumscribing such a figure, and 
■ then determine the center of the circle. 

62. By constructing (he figures and drawing lines from the center of the 
XJ circle lo the angles of the octagon, the areas of the eight triangles may be 
If easily shewn (o be equal lo eight limes the rectangle contained by iheradiusof 
■■ the circle, and half (he side of the inscribed square. 

IB 53. Let AB, AC, AD, be the aides of a square, a regular hexagon 

n. and oclagon respectively inscribed in the circle whose center is O. Produce 
d AC 10 £ making AE equal to AB; from B draw EF touching the circle in 

■ F, and prove EF to be equal to AD. 

[64. See page 209. 
55. Lei the circle required touch the given circle tti P and the given line 
in Q. Let C be the center of the given circle and C (hat nf the required 
circle. Join CC, C'Q, QP ; and let QP produced meet the given circle in R, 
join RC and ptoduec it lo meet the given line in V. Then RCV is petpen- 
r dicutar to VQ. Hence the construction. 
I 66. Let A, B be the centers of ihe given circles and CD the given straight 

■ line. On the side of CD opposite lo ll^at on which the circles are siiualed, 
draw a line KF parallel to CD a( a distance equal <o the radius of the smaller 
circle. From A the center of tbe larger circle describe a concentric circle OH 
with radius equal to the difference of the ladii of the two circles. Then Ihe 
center of the circle touching ibe circle GH, the line EF. and passing through 
the center of the smaller circle B, may be shewn lo be the center of the circle 
which touches the circles whose centers are A, B, and the line CD. 

67. Let AB, CD be the (wo lines given in position and E the center of 
the given circle. Draw two lines FO, HI parallel lo AB, CD respectively 
and external lo ihem. Describe a circle passing through E and touching FG, 
HI. Join the centers E, O, and with center U and radius equal to the dif- 
ference of the radii of these circles describe a circle; this will he the circle 
required. 

5B. Let Ihe circle ACF having the center O, be the required circle ton 
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ing the giTec cMe whou center is B, in the point A, and cultisg itti 
giien ciiclc in the point C. Join BO, snd ttirough A dra« ■ Uoep 
dicular to BG; then this tine It s commDn tangeat lo the circlet wIubb 
kn B, O. Join AC, GC. Hence the construction. 

5U. Let C be the given point in the given straiglit line AB, mit 
center of ihr given ciide. ThrODgh C disw a line CE perpending i ' 
on the other side of AB, take CE equal to the radius of the given ciiclt 
ED, Mid at D make the angle EDF equal to the angle DEC, and prud_ 
[0 meet DF. This gives the constmciion for one case, when ihe gnaj 
does not cut oi uiucli the other circle. 

66. This is a particular case of the general probleni ; to describe 
passing through a ^ven point and touching two sitaigbt lines given infaaa < 

Let A be the given point between the two given lines B-hich "henpnJ 
meet in the point B. Bisect (he angle at B by BD and through A dmli • 
perpendicular to BD and produce it to meet the two given lines in C. L, iJ ' 
DP equal to DA, and on CB ulie CO such that the rectangle conl^DedlrVV 
CA is equal to the square of CG. The circle deacribed through the poiuiil ' 
A, G, will be the circle requited. Deduce the particular case when liie f*l ' 
lines are at right angles to one another, and the giveu point in the lioEikl 
bisects the angle at B. I 

If the lines are parallel, nhen is the solution possible p I 

61. Let A, B, be the centers of the given cirolos. which loach Wenil 
in E i and let C be the given point in that whose center is B, Make CD s»l 
to AE and draw AD ; maki the angle DAQ equal to Ihe angle ADO : wl 
G is the center of the circle required, and GC its radius. I 

62. If the three points be such as when joined by straight lines •tBO^I 
is formed ; the points at which the inscribed circle touches the sida I'tl 
triangle, are the point* at which the three circles touch one another. Enti'.l 
4. There are different cases which arise from the relative position of ihi A>| 

63. See page 300. I 
61. Bisect the angle contained by the two lines at Ihe point whmfcl 

bisecting line meets the circumference, draw a tangent to tile circle and pioiis I 
the two straight lines to meet it. In this triangle inscribe a circle. ■ 

65. From the given angle draw a line through the center of the drds,'' L 
■t the point where the line intersects the circumference, draw a tangent M ill H 
circle, meeting two sides of the triangle. The circle inscribed within U ■ 
triangle will be llie circle required. H 

66. Let the diagonal AD cut the arc in F, and let O be the center tfk I 
inscribed circle. Draw OQ perpendicular to AB. Draw PE a tangent s< F I 
meeting AB produced In E : then BE is equal to PD. Join PQ, PB. TtM I 
AB may be pioved equal to QE. Hence AQ is equal to BE or DP, I 

67. Suppose the center of the required circle lo be found, let fall «• I 
perpendicutara from this point upon the radii of (he quadrant, and imn lli I 
ceoter of the circle wiili the center of the quadrant and produce the lin* I 
meet ihe arc of the quadrant. If three tangenls be drawn at ihe three pmnB I 
thus determined in the two semicircles and ihe arc of the quadrant, thej tixm I 
a right-angled triangle which circumscribes the required circle. ■ 

RS. Let AB be the base of the given s^^ent, C iU middle poinL U I 
DCE be the required triangle. From C draw CF perpendicular to the h^ I 
DE, and make CU equal to the given line. Join HD and produce it lo to* I 
AB produced in K. Then FK ia double of DF, and CH double of CT. I 
Draw DL perpendicular to CK, I 

G9. From the vertex of the isosceles triangle let fall a perpendicular oa I 
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^^ ^ base. Then, in each of the triaiiglei aa formed, inictibe a circle, Eue. iv. 

^^ j nest inscribe a rirde lo as to touth tlie Iwo circles and llie two equal gidei 

r^^' the triangle. Thi> (fives one solution ; the problem is indelerminatc. 

^ 70. If BD be ahenn to aublend an arc of the larger circle equal to one 

^^^nth of the whole circumference : — then BD <9 a side of the dec^on in the 

T^^xger circle. And if the triangle ABD csn be shewn U> be inscripcible in the 

I ' ^jialler circlf , BD will b« the side of the inscribed pentagon. 

^g 71. It iray be shewn that the angles ABF, BFD siaad on two arcs, one 

^^ .f which is three times as large as the other. 

73- It may be proved that the diagonals bisect the angles of ihepenla^n ; 

_Jid the five-sided figure formed by their intersection, may be shewn to be both 
^^'^ulangular and equilateral. 

llJ 73. The figure ABCDE is an irregular pentagon inscribed in a circle i il 
^^Simy be shewn that the five angles at the circumference stand upon arcs whose 
'^um is equal to the whole drcuraference of the circle j Euc. ill. 20. 
*t: 74. If a side CD (figure, Euc. it. 11.) of a regular pentagon be produced 
^^O K, the exterior angle ADK of the inscribed qaadrilateral Rgure ABCD is 
*^qual to the angle ABC one of the interior angles of the pentagon. From this 
**|W construction may be made for the method of folding the ribbon. 
■• 75. In i)ie figure, Euc. IT. 10. Let DC be produced to meet the ciccum- 

feience tn i', and join FB. Then FB is tile side of a regular pentagon itiscribed 

in the latter circle, D is the middle of the arc subtended by the adjacent side 

. * of the pentagon. Then the diSerence of FD and BD is equal to the radius 

" AB. Nest, it may he shewn, that FD is divided in the same manner in C as 

^ AB, and by Euc. ii. 4, U, the squareH of FD and DB are three times the 

nquare of AB, and the rectangle of FD and DB is equal to the square of 

t. ■*^- 

76. If one of the diagonals be drawn, this line with three sides of the 
^ pentagon forma a quadrilateral figure of which three consecutive sides areequaL 
"^ The problem is reduced to the inscriptioii of a quadrilateral in a square. 

77- This may be deduced from Euc. it. 11. 

78. The angle at A the center of the circle (fig. Euc. it. 10.) ts one tenth 
"* of four right angles, the arc BD is theiefoie one tenth of the circumference, 
^ and the chord BD is the side of a regular decagon uiscribed in the larger 
™ circle. Produce DC to meet the circumference in F and johi BF, then BF is 
* the side of the inscribed pentagon, and A Bis the side of the inscribed hexagon. 
■f Join FA. Then FCA may be pmved Co be an isosceles triangle and FB is a 
' line drawn from the vertex meeting the base produced. If a perpendicular be 
drawn from F on BC, the ditTerence of the squares of FB, FC may be shewn 
V to be equal to the ractangle AB, BC, (Euc. 1.47; ii. 5. Cor.); or the square 

Rof AC. 
79. Divide the circle into three equal sectors, and draw tangenla to the 
K middle points of the arcs, the problem JB then reduced lo the inscription of a 

f circle in a triangle. 
80. Let the inscribed circles whose centers are A, B touch each other in 
G, and the circle whose center ia C, in Ihe pointa D, E ; join A, D ; A, E ; 
at D, draw DF perpendicular to DA, and EF lo EB, meeting in F. Let F, 
G be joined, and FG be proved to touch the two circles in Q whose centers are 
A and B. 

SI. The problem is Ihe same as to find hov many equal circles may be 
placed round a circle of the same radius, touching this circle and each other. 
The number is six. 
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83. Each of the vertical an^Ios of the triangles »o foi 
lobe equal to the diffetence between the exlerior and i; 
hepUigon. 

84. Enrj ksVlUt polygon can be divided inio equal ii 
by drawing lines from the center of the inscribed or circumaetibedd 
angular points of the figure, and the number of triangles wiUbeJ 
number of sides of tlie polygon. If a perpendicular FG be Iet| 
<figure, Euc. IV. 14.) the center on the base CD of FCD, one of tlMI 
and if GF be produced to H till FH be equal to FG, and HC, HS 
an iaoKelei triangle ia formed, such that the angle at H it hall ih«j 
Bisect HC, HD in K. L, and join KL ; tlien the triangle Ht 
placed round, the vertex H, twice as many times as the triangle fl 



86. The turn of the 
equal to the sum of the i 

86, The proof of this property dependi, „.. „.., ,„, 
angle has a greater aiea than any scalene triangle of the 



which stand the let, 3id, S±,Asi 

which stand the 2nd, 4th, Cth. &ci 

-■'- - the fact, that an M 
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SOLUTIONS, HINTS, &c. 



To inieribe a square in a given triangle. 
Analyiis. Lei ABC be the given triangle, of which du but S 
le perpendicular AD are given. 




and GH la to C 

but GFi« equal to Gffi I 

therefore GF is to GB, as AD is to AB. \ 

IkX BF be joined and produced to meet a line drawn frota A pi 

o the base BC in the point E. 

Then the triangles BGF, BAE are aim. 
ai>d ^i: is to ^,S, as GF ia to GB, 
but GF\t to GB, as .4iJ ia to AB. 



pr- 
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Thnwgb the v 



AE parallel 



o BC tbe bate of 



make AE equal to AD, 
t^^ join EB cuLdng AC io F, 

^S thiongh f, draw /'G parallel to BC, and FS'paralle] lo AD 
|,n« also tbTOugh G draw Glf parallel to AD. 

,j^ Then GBKF it the square required, 

IgXu The diflfcrenl casei may he considered when the triangle is eqc 
^^^Une, or isoscelei, and when each side ia taken as the base. 

"" M. 

kkAl W™" ""^ extrrmiliei of airy diamfler of a given rircfe, prrpendi. 
HU>iM W ""y '^'"'"^ "f "" "™'^' ""W '^" t^'^' '^"^ ''"^'*' "■ "" '''' 
ti^aBid in (ml poiatt stAich are equiiiitant from the center. 

'■* First, let the chord CD inceruct the diauiEter AB in L, hat not 
glea; and from A, B, let AE, BF be diawr 



fiom the center a? the chord CD. 




isF.E 



Join EB, and from I the center of the circle, draw IG perpendieulwr to 
D, and produce it to meet BH in H. 

Then /G bisecu CO in G; (in. 2.) 

and /G, AE being both perpendicular to CD, are parallel, {i. 39.) 

Therefore SI is to SH, aa lA is to 7/£ ; (vi. 2.) 

and fl// is to FG, aj Wfi is to GE; 

therefore Bl is to FG, at lA ii to GE; 

but BI is equal to J^ ( 

therefore FG is equal to GE. 

tt is also luamfeat that DB is equal to CF. 

WbeD the Ebord doeg not interaect the diamctei, the perpendiculars intet' 

xt the chord produced. 

IIG. 
If tito diag/matt of a regutar ptntagon it dramt io cul onf another, the 
teater legmeiilt viUl be eqtialio&e tide of the pentagon, and the diagonal! 
liU cut OIK another in extreme and mean ratio. 

Let the diagouBls AC, BE be drawn from the extremities of the side AB 
of the r^nlar pentagon ABCDE, and intersect each other in the point H. 

Then afiand vie ate cut in extremeand mean ratio in J/, and the greater 
segment of each Is equal to the aide of the pentagon. 

Let the circle ABCDE be deacribed about the pentagon, (iv. 14.) 

Because EA, AB are equal to AB, BC, and they contain equal angles ; 

therefore the base £J! is equal to Oie base AC, (i-4.) 

and the triangle EAB is eqnal lo ihc triangle CBA, 

and the remaining angles will be equal to the njmaining angles. 
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each to eai^, to which the eqaal sides txe opposite. 

Theiefon the angle SAC is equd (o the angle ABS ; 

and the angle JHE is double of the angli BjIH, (i. 32.) 

but the angle EAC is also doable of the angle BAC, f vi, 33.) 

therefore the angle HAE is equal lo AHE, 

and consequently JIE is equal lo EA (i. 6.) or lo AB. 

And because SA is equal to AE, 

the m^U ABE is equal to the angle AEB; 

but (he angle ABE has been pTOVed equal to BAH; 

iherefore the angle BEA is equal to the angle BA H : 

and ABE is common to the two triangles ABE, ABU; 

therefore the remaining angle BAE is equal to the remaining angle ABS'- 1 

and consequently the triangleB ABE, ABH are equiangular 

Iherrfore EB is to BA, aa AB to BH: but BA is equal to E 

therefore EB is to EH, as EH is to B/f, 
but BE is greater than EH; therefore EH ia greater than Hi 
therefore S£ has been cut in extreme and me ' ' 

Similarly, It may be shewn, that .1 C has also b 
mean ratio in //, and that the greater eegment of it CH is equal to the flfcl 
of the pentagon. 

Diitideagim 
in a given ti " 

Analysis. Let A, B be the two given points in the circumference of ih _ 
circle, and C the point required lo be found, such that when the chorda AC 1 
and BC are joined, the lines AC and BC shall have to one anoiher ibe n 
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alto llie equ 
but (be 


But AD is 
and AD is 

areof^Dia 
ire of Cfl ; 
quareof^D 


to AC, M DC la 10 CB, Iv,. 4.) 
toDC, aa^CloCB,{v. 16.) 
to the aquare of DC, u the squa 

ia to the nquare of DC, as AD is 


■e of ^C ia W 
to DB: 



I wherefore the square of ^Cia to the'square of C'fl, as ^D is lo flZ>; 
but AC ii to CB, s« E ia to F, (conslr.) 
therefore AD is to i)S as the square of E is to the square of F. 
Hence the latio of AD to DB ia given, 
and AB is given in magnitude, because (he points J, B in the circumfe- 
;^ rence of the drde are given. 

f^i Wherefore alao the laiio of AD to .4B is giTen, and also (he magnitude 

of ^ J). 
^ Synthesis. Join AB and produce it (o D, so that ^Z) shall be to BD, u 
the square of ^ to the square of F. 

From Odtaw DC to touch the circle in C, and join CB, CA. 

Since AD is to DB, aa the aquare of E ia to the aqualc of F, (constr.) 

and AD is to DB, as the square of j<C is to the square of flC; 

re of AC is to the square of BC, ai the square of E ia 



to (he square of i^, 



d ^C ia to BC,« 



■oF. 



A, B, C arc given poind. It la required to Jrow Oirough ony Oi/ierjiolBl 
I f /le lame plane with A , B, and C, b ilralght line, inch that the turn of itt 
iilancet from two tjf the given j/olnli, may be egiui to ifi diilance Jrora t/ie 

Analysis. Suppose F the point required, such that the line XFH being 
rawn through any other point J, and AD, BE, CffperpendiculanonX/'^, 
le sum of BE and CH ia equal to AD. 




Join AB, BC, CA, then ABC is a triaagU. 

AG to bisect (he baae BC in C. nnd draw GK perpendicular to EF. 

Then since BC is bisecffd in G, 

the sum of the perpendiculars CH, BE is double of GK; 

but CH and B£ are equal to AD, (hyp.) 

iherefoTE ^D must be double of <^£; 

but since AD is parallel to CK, 

the triangles ADF, GSF are similar, 

therefore /<D is w AF,as GKittoGFi 

but AD is double of GK, therefore AF is double of GF ; 

I consequently, GF is one-third O'f AG the line drawn from the Tectes 

if the triangle to the bisection of the base. 
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Bui AG it a line given in magnitude uid positian, 
therefore the point F a delennined. 

Synthesis. Join JB, AC, BC, Mid biiect the base BC of the 
ABC in G; join ^G and lake GF equal to one-third of G^j 

the line drawn through X and F will he the line required. 

It it also obvious, that nhile the relative poaition of the points A, B, C, J 
lemaina the same, the point F remains the same, wherever the point JtTmay 1 
be. The point X may therefore coincide with the point F, and when thi» il ' 
the case, the posiiion of the line FX a left undetermined. Hence the follow- 
ing jTDTuni. 

A triaogle being given in position, a point in it may be found, such, t 
any stcaight line whatever being drawn through that point, the peipeodiculiii ' 
drawn to this stiaight line from the two angles of the triangle, which are n ' 
one side of it, will be together equal lo the perpendiculai that is drawn it 
same line from (he angle on the other side of It. 



I. Ik the Egnte Euc. vi. 23, lei the parallelograms be suppoted t* 

Then the rectangle AC : the rectangle DG :: BC : CG, Euc, vi. 1. 

and the rccuuigle DG : the rectangle CF :: CD : EC, 
whente the rectangle AC : the rectangle CF :; BC. CD : CO . EC. 
In a similar way it may be shewn that the ratio of any two parallelogrBOtt 
is u the ratio compounded of the ratios of their bases and altitudes. 

3. The case in which the two angles are equal is proved in Euc ti. 19, 
the other case is where one angle is tbe supplement of the other, 
3. Apply Euc. VI. A, T. 7- 

i. This property is a particular case of Euc. Ti. 2. 

6, Let ABC be a scalene triangle, having the vertical angle A, and I 
suppose ADE an equivalent isosceles triangle, of which the side AD is equll 
to AE, Then Euc. vi. 16, 16, AC.AB = AD.AE, or AD'. Hence AD 
is a mean proportional between AC, AB. Euc. vi. 8. 

6. The lines drawn making equal angles with homologous sides, divide 
the triangles into two corresponding pairs of equiangular triangles; bj Eut 
TI. 4, the proportions are evident. 

By construcdog the figure, Itie angles of the two triangles may easily 
■ ' e respectively equal. 
a. A circle may be described about the four-sided figure ABDC. By 
Euc t. 13 i Euc 111. 21, 22. The triangles ABC, ACE may be shewn to 
be equiangular. - 

9, If the property be assumed to be true; then by Euc. ti. 16, il folloWt 
that the difference of the squares of the sides of the triangle, is equal to the 
difference of the squares of tile segments of the base; and therefore the dill^nnce 
of the squares of one aide and the adjacent segment of the base, is equal to 
dilference of the squares of the other side and its adjacent segment of tbe bi 
Whence it follows that the line drawn from the vertex of the triangle la tl 
point of section of the base, is perpendicular to the base. 

10. This property follows as a corollary to Euc. vi. 23, for the two 1 
angles ate respectively the halves of tbe paraUelograms, and are theiel 
latio compounded of the ratios of ihe sides which contain the same or «qild 
angles: and this tatio is the same u ihe ratio of ibe rectangles b; the lidea. 



belhen 



r 



ON BOOK VI, 313 

_.. Let ABC be the given triBngle, and lei (Le line EGF cut the base BC 
in O. Join AQ. Tbea by Euc. vi. 1, uid the preceding theorem (10) it 
mar be proved that AC i* to AB u 0£ is to GF. 

12, The two means and the iwo exiremei form an arithmetic Belies of four 
lines whose succeHiie differences are equal; the diiference theiefoie between 
the firel and the fourth, or the extremes, is Lreblc the differmce between the 
Gnt and the second. 

13. This may be effected in different Hars, one of which is the following. 
At one cstremity A of the given line AB draw AC mating anjf acute angle 
with AB and join BC ; at any point D in BC draw DEF parallel to ACcuttiog 
AB in E and such that EF is equal to £D,draw FC cutting AB in G. Tbeo 
AB is harmonically divided in E, <}. 

U. In ihe Gguie, Euc vi. 13. If E be the middle point of AC; then 
AE or EC is the arithmetic mean, andDB ia the geometric mean, between AB 
and BC. If DE be joined and BF be drawn perpendicular on DE ; then DF 
may be proved to be tfae harmonic mean between AB and BC. 

15. In the fig. Euc. vu 13. DB is the Geometric mean between AB and 
BC, and if AC be bisected in E, AE or EC ia the Arithmetic mean. 

The neitis the same as — to find the s^ments of the hypotenuse of a right' 
angled triangle made by a perpendicular from the right angle, bavlng given the 
dif^nce between half the hypotenuse and the perpendicular. 

IG. Let the line DF drawn from D the biiiectian of the base of the 
triangle ABC, meet AB in E, and CA produced in F. Also let AG drawn 
parallel to BC from the vertex A, meet DF in O. Then by means of the 
umilar Itiangles ; DF, FE, FQ, may be ihewn to be in harmon' 

17. See Euc. VI. A, note, p. 223. 

le. If a triangle be constructed On AB so 
lisecled by the line drawn to tile point C. By Euc. 
may be determined. 

19. Let DB, DE, DCA be the three straight lines, fig. Euc. in. 3? ; let 
Ihe points of contact B, E be joined by the straight line BC cutting DA in O. 
Then BDE is an isosceles triatigle, and DO is a line from the vertex to a point 
O in the base. And two values of the square of BD may be found, one from 
Theo. 26, p. 242; Euc. iti. :)S; ii- 3; and another from Euc ill. 36 ; n. 1. 
From theae may be deduced, that the rectangle DC, GA, is equal to the rect- 
angle AD. CO. Whence the, &c 

20. Let A BCD be a square and AC its diagonal. On AC take AE 
equal to the side BC or AB : jmn BE and at E draw EF perpendicular to AC 
and meeting BC in F. Then EC, the diflerence between the diagonal AC 
and the side AB of the square, ia leu than AB ; and CE, EF, FB may be 
proved to be equal !a one another : also CE, EF are the adjacent sides of a 
tqiiare whose diagonal is Fa Oo FC take FO equal to CE and join EG. 
Then as in the first square, Ihe difference CO between the diagonal FC and 
Ae side EC oi EF, is less than the side EC. Hence £C, the dUTerence 
between the diagonal and the aide of the given square, is contained twice in the 
•Idc BC with a remainder CG : and CG is the difference between the side CE 
■nd the riiflgonal CF of another square. By proceeding in a similar way, CO, 
the difierfnct^ between the diagonal CF and the side CE, ia conUined twice in 
the side CE with a remainder : and the same relations may be shewn Eo exist 
between the difietence of the diagonal and the side of every square of the Kriei 
which ia so constructed. Hence, therefore, as the difference nf the side and 
^agonal of every square of the series Is contained twice in the side with a to- 
Vuinder, it I'ollowa that there is no line which exactly meaames the side and 
the diagonal of a square. 

2D 
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47- From one of the given paiala two Btraighl lines are (a be diawi 
perpend icuUi, one to each ot any two adjacent sides of the parallelogTani ; ui 
from Che other point, two lines perpendicuUr in the same manner to each cd' ibe 
two remaining sides. When these four lines are drawn to inienecl OM 
another, the hgure so formed amy be shewn to be equianguUr to the pja 
parallelogram. 

48. All the parallelograms are manifestly similar and similail]! stcualed 
with respect to each other : and evcrj 4, 0, IS, 20, &c. of the Bmaller ooOi 
form parallelogiams similar to each other imd the imaller onee, 

49. It IS manifest that this is the general case of Ftob. 40, p. 35S. 
If the rectangle to he cut off be two-thirds of the given recti 
Produce CB to E so that BK maj be equal to a side of that squwe « 

is equal to the rectangle required to be cut off; in this case, eqtul to 
thirds of the rectangle ABCD. On AB take AF equal to AD or BC ; him 
FB in (i, and with center O and radius GE, describe a semicircle i 
AB, and AB produced, in H and K. On CB lalie CL equal to J 
draw UM, LM parallel to the sides, and UBLM is two-thirds of the T( 
ABCD. 

60. Suppose the area of the grass-plot to be two-thirds of the ii 
field. Let HM, LM be two lines drawn from H, L, points ii 
parallel to the sides, cut off the rectangle HMLB equal to two-th _ 
Problem 49, supra. Bisect LC, AU in F, Q, and through F, Q Am 
parallel to the sides and meeting in R. On BA, BC, take BS, BTil 
10 AQ. through S draw SX parailello BCand meeting QR in " 
T draw TVZ paraUel to AB meeting SX in V, and QR i 
nctaagle RXYZ is equal to UMLB, and AQ is the width of the piibn]) I 
round the gnus-plot. 

51. The intersection of the diagonals is the common vertex of t*0 tiS- 
angles which have the paiallel sides of the trapezium for their hues. 

52. Let AB be thi! given straight line, and C the center of the pToi 
circle; through C draw the diameter DCE perpendicular to AB. Flace Ja the 
circle a tine h'O which has to AB the given ratio ; bisect FO in H, join CB. | 
and on the diameter DCE, take CK, CL, each equal to CH; either of dM 
lines drawn through R, L, and paralL^l to AB is the line required. 

63. Let C be the center of the circle. CA, CB two radii at right u|^ 
to earji other: and let D£FO be the line required which is iriieeted in the 
pointi E, F. Draw CO perpendicular to DU and produce it lo meet the dr- 
cumferencein K; draw a tangent to the circle at K : draw CO, and produce CB, 
CO to meet the tangent in L, M : then MK may be shewn to be treble of LE. 

54. See page ^0. 

66. The ttiangles ACD,BCE are similar, and CF is a mean proportionil 
between AC and CB. 

60. See page 310. 

57. Let aay tangent to the circle at E be terminated by AD, BC tangents 
at the extremity nf the diameter AB. Take O the center of the circle and join 
OC, OD, OE : then GDC is a right-angled triangle and OE is the perpen- 
dicular trom the right angle upon the hypotenuse. 

58, This problem only differs from Problem 60, infra, in having llW 
giren point without tbe given circle. ' 

69. Let A be the given point in the circumference of the circle, C 1( 
center. Draw the diameter ACB, and produce AB 10 D, takmg AB ta Bl 
in the given ratio : from D draw a line to touch the circle in 
point required. From A draw AF perpendicular to DE, 
circle in U. 
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GO. l«t A be the given point within the circle who«e center 1> C, and lei 
BAD be the line required, so that BA is lo AD in the given ratio. Join AC 
and produce it to meet (he circumference in E, F. Then EF is a diameter. 
" y BG, DH perpendicular on EF: then the tnongles BOA, DiJA are 



.Iremitj of the chord EF, let a line be drawn 
paiallel to one diameter, and intersecting the other. Then the three onglea of 
the two triangles may be shewn to be res-pcelivelj equal la one another. 

Ii2. Let AB be that diameter of the giren circk which when produced 
is perpendicular to the giren line CD, and lee it meet that line in Ci; and let 
P be til e given point : it isrequiredto find D in CD, so that DB may be equal 
to the tangent DF. 3Iike BC : CQ :i CQ : CA, and join PQ; bisect PQ 
in E, and draw ED pcipendieulai to PQ meeting CD in D : then D in the 
point Tcquiicd. Let O lie the center of the circle, draw the tangent DF ; and 
join OF, OD, QD, PD. Then QD maj be shewn to be equal to DF and to 
DP. MTien P coincides with Q, onp point D in CD fulfils the conditions of 
the problem : that is, there are innumerable solutions. 

t>3. It may be proved that the vertices of the two triangles which are 
similar in the same segment of a circle, are in the extremities of a chord 
parallel to the chord of the given segment. 

64. For let the circle be described about the triangle EAC, then by the 
eonrcrse to Euc lit. 32, the truth of the proposition is manifest. 

05. Ijct the figure be conatiucled, and the similarity of the two triangles 
will be at once obvious from Euc. iti. 3i ; Sue. t. 29. 

06. In the arc AB (fig. Euc. iv. 2.) let any point E be taken, and from 
K let KL, EM, EN be drawn perpendicular to AB, AC, BC respiictively, 
produced if necessary, also let LM, LN be joined, then MLN may be shewn 
to be a straight line. Draw AK, BK, CE, and by Euc. ill. 31, 23, 21 j 
Euc. I. 14. 

67. Let AB a choid in a circle be bisected in C, and DE, FG two chords 
drawn through C; also let their extremities DG, FE be joined intersecting 
CBin H, and AC in K; then A E is equal to HB. Through U draw AIUL 
parallel to EF meeting FG in M, and DE produced in L. Then by means 
of the equiangular triangles, HO may be proved to be equal W CK, and hence 
AE is equal to HB. 

OS. Let A, It be the two given poinui, and let P be a point in the locus 
BO that PA, PB being joined, PA is to PB in the given ratio. Join A B and 
divide it in C in the given ratio, and join PC. Then PC bisects the angle 
APB. Euc. Ti. 3. Again, In AB produced, take AD to AB In the given 
ratio, join PD and produce AP to E. then FD bisects the angle BPE. Euc 
VI. A. AVhenee CPD is a right annle, and the point P lies in the circum- 
ference of a circle whose diameter is CD. 

65. Let ABC be a triangle, and let the line AD biseoling the vertical 
angle A be divided in E, so that BC: BA + AC :: AE : ED. By Euc. vi. 3. 
may be deduced BC : BA + AC :: AC : AD. Whence may be proved that 
CE bisects the angle ACD, and Euc iv. 4, that E is the center of the inscribed 

70. By means of Enc. iv. 4, and Euc. Vi. C. lliis theorem may be shewn 
to be true. 

71. Divide the given base BC in D, so that BD may be to DC in the 
ratio of the sides. At B, D draw BB', DD' perpendicular to BC and equal 
to BD, DC respectively. Join BD' and pmduce it to meet BC produced in 
O. With center O and radius OD describe a circle. From A any poinj in 
thecircumfeienceioin AB, AC, AO. Prove that AB in to AC as BD to 
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Or thus. If ABC be one of ilic niani 
BA ii 10 AC as BD CD 1)C. Produce 
IbcD O ia the cenlei of llie dccle, I 

72. Let ABC be any triangle, and from A, B let ihe pcrpendiculan AD, ' 
BE on the opposite aides inletsect in P : Mid let AF, BO drawn to F, O Ihe 
bisecllons of the opposite sides, Intersect in Q. Also let FR, GR be drawn 
perpendicular to BC, AC and meet in R : then R ia the nnlet of ifae circum. 
scribed circle. Join PQ, QR : these are in the same line. 

Join FO, and hy th« equiangular Crisnglea ORF, APB, AP is prored 
double of FR. And AQ is double of QF, »nd the alieraate anglei PAQ, 
QFR are equal Hence the triangles APQ, RFQ are equiangular. 

73. Let C, C be the ei;nten of the two circles, and let CC iho line jojntof 
Ihe centers intersect the conimon tangent FP in T. Let the line joining dM 
centers cut the circlea in Q, Q', and let PQ, FQ' be joined : then PQ it 
parallel to PQ'. Join CP, C'F, and then the angle QPT may be proved W 
be equal to the alternate angle QPT. 

74. Let ABC be the triangle, and F a paint in ila base BC] let ikt 
circles AFB. AFC he described, and their diatneters AD, AE, be dntrn; 
then DA : AE :: BA ; AC. For join DB, DF, EF, EC, the triangles OAR 
EAC may be proved to be similar. * 

73. If the extremities of the diameters of the two drcl«i be joined Il| 
two straight lines, these lines may be proved to intersect at the point f 
contact of the two cirdes ; and the tvo right-angled triangtfs thas foin"' 
may be shevn to be simllir by Enc. 111. 31. 

7G. This follows dfrecUy from the similar triangles. 

77. Let the figure be constructed a» in Theorem 96, p. 287, ' 
EAD being right-angled at A, and let the circle inscribed in the triangle ADI I 
touch AD, AE, DE in the points K, L, M respectively. Then AK is equti ] 
to AL, each being equal to the radius of the inscribed circle. Also AB it 
equal to GC, and AB is half the perimeter of the triangle AED, 

Also if GA be joined, the triangle ADE is obvjously equal Is the dilFer- 
enceof AGDEand the triangle ODE, and this diflerence may be proved equil 
to the rectangle contained by the radii of the other two circles. 

78. From the centers of the two circles let straight lines be dnwn to ihf 
extremities of the sides which are opposite to the rightangles in each triangle, 
asd to the points where the circles touch these sides. Eiic. Ti, 4. 

79. Let A, B be Ihe two given points, and C a pobit in the eircumferenee 
of the given ckcle. Let a circle be described throQgh the points A, B, C onJ 
cutting the circle in atiolheT point D. Join CD, AB, and produce them 10 
meet in E. Let EF be drawn touching the given circle in F ; the circle dt. 
scribed through the points A, B, F, will be the circle required. Joining AD 
atid CB, by Euc. iti. 21, the triangles CEB, AED an equiangular, and by 
Eue. VI. 4, 16, HI. 30,37, the given circle and the required circle each toucJi 
the line EF in the same pohit, and ttierefore touch one another, tflien doc* 
lliis solution fail ? 

Various eases will arise according to the relative position of the two points 
and the circle. 

80. Let A be the given point, BC the given straight line, and D the 
cenler of the given circle. Through D draw CD perpendicular to BC, tneelicg 
the circumference in E, F. Join AF, and take FO to the diameter PE, ss 
FC is to FA. The circle described passing thiough the two points A, O and 
touching the line BC in B ia the circle required. Let H be the center of ihi) 
eirde; join HB, and BF cutting the circumftrence of the given circle in K, 
— -> -om EK. Then the triangles FBC, FEE being equiangular, by Eue. t 





\ respectively, 
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4, 16, and the cmiBtnic^DD, K ia proTed to be a point in the ciicumfereDee of 
the circle pRuing through the point* A, G, B. And if DK, 8H be joined, 
PKH may be proved to be a slraight line :— the straight line which joins 
the centers of the two dicles, snd paSBee through a common poiiil ia theiT 

81. JjcI a be the given point, B, C the dentin of the two given circlet. 
Let a line drawn throu^ B, C meet the cimimfcrences of the circles in 6, F ; 
iclively. In OD produced, late the point H. so Ulat BH is to CH 
f the dicle whose center is B, is to the radius of the circle 
whose center is C. Join All, and taki; KIl to DH as UU ID AH. Through 
A, K describe a circle ALK touching the drcle whose center is B, in L. 
Then M may he proved lo be a point in the circumference of the circle whoKe 
cenlei ii C. For by joining HL sjid producing it to meet Ihc circumference 
at the circle whose center ia B in N ; and joining BN, BL, and drawing CO 
parallel to BL, and CM paraUd to BN, ihe line HN ia proved to cut the 
circumference of tlie circle whose center is B in 91, O ; and CO, CM are radii. 
By joining GIi, DM, M may be proved Id be a point in ihu circumference 
of die circle ALE. And bji prwlucing BL, CM to meet in P, P is proved 
10 be the center of ALK, and BP joining the centers of the two circles 
passes through L the point of contact. Hence also is shewn that PMC passes 
through JU, Ihc point where the circles vhoec centers are P and C touch each 

Note, If the given point be in the drcumference of one of the cmdes, the 
eonslruction may be more simply eiBctal thus : 

Let A be in the circumference of the circle whose center is B. Join BA, 
and ill AB produced, if necessary, take AD equal to the radius of the circle 
whose center la C, join DC, and at C make the angle DCE equal to the aagle 
CDE, the point E determined hy the intersection of DA produced and CE, is 
the centre of the circle. 

U3. Let AB, AC be the given lines and P the given puiL Then if O 
he the center of the required circle touching AB, AC, in R, S, the line AO will 
bisect the given aiigle BAC. Let the tangent from P meet the circle in Q, 
and draw OQ, OS, OP, AP. Then there are given AP and the angle OAP. 
Also since OQP is s right angle, we have OP'-QO'=OP'-OS'=PQ»a givetl 
magnitude. Moreover the right-angled triaogle AOS is given in species, 
or OS to OA is a given rado. Whence in the triangle AOP Ihete is given, 
the angle AOP, the side AP, and the excess of OP' above Ihc square of a 
line having a given ratio to OA, to determine OA. Whence the construction 

es. Let the two given lines AB, BD meet in B, and let C be the center 
of the given circle, and let the required circle touch the line AB, and hate iti 
center in BD. Draw CFE perpendicular to BB intersecting the circumference 
of the given circle in F, and produce CE, making EF equal to the radius GF. 
Through a draw GK parallel lo AB, md meeting DB in S. Join CK. and 
through B, draw BL parallel lo KC, meeting the circumleFcnce of the drcle 
whose center is C in L ; join CL and produce CL lo meet BD in O. Then O 
is the center of the circle required. Draw OM perpendicular lo AB, and 
produce EC lo meet BD in N. Then by the aimilur ttiangtes, OL may be 
proved equal to OM- 

S4. ( I ) In every right-uigled triangle when ita three aides are in Arith- 
metical progression, they may be shewn to be as the numbers 5, 4, 3. On die 
given line AC describe B triangle having its sides AC, AD, DC in this propor. 
tian, bisect the angles at A, C by AE, GE meeting in E, and through E draw 
£F. EG parallel to AD, DC meetuig in Faud O. 

(2] Let AC be the «nm of Ihe sides of the triangle, fig. Eac. » '" " 
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AC describe a triangle ADC whosE aides ahall be 
Bisect the angles at A and C by two lines loeeting i 
EG paraUel to DA, DC respectiTely. 

85. Describe a circle witb any radius, nnil tlrsw within it the straight lia 
MN cutting off » sigmcnt containing an angle eijual to the given angle, Eut 
111.34. Divide MN in the given ratio in P, and at P draw PA perpendicnlu 
10 MN and meeting the circumference in A. Join AM, AN, and on AP « 
AP produced, take AD equal to the given iierpendicular, and through D dni 
BC parallel (o MN meeting AM, AN, or these lines produced. Then ABC 
■hall be the triangle required. 

80. LelPAQbe the given angle, bisect the angle A by AB, in AB Bri 
D the center of the inacribeU circle, and draw DC perpendicular to AP- In DB 
take DE inch that the rectangle DE, DC is equal to the given recUngk. 
Describe a. circle on DE aa diameter meeting AP in F, Q j and AQ in W, ff- 
Join FG', and AFG' will be the triangle. Draw DH perpendicular to Fl 
and join G'D. By Buc, vt. C, the leclangle FD, DG' is equal to the n 
angle ED, DE or CD, DE. 

B7, On any base BC describe a seRment of a circle BAG conbuning 
angle equal lo the given angle. From D the middle pttini of BC drsw DA 
make the given angle ADC with the base. Produce AD to E ao thai AB 
equal to llie given bisecting line, and through E draw FG parallel In I 
Join AB, AC and produce tliem to meet FG in F and G. 

88. Employ Theorem 71, p' 2G3, and the construction heconiea obvim 

BU. Let AB be the given base, ACB the segment containing the veni 
angle; draw the diameter AB of the circle, and divide it in E, in thegii 
ratio; on AE as a diaoieler, describe a circle AFE; and with center B m 
radius equal to the given line, describe a circle cutting A FE in F. Tfam J 
heing drawn and produced to meet the circumscribing circle in C, niil I 
being joined, ABC is the triangle required. For AP is to FC in the oil 

90. The line CD Is not necessarily parallel lo AB. Divide the bas« AB 
m C, so that AC is lo CB in the ratio of the sides of tile triangle. 

Then if a point E in CD can be determined such (hat when AB, CE, EI 
are joined, the angle AEB is bisected by CE, the problem is solved. 

1)1. iinx ABC be any triangle having the base BC. On the same ba 
describe an isosceles triangle DBC equal to the given triangle. Blsecl BC I 
E. and join DE, also upon BC describe an equilateral triangle- On FD, FI 
lake EG to EH as EF to FB : also take £K equal lo EH and join QU, OI 
then GIIK is an equilateral triangle equal lo the triangle ABC. 

03, Let ABC be the req\iired triangle. BC the hypoienuse, and FBK 
the inscribed square ; the side UK being on BC. Then BC may be prand ! 
be divided in H and K, so ihnt HK is a mean propartianal between Bl 
andKC. 

D3. Let ABC be the given triangle. On BC lake BD equal to one of tl 
given lines, thruugh A, draw AE parallel to BC. From B draw BE to mo 
AE in E, and such that BE is a fouiLh proportional to BC, BD, and the od> 
given line. Join EC, produce BE lo F, making BF equal to the other gin 
line, and join FD : then FBD is ihe triangle required. 

!H. This is the converse to Enc. vi. D, and may be proved indirectly. 

9fi. By means of Euc. vi. C, the ratio of the diagonals AC to BD nUf 
be found to be as AB.AD-fBC.CD to AB.BE + AD.DC, figure, Euc 

9fi. Thisproperty follows directly from Euc. 
!)7. Let ABC be any triangle, and DEF the given triangle to wliidi At 
Inicrlbcd triangle is required lo be similar. Draw anj liDe de lenninated ' 
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AB, AC, and on ie towards AG describe the triangle Je/ similar to DEFJoin 
B/, and produce it to meet AC in F'. Through F' draw F'D' parallel to 
/rf, F'E' parallel to fe, and join D'E', then the triangle D'E'F' is similar to 
DBF. 

98. See page 308. 

99. The square inscribed in a right-angled triangle which has one of its 
sides coinciding with the hypotenuse, maj be shewn to be less than that which 
has two of its sides coinciding with the base and perpendicular. 

100. Let BCDE be the square on the side BC of the isosceles triangle 
ABC. Then by Euc vi. 2, FG is proved parallel to ED or BC. 

iOl. Let AB be the base of the segment ABD, fig. Euc. iii. 30. Bisect 
AB in C, take any point £ in AC and make CF equal to C£ : upon Ep 
describe a square EFGH : from C draw CG and produce it to meet tl^ arc of 
the segment in K. 

102. Take two points on the radii equidistant ^m the center, and on 
the line joining these points, describe a square ; the lines drawn from the center 
through the opposite angles of the square to meet the circular arc, will deter- 
mine two points oi the square inscribed in the sector. 

103. Let ABCDE be the given pentagon. On AB, AE take equal 
distances AF, AG, join FG, and on FG describe a square FGKH. Join AH 
and produce it to meet a side of the pentagon in L. Draw LM parallel to FH 
meeting AE in M. Then LM is a side of the insmbed square. 

104. Let ABC be the given triangle. Draw AD making with the base 
BC an angle equal to one of the given angles of the parallelogram. Draw AE 
parallel to BC and take AD to AE in the given ratio of the sides. Join BE 
cutting AC in F. 

105. The locus of the intersections of the diagonals of all the rectangles 
inscribed in a scalene triangle, is a straight line drawn from the bisection of the 
base to the bisection of the shorter side of the triangle. 

106. This paraUelogram may be proved to be a square. 

107. Analysis. Let ABCD be the given rectangle, and EFGH that to 
be constructed. Then the diagonals of EFGH are equal and bisect each other 
in P the center of the given rectangle. About EPF describe a circle meeting 
BD in K, and join K£, KF. Then since the rectangle EFGH is given in 
species, the angle EPF formed by its diagonals is given ; and hence also the 
opposite angle EKF of the inscribed quadrilateral PEKF is given. Also 
since KP bisects that angle, the angle PKE is given, and its supplement BKE 
is given. And in the same way, KF is parallel to another given line ; and 
hence EF is parallel to a third given line. Again, the angle EPF of the 
isosceles triangle EPF is given ; and hence the quadrilateral EPFK is given 
in species. 

108. In the figure Euc. iii. 30 ; from C draw CE, CF making with CD, 
the angles DCE, DCF each equal to the angle CDA or CDB, and meeting the 
arc ADB in E and F. Join EF, the segment of the circle described upon EF 
and which passes through C, will be similar to ADB. 

109. The square inscribed in the circle may be shewn to be equal to twice 
the square of the radius ; and five times the square inscribed in the semicircle, 
to four times the square of the radius. 

110. The three triangles formed by three sides of the square with seg- 
ments of the sides of the given triangle, may be proved to be similar. Wlience 
by Euc. VI. 4, the truth of the property. 

111. By constructing the figure, it may be shewn that twice the square 
inscribed in the quadrant is equal to the square of the radius, and that five 
times the square inscribed in the semicircle is equal to four times the square of 
the radius. Whence it follows that, &c. 

2Ed 
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lis. By Euc 1,47, Mid Euc. vi. 4, It may be shewn, ihat font 
the gquate of the TadiuB ia equal to tiftccD times ihe square of One 
equal aidei of the triangle. 

113. Constnictitig tlie figure, the right-angled triangles SCT, ACBnuf 
be proved to have a ctriaiu raiia, and the triangles ACB, CPM in the ■ 
wuy, may be proved to have ihe same TaCJo. 

114. Let BA, AC be the bounding radii, and D a point in ^e are of' 
a quadrant. Bisect BAC by AE, ocd draw through D, the line HDOP p»* 
pendicular to AE at O, and meeting AB, AC, produced in H, P. From H 
draw HM lo louch the circle of which BC is a quadrantal arc ; produce AH, 
mailing HL equal to HM. also on HA, take HK equal lo HM. Then K, I^ 
are the pointa of contact of two ciiclea through D which touch the boundinf^ 
radii, AB, AC. 

Join DA. Then, since BAC ia a right angle, AK ii equal 
of the circle which touches BA, BC in K, K' ; and similarly, AL is the ntdint 
of the circle which louchea ihem in L, L', Also, HAP being an itoacddj 
triangle, and AD drawn to the base, AD' ia shewn to be equal to AK. Kb 
Euc HI. 3C; 11.5, Cor. 

115. IxJt E, F, G be ihe ccntera of the eircleg inscribed in 
ABC, ADB, ACD. Draw EH, FK, GL perpendiculars on BC, BA, '. 
leipectively, and join CE. EB ; BE, FA ; CO, GA. Then the reUtion t 

' iween R, r, r', or EH, FK. GL may be found from (he similar triangles, on 
the property of light^ngted triangles. 

llfl. See page 30H. 

1 17. The two henagons consist each of six equilateral triangles, and ill 
ratio of the hexagons is the same B9 the ratio of their equilatcTal triangles. 

IIH. The area of the inscribed equilateral triangle may be proved to t 
equal to half of the inaciibed hexagon., and the circumacribed triangle equal ■ 
four limes the inscribed triangle. 

1 19. The pentagons are similar figures, and can be divided into the Sam 
number of similar triangles. Euc vi. 19. 

lao. Let the aides AB, BC, CA of the equilateral triangle ABC toud 
the circle in the points D, E, F, respectively. Draw AE cutting the circuit 
ference in O ; and take O the center of the circle and draw OD : draw alsa 
HGK touching the circle in O. The properly may then be shewn by the 
rtmilar irianglcs AHG, AOD. 



INDEX 

TO THE 

PROBLEMS AND THEOREMS 

IN TBI 

GEOMETRICAL EXERCISES. 



ABBBEyiATION& 



Senate House Examination for Degrees. 

S. H. 
Smith's Mathematical Prizes. S. P. 
Bell's University Scholarships. B. S. 
St Peter's College. PeL 
Clare Hall. Cla. 
Pembroke College. Pern. 
Oonville and Cidus College. Cai. 
Trinity Hall. T. H. 
Corpus Christ! College. C. C. 
Kings College. Ki. 
Queens' Collie. Qu. 



St Catharines Hall. Cath. 
Jesus College. Jes. 
Christ's College. Chr. 
St John's Collie. Joh. 
Magdalene College. Mag. 
Trinity College. Trin. 
Emmanuel College. Emm. 
Sidney Sussex Collie. Sid. 
Downing College. Down. 

In the years the centuries are omitted, 
and the places are supplied by a comma 
prefixed, thus ,45 means 1845. 



EXERCISES ON BOOK I, p. 233, &c. 



1 Cai. ,46. Qu. ,48. 

2 

3 Cai. ,31. Joh. ,30. 

4 

5 

6 Qu. ,26. 

7 Qu. ,28. S. H. ,49. 

8 Mag. ,38. 

9 Emm. ,34. 

10 Cai. ,40. 

11 S. H. ,48. 

12 Cath. ,31. 

13 Qu. ,30. 

14 Ki. ,45. Cath. ,30. 

15 Qu. ,19. 

16 Mag. ,34. 

17 Pet. ,46. 

18 Chr. ,26. ,41. 

Joh. ,31. Pet. ,38. 
Trin. ,39. 

19 S. H. ,14. 

20 Cai. ,41. 

21 Trin. 19, Qu. ,19. 
,31. Emm. ,33. ,42. 



Mag. ,34. 
Pet ,44. 

22 Joh. ,19. 

23 Chr. ,2a 

24 Trin. ,26. 

25 Jes. ,42. 

26 Pem. ,29. 

27 Trin. ,38. 
Cai. ,48. 

28 Mag. ,40. 

29 Trin. ,29. 

30 Trin. ,43. 

31 Joh. ,26. 

32 Qu. , 25. 
^. Pet. 
Pem. ,42. 

33 S. H. ,04. 
Chr. ,29. 
Pet. ,36. 
Qu. ,39. 
Pem. ,48. 

34 S. H. ,18, 
Trin. ,25. 
Cla. ,31. , 



Pem. ,36. 

Qu. ,25. 
Pem. ,42. 
Sid. ,43. 

j3. S. ,48. 
S. H. ,50. 



Trin. ,25. 
,39. 

O.O. ,2«5. 
Cath. ,35. 
Trin. ,37. 
Cai. ,40. 

,03. 
,44. 
36. 



35 Trin. ,31. 

36 S. H. ,36. ,48. 
Mag. ,47. 

37 Emm. ,25. 
38S.H.,04. Cai. ,34. 

Emm. ,39. 

39 Chr. ,39. 

40 Pet. ,36. 

41 * 

42 Emm. .22. ,35. ,46. 
Sid. ,30. Trin. ,37. 

43 Qu. ,31. Cath. ,35. 
Emm. ,35. Sid. ,38. 
B. S. ,40. Trin. ,27. 

44 Trin. ,34. 
45 

46 S. Bt. ,48. 

47 Emm. ,21. Qu. ,23. 
,40. ,42. Trin. ,26. 
^. ,29. C. C. ,30. 
Pem. ,32. ,38. 

48 
49 
50 Trin. ,40, 





^^^^1 


SI 


77 JcB. 99 Emm. .Sd^^l 


B2C«.,3S. Qu.,33. 


70 Chr. ,43. 


100Qu.,19.,87^M 


63 TriD.,4B. 


79 


,35. Mag. ,89. , 


.fi4Qu.,31. Sid. ,3(1. 


BO Joh. ,31. 


Cai. ,34. xSn.; 


sa Qu. ,1a. 


81 Trin. ,29. 


,36. Pet. M. 


56 Ou.,34. 

57 Einm. ,32. Qn. ,S9. 


82 Emm. ,22. 


IOIS.H.,48. "^ 


R3 Pel^45. 


Hia Qq. ,311, 


SB Chr. ,4B. 


5a Catli. ,33. ,22. Trin. 


B5 Pel. ,3B. Chr. ,39. 


.«fe,fe'»-"- 


,37. 


flfi C.C. ,46. 




B7 Pern. ,46. 


103 Cla. ,3S. 


til Sid.^. ,43.Qii.,34. 


B8S.U. ,19. Trin. ,38. 


106 Qo. ,30. Oa. ^ 


Trin. ,40. Cla. ,4?. 


Qu. ,35. Pem. ,44. 


187 Cla. ,3fi. 


hi Trin. ,3(1. 


Jxs. ',49. 


las Trin. .37. JcA.,4 


(13 Trin. ,32. ,37. 

(i4 di, le- 


89 Emm. ,31. Chr. ,.18. 


109Ki. ,48. 


90 Trio. ,48. 


110 Mag. ,49. 

111 S.S.,M. 


ns Trin. ,48. 


91 


66 Qu. ,33. Jes. ,36. 


02 S. H. .17. Trin. 


112 Trin. .42. 


S. H. ,4I(. ,60. 


,24. ,37. Qu. ,35. 
ij;mm.,27.i48. Cath. 
,3y. ,4a. Pern. ,39. 


113 Emm. ,£4. C>1. J 


fi7 S. II. ,49. 


.ua*. ,«: ' 


6B U»i. ,411. 


lUQu:,34. Ernni,,! 


S!Ji:;.f 


,47-Sid.,4aChr.,4fi. 


115 Sid. ,46. 


93 Qu. ,20. .35. .37. 


llHPel.,33. ,36. 


71 Jh,. .30. Qu. ,37. 


l(.s.,3y. 


117Pet.;«. 


,49. S. H. .50. 
73 Trin. ,41. 


94 

95 Qu. ,«l. ,37. ,26. 
Trim ,27. ,33. ,36. .40. 


"■?.-o«!;.^^ 


73 8. H. ,02. ,10. Joh. 
,16. i".;™. Chr. 


119 Trio. ,40. 

120 Cai. ,97. 


.49. 'Chr:,44. Pim. 


34. Majr.,34. 
Trin. ,37- Cath. ,46. 


.45. 


121 Joh. ,15. Tiln. ; 


96 Sid. ,45. Chr. ,47. 


Emm. ,3B. Qu. , 


74 Trin. ,47. S. H.,4B. 


Emm. ,47. 


C. C. ,36. Mu , 


75 Trin. >, 


07 Emm. ,30. Cflth.,34. 


122 Trin. ,21. 


78 Cwh. ,49. 


98 Cfti. ,30. 


123 Jes. .35. 


EXERC 


rSES ON BOOK n, p. 


241, &c. 


1 S. H. ,14. ,60. Joh., 

•IB. Trin. M. 
S gid. ,47. 


18 S. H. ,16. Trin. ,27. 
.30.,37.,47.,4B.M«g. 
Jil. 43. Pst'. ,29. .31. 
8id. ,34. Emm. ,21. 


29 Cai. ,43. 


30 Joh. ,30. Emm. ,9t 


31Joh. ,26. Jb*^ 


B Sid. ,31. 


Mag. .42. 


4 Trio. ,31. 


,27. ,37. ,44. Cai., 4S. 


32 Ph. .44. 


6 Joh. ,1«- Trin. ,35. 


,Qu.,37. 


33 Emm. ,23. ,«. ; 


Qu. ,88. 
6 P«t. ,35. 


17 Emm. ,34. Pern. ,46. 

18 Qu. .34. 


A3. Trin. .37. , 
tel. ,30. tirng. , 
,43. ,48. B.a.J 


7 Joh. ,17. 


IB Chr. ,4U. 


a Ohr. ,40. 


20 Cai. ,44. 


Chr. ,41. ,47. ■ 


9 Trin. .42. 


218. H., 10. ,04. Trin. 


34 Emm. ,28. Bid. f 


10 Pet. ,37. 


,39. 


C. C. ,39. " 
35 Joh.,i0. Qu.^,1 


_ 11 Trin. ,38. ,46. Qu. 


22 Pet. .43. 


■ 13T. H. ,40. 


33 Cath. .31. 


,48. •— '— 


34 Joh. ,44. 


36 Chr. ,90. Emm. Jl. 


■ 13 S. H. ,03. Joh. ,1B. 


26 Trin. ,49. 


37S. H. ,07. T.H.%5. 1 


■ Qu. .21. Trin. ,37. 


ae Joh. ,13. Emm. ,36. 
,3H. Tiin. ,33. Mag. 


3SEmm.,9e. THB.S J 


■ Sid. ,43. Chr. ,46. ,46. 


Pem. ,47. "^1 


■ " ,*»■ 


,33. ,40. 


39 Cai. ,28. ■ 


■ 14 Qu. .37. 


27 Joh. ,21. 


40 Joh. ,41. ■ 


■ JO 8. H. ,3a 


28 Joh., 25. 





INDEX. 



325 



EXERCISES ON BOOK III, p. 244, &c. 



1 Emm. ,22. Pem. ,36, 

2 Trin. ,42. Chr. ,44. 

3 Pet. ,29. Cla. ,46. 

4 Cai. ,40. 

6 Mag. ,46. 

7 Mag. ,47. 

8 b. H. ,43. 

9 Cai. ,39. 

10 S. H. ,48. 

1 1 Chr. ,46. 

12 Mag. ,37. 

13 Joh. ,21. 

14 Pem. ,45. 

15 Mag. ,35. 

16 Emm. ,24. 

17 Qu. ,23. 

18 S. H. ,48. 

19 Joh. ,21. 
20 

21 Joh. ,17. 

22 B. S. ,26. Chr. ,40. 

23 Cai. ,43. S. H. ,45. 

24 S. H. .50. 

25 Joh. ,30. 

26 S. H. ,49. 

27 Trin. ,39. 

28 C. C. ,42. 

29 Chr. ,27. 

30 Pet. ,47. 

31 Chr. ,28. S. H. ,36. 
Cai. ,44. 

32 Trin. ,19. Sid. ,33. 
Cai. ,34. Emm. ,34. 
Qu. ,36. 

33 

34 Trin. ,27. 

35 Trin. ,34. 

36 Cai. ,32. ,41. 

37 Emm. ,21. Pem. ,32, 
C]a.,36. Cai. ,45. 

38 Trin. ,30. ,39. C. C. 
,35. ,45. Emm. ,37 
Chr. ,39. Pem. ,40. 

39 Sid. ,35. 

40 Joh. ,30. 

41 C. C. ,32. 

42 Joh. ,20. Emm. ,26. 

43 Jes. ,43. 

44 Cath. ,31. 

45 Qu. ,36. 

46 Joh. ,28. Qu. ,35. 

47 S. H. ,14. Qu. ,20. 
^2. Joh. ,25. 
Emm. ,32. Chr. ,45. 
Cai. ,44. 

48 Trin. ,35. 

49 Joh. ,30. 



50 Trin. ,24. 

51 Cai. ,39. 

52 Trin. ,43. 

53 Joh. ,22. Mag. ,29. 

54 Trin. ,11, 

55 Qu. ,36. 

56 Cai. ,44. 

57 Jes. ,33. 

58 Joh. ,22. 

59 S. H. .29. 

60 Joh. ,42. 

61 S. H. ,25. 

62 Cai. ,43. Emm. ,44. 

63 Joh. ,14. Chr. ,26. 

64 Trin. ,29. Sid. ,45. 

65 Qu. ,39. Pem. ,43. 

66 Trin. ,39. 

67 Ki. .47. 

68 S. H. ,86. 

69 S. H. ,02. Pem. ,32. 
T. H. ,44. 

70 Trin. ,46. 

71 S. H. ,04. 

72 Pet. ,39. 

73 Joh. ,30. Cai. ,36. 
Cla. ,46. 

74 S. H. ,03. Qu. ,22. 
Emm. ,27. Sid. ,30. 
Cath. ,30. ,35. Mag. 
,34. ,37. ,46. B. S. 
239. ,43. 

76 Pet. ,37. 

76 Qu. ,33. 

77 Joh. ,47. 

78 Cai. ,48. 

79 

80 Qu. ,33. 

81 Joh. ,19. Qu. ,26. 

82 Joh. ,17. 

83 Sid. ,35. Pem. ,42. 

84 Qu. ,38. 

85 Cai. ,31. 

86 S. H. ,48 

87 S. H. ,50. 

88 Cai. ,47. 

89 Cai. ,40. 

90 Cai. ,39. Jes. ,26. 
C O. .38. 

91 Pet ,39. Pem. ,45. 

92 Chr. ,40. 

93 Trin. ,29. ,32. ,38. 
S. H. ,08. Pet. ,19. 
,20. ,21. Qu.,20.,28. 
Mag. ,30. B. S. ,B9. 

94 S. H. ,49. 

95 Joh. ,31. 
96 

97 Emm. ,28. 



98 Joh. ,25. 

99 S. H.,20. Trin. ,22. 
,25. Mag. ,37. Qu. 
,39. 

100 S. H. ,03. 

101 Trin. ,20. 

102 Cai. ,40. 

103 Cai. ,37. 

104 Cai. ,42. 

105 Cai. ,36. 

106 Pet. ,48. 

107 S.H. ,04. Sid. ,41. 

108 Trin. ,42. 
109 

110 S.H. ,04. Joh. ,irK 
Qu. ,20. ,35. ,29. 
Trin. ,22. ,23. Pet. 
,31. B. S. ,30. ,34. 

11 Pet ,43. 

12 Trin. ,33. 

13 Pem. ,44. 

14 Trin. ,20. 

15 Sid. ,35. 

16 Emm. .47. 

17 Jes. ,49. 

18 Joh. ,41., 49. 

19 Joh. ,42. 

20 Qu. ,33. 

21 Joh. ,20. 

22 Joh. ,25. 

23 Trin. ,26. Qu. ,32. 
Chr. ,40. 

24 S. H. ,48. 

25 Trin. ,19. ,23. Qu. 
,21. ,22. Pem. ,30. 
,39. Sid. ,36. Pet. 
,31. Emm. ,34. ,42. 
,44. 

126 Mag. ,49. 

127 Joh. .18. ,19. Qu. 
^6. ,39. Mag. ,29. 
Emm., 30. Pem. ,44. 

128 Cath. ,30. 

129 Joh. ,34. 

130 Trin. ,26. Pem. ,34. 

131 C. C. ,46. 

132 Joh. ^35. 

133 Trin. ,38. Joh. ,19. 
Chr. ,39. Jes. ,43. 
S. H. ,42. 

134 Jes. ,38. C. C. ,38. 

135 Jes. ,44. 

136 C. C. 33. 

137 Pet ,32. 

138 C. C. ,25. B. S. ,28. 
Mag. ,45. 

139 C. C. ,42. 

140 Cai. ,31. 





326 INDEX. ^1 


EXERCISES ON BOOK TV, p. 263, Ice. | 


I Trin. ,31. 


32 S. H. ,13. Qu. ,11). 

Emm. ,21. ,33. B.S. 


fil C»i. ,33. B.8. .40. 


3 Emm. ,34. Qii. ,32. 


62 Joh. ,14. ,16. .37^ 


3 Trm. ,3?. Jea. ,47. 


,26. C^,35. Fam. 


S.H.,44. 


4 


,36. 


63 Ou. ,20. .30. ,S4. 
Tiiii.,20. l^mm.,a 


S Trin. ,23. Sid. ,39. 


33 Jes. ,31. 


,47. CJu. ,41. C. C, 


34 Trin. ,40. 


C.C. ,35. B.a.,» 


.46. 


35 Joh. ,18. 


Pem, ,40. -: 


B Chr. ,27. 


36 Joh. ,17. Tria. ,36. 


64 Sid. ,38. Qu. ,1 


7 S. M. ,ie. Qu. ,96. 
,27. CO., 28. Job. 


37 Pet. ,36. 


65 Trin. ,31. 


38 Qu. ,31. 


66 C.C.,38. 


,3a. 


39 Pel. ,43. 


67 Chr. ,32. 


8 Joh. ,20. 


40 Joh. ,25. 


68 C.C. ,44. 


» S. H.,13. Trin.,22. 


41 Trio. ,2a. 


69 Qu. ,44. 


10 S. H, ,08. ,12. Chr. 


42 Cdi. ,37. 


7OCa.h.,30. Ukg.,! 


S.S' •"■ •'"■ 


43 Trin. ,28. Qu. ,32. 


,37. 


Chr. ,40. Pem. ,4a. 


71 CBi.,40. 


11 S.H.,3a. 


44 Trin. ,23. Enan. ,33. 


72 Sid. .38. Trio. ^ 


12 Chr. ,46. 


,32. ,3S. 


73 Cai. ,41. 


13 Cfli. ,38. 


45 Joh. ,16. Pet. ,36. 


74 Trin. ,33. 


14 Cai. ,35. 


46 Emm. ,21. Trin, ,88. 


75 C.C. ,34. 


16 Joh. ,23. 


Pem. ,k2. 


76 Trio. ,23. B.a ^. . 


16 Trin. ,21. Chr. ,M. 


47 Chr. ,26. ,42. 


F™.,3B. 


17^rto..44..4a 


46 Emm. ,31. ,35. ,40. 


77 Trin. .36. 


,48. Chr. ,39. Pel. 


78 Je.. ,19. Trin. .IK, 


IB CBi.,42. 


,35., B.S..41. 


'Pei..'^. S^.;4IL. 


ID Cai. ,32. 


49 Cai. .38. Jea. ,49. 


20 M«e. .36. 


50 Tril.: .31. ' 


31 Joh. ,22. 


61 Emm. .34. 




32 S. H. ,02. 


62 Joh. ,18. Jm. ,49. 


60 Jea. ,&. 


33 Pem. ,3S. C. C. ,41. 


63 Pet. .25. 


IS S";jf "«■■** 


24 Fern. ,31. 


54 Qu. ,20. Emm. .27. 


25 Joh. ,43. 


C«th..31. Trin. ,44. 


63 Trin. ,19. 


26 Jes. ,33. 


55 Trin. ,37. 


64 Trin. ,34. 


27 Trin, .41. 


«6 Trin. ,23. Qu. ,37. 


85 Joh. ,25. 


28 Qu. ,30. 


67 Qu. ,21. ,26. ,36. 


86 S. H. ,03. Ton. .W, 


aa Joh. ,30. 


68 


,30. Qu. ,31. ,35. " 


30 Jah. ,31. 


59 Emm. ,25. Mag. ,42. 


Cfli..3J. 


31 Pern. ,39. ,35. 


6(1 Qu. , 26. 




EXEHC 


ISES ON BOOK VI. p 


268, ic. 


I Pet. ,3R. 


14 Qu. ,38. Chr, ,43. 


24 Qu. ,30. 


2 Joh. .2". 


Trin. ,44. .33. 


35 Qu. ,34. 


3 S. H. ,50. 


13 Emm. ,23. ,30. B. S. 


26 Qu. ,24. 
37 Pcm. ,83. 


4 Qu, ,3J. 


.29. 


5 Pem. ,46. T. H. ,46. 


16 Chr.jSe. 

17 S. tf. ,16. «u. ,28. 
Chr. ,3il. Emm. ,36. 


36 Trin. ,11. .28. A 


6 Joh. ,33. 


Ja. ,l!I.Qu.>l. 3B 
,26. C C7^. P^H 


7 C»[h. ,30. Emm. ,34. 


Sid. ,44. 


Cai.,36. Cla. ,46. 


8 Trin. ,23. ChL ,35. 


18 Joh. ,20. 


Mag. ,37. 


19 Joh. ,15. 


29 J^*"^ ' S 


U Trin. ,30. 8. H. ,04. 


20 Joh. .14. Trin. ,27. 


30 Qu. ,48. B 


Hug. ,44. 


,28. .33. .34. ,41. ,44. 


31 Pet. ,38. ,35. ■ 


!0 Qo. ,20. ,26. .33. 


Ciith. .34. Chr. ,44. 


32 Joh. ,10. ■ 


llToh.,2li. 


21 Joh. .19. 


33 Cm\. ,3H. ■ 


13 Cai. .31. 


22 Qu.,30. C. C.,40. 


34 Joh. ,96. fl 


J3 Trin. _ 


23 yoh.',38. 


35 Joh. ,15. c. c ,an 



INDKX. 



327 



36 TriD. ,25. 

37 Job. ,17. 

38 Joh. ,42. 

39 Ki. ,45. 

40 Emm. ,47. 

41 Pet. ,26. 

42 Trin. M. 

43 Joh. ,21. 

44 Pet. ,32. 

45 Joh. ,20. 

46 Joh. .14. 

47 Qu. ,36. 

48 Cai. ,36. 

49 Qu. ,25. 

50 Trin. ,39. 

51 Cai. ,44. 

52 Joh. ,15. 

53 Chr. ,41. 

54 C. C. ,31. 

55 S. U. ,50. 

56 Qu. ,23. Sid. ,34. 
C. C. ,40. 

57 Mag. ,41. 

58 Pet. ,25. 

59 Joh. ,17. 
|u. ,22. 
(u. ,21. 
Mn. ,26. 

63 Pet. ,35. 

64 Joh. ,19. 

65 Sid. ,30. 

66 Pem. ,30. S. P. ,42. 

67 Qu. ,35. ,36. Pem. 
,37. 




68 Trin. ,21. 

69 Joh. ,35. 

70 Pet. ^6. 

71 S. H. ,18. Qu. ,20. 

72 Joh. ,iaCath. ,31. 

73 Cai. ,45. 

74 Trin. ,35. 

75 Pem. ,31. ,43. Qu. 
,19. ,25. ,43. Trin. 
,22. ,37. Cai. ,43. 
Mag. ,32. 

76 Chr. ,48. 

77 S. H. ,39. Pem. ,43. 

78 Qu. ,41. 

79 Trin. ,22. Qu. ,39. 
Chr. ,42. 

80 Qu. ,22. ,38. 
Trin. ,42. ,44. 

81 Qu. ^. ,35. ,41. 
S. P. ,43. 

82 Qu. ,40. 

83 Qu. ,23. ,36. ,3a 

84 Joh. ,13. Trin. ,20. 
Emm. ,24. Chr. ,37. 
,45. Qu. ,36. ,22. 
,44. 

85 Trio. ,44. 

86 Trin. ,32. 

87 Qu. ,37. 

88 Joh. ,29. Qu. ,43. 

89 Joh. ,18. 

90 Qu. ,21. 

91 Trin. ,38. 

92 S. H. ,25. 



93 Pet .33. 

94 Joh. ,15. Jes. ,36. 

95 Joh. ,19. 

96 Joh. ,22. Emm. ,26. 

97 Pem. ,34. C. C. ,30. 

98 Qu. ,38. Jes. ,46. 

99 Joh. ,3a 

100 Cath. ,31. 

101 Trin. — 

102 Joh. ,13. ,21. 
Trin. ,29. .34. 
Qu. ,43. ,38. 

103 C. C. ,28. Pem. ,42, 

104 C.C.,35.S.H.,11. 
Pem.,46. T.H.,46. 

105 Qu. ,41. ,42. 

106 S. H. ,09. B. S. ,30. 
,81. 

107 S. H. ,3a 

108 Sid. ,29. 

109 Pet. ,36. 

110 Cat ,39. 

111 Trin. ,11. ,20. ,32. 
j33. Chr. ,35. 

112 Pet. ,37. 

113 Cai. ,31. 

114 Joh. ,31. Qu. ,44. 

115 C. C. ,30. 

116 Jes. ,19. Trin. ,32. 
44. 

117 *Joh. ,20. 

118 Emm. ,37. 

119 Trin. ,20. 

120 Cath. ,4a 



Lately published, smaU 8w. price 4«. 
SKETCHES OF CHARACTER, 

AND 

OTHER PIECES IN VERSE. 
BY A. H. POTTS. 



LONDON : J* W. PARKER. 
CAMBRIDGE : DEIOHTON ; MAOMILLAN & CO. 



Octavo, pp, 568 ; price 10s. M. in ClothM 



^^^^^V OF THE 

^EVIDENCES OF CHRISTIANITY 

I IN THREE PARTS; 



HOR^ PAULINA; 

WILLIAM PALET, D.D. 



A NBW EDITION, 

WITH NDTKS, AN ANALYSIS, 

AND A SELECTION OF QUESTlONa FROM THF SENATK-HOUSB 

AND COLLEGE EXAMINATION PAPERS I 

DESIGNED FOR THE USE OF STDDENT8, 



ROBERT POTTS, M.A. 



The Vnlvenl^ of Cambridge UMiy afllmu the ktbU ImpoiUnce of Uu Hli 

tulrirateil to SB eiodiliiiEiun in itils eubjecl. Ihireliita ai lung u herMororc. Pngha, 

'■It hu long bwn dcunod Iha o1[ir» of SocritHt lli»l he brounhl FlllloiaphT ttt 

SchooU of the iKuned to the luWtsUom of men— bj -—"'— '• -• '•- .~i._,..ii». 

exldbiUng U In the wdiiury lanpiua of lift. Thera -^ . — 

iiiniiiHffl tbe tJilcnt and dl^ioiition, lor nchteTemeata of thtt kinfl, to wo equil 

D goU vu the Hpreme o^M^ of lh« 

Ctiunughhlimlod.beeiinflpUincammDniieue— etemaedwlih thi 



brpBdiicflirciughhliinlod.beeimpUineainmDnienie— etiiDpe 
(uundltaeumnn in the world." Naloral l^tcetogv »>»''''•'»> 
t. IiiRon.D. D.,IriirdBliha|iaf Bly. PceEice. p. t. 

ukI Piley*! Eiaminiitian of Ihe WriUngi of tlie ApLMll* Paul, are. weaie mured, IlD 
Biedeli extiDt tat brmlag the hibit of en-ainliunB oral anil documeniary evidensL ' 
■n nbjeeti on vhleh It ii of vlul Impmtadce. Id t mcuIu view. th4t a liWverVhaWteil 
be tifbt I In ■ ipMtua] view, Uie importuioe is mupeakable." OmnieaT'H Lam 4^ Arfri 



LONDON: 
LONGMAN, BROWN, GREEN, AND LONGJUANa 



ELEMENTARY WORKS 
EEV. JOHN HIND, M.A., F.C.P.S., F.E.A.S., 



THE PRINCIPLES AND PRACTICE OF ARITHMETIC. 

The siMh E<litioQ, 12nio. Price 4«. Cd, Boards. 

"Mr Hind's Arithmetic in tholatereditioiiBappeaTB to mo to he 
drawn up in such a manner as to he suited for ose in Schools for those 
who are intended to go to the IJnirersitf. It includes the nso of 
logarithms, and the mensuration of varions figures, (triangles, circles, 
&c.) which I have spoken of as desirable appendages to the parts of 
Arithmetic usually learnt at SchooL" — Of a Liberal Education in 
general, and with particular reference to the leading Studies of the 
UniverBity of Cambridge, by Wilharo Whewoll, D.D., Master of 
Trinity College and Professor of Moral Philosophy in the University 
of Cambridge. Page 228. 

A KEY TO THE ARITHMETIC, 

with an Appendix consisting of Questions for Examination in all the 
Itules of Arithmetic. 

The eeeond Edition, 8vo. Price 6«. boards. 

AN INTRODUCTION TO THE ELEMENTS OF ALGEBRA, 

being a sequel to the Principles and Practice of Arithmetic. 
The third Edition, 12mo. Price Se. boards, 

THE ELEMENTS OP ALGEBRA. 

The fifth Edition, Svo. Price 12*. 6d. boards. 

THE ELEMENTS OF PLANE AND SPHERICAL TRIG- 
ONOMETRY. 

The fijih Edition, 8vo. Price 7«. Crf, boards. 

THE PRINCIPLES OF THE DIFFERENTIAL CALCULUS. 
The second Edition, Svo. Price I6s. boards. 

Fablished by Whittaker and Co., London, and may be had of all 



SIMSON-S RESTORATION OF THE PORISMS. I 

It is proposed to publish, by Bubscriplion, a Trauslation of Dr 
SimBon's Restomtion of the PoriBms, The subject forms an iatcrestinK 
portion of the anuient Greek Geometry, and the extreme Bcatx:ity of 
SimBon'a Opera Keliqua, may, pcrhapa, appear to be some apology for 
the undcrlaking. 

The Translation will be preceded by a full diacusdon of tbe 
peculiar eharaeter of theae propoaitions, and an ejcposition of tbt 
BOurces from which many mistakes respecting them have Sowed. 
Occasional notes will be added on partieuiar propositions ; and a full 
development of the Algebraical method of investigating the Fonrau 
will be affixed to the Translation, The Treatise on Porisms in the 
Opera ReUqua occupies ZJS quarto pages, and from the probaUe 
number of suliscribers which may be expected, it is calculated that 
the price of each copy of the work will not exceed fen shillings. 

As Boon asa number of Hubscrjbera snificient to defray thecxpeoKS 
of printing, &c., has been obtained, it is proposed toput the work to piCK. 

The work willbe printed at the Univei'sity Press, in octavo. 

The names of Subscribers and their Addresses may be sent to Mt 
Potts, Tiinity College, Cambridge. (A^ou. 17, 1847.) 

SUBSCRIBERS' NAMES RECEIVED. 

mi Yam. 

i CoJi. Camb. sail y!ce.C)uuic(11or. 
Rav. B. Chapman, D.D. Muter oC GonTlIle and Cidus College 
KcT, John Brown, M.A. Iha Benior Fellow of Trinitj College, 
G. G. Stokea, Esu. M.A. Lucaaian Professor of MatSamatica, Cambridge. 
Ber. John Tulloch, M.A. ProFesaor of Mathematics. Aberdeen. 
W. H.Miller, Eaci- M.A. ProfeaBor of MineralojtT, Cunbridga. 
Professor Da Morean, Universitj College, Loadon. 
Be*. Baden Powell. M.A. Savilian Profoaaor of Geometry, Oxford. 
Ber. R. Walker, M.A. Tator of Waiiham CoUege, OifaFd, and Reader m 

EiperiiDBntal Phitoaophv in tha University. 
Rbt. Joseph Romilly, M.A. Senior Fellow of 'IVin. Coll.. and RegiUnrj, 
Ber. J. Power, M.A. Fellow of Clare Hall, and Unirenitj Librarian. 
Ret. J. Pvo Smith, D.D. F.R.8. College, Homerton. 

T. S. DatiGS, £Bq^E.R.S. Lond. and Edin. Rojal Militarj Academj. WoolKlchn'' 
JohnC.Adama.EBti. M.A. Fellow and Tutor of St John's Collide, *^ 

Bev. G. M. 8;kra, M.A. Fellow and Tator of Dowaing College. g 

Hay. J. P. Higman, M.A. late Fellow und Tntor of Trinity College. 
Bey. W. R. Williams, M.A. of Sidnej Sussex College. 
P. Mason, Esq. M.A. Head ftfaster of the Pene Scliool, Camb. 
John PiTrthos, Esq. M.A. Christ's Callage. 
Bey. John Bowlands, M.A. Fellow of Qneens' Conega. 
Ker, H, J. NIeholla, M.A. Trinity College. 
Junes Wharton, Esq. M.A. St John'e OiDege. 
GaOTBa WarinB, Esq. M.A. Trlnitj College. 
Bev. C. A. Hulbert, M.A. of Sidne; Susaei: Coll^fe, Cambridgre. 
James B. Lindsay. Esq. M.A. Dundee. 
GeorgB Suffield, Esq. M. A. Fellow of Clare Hall, Cambtidge. 
Ber. v. Center, M.A. AbeHeen. 

G. T. Kin)[nton, Esq. M.A. Gonrille and Coins College. 
W. J. Bevoolds, Esq. B,A. Taryin Hall, near Chester. 
■W, W, Howard, Esq. B.A. Fellow of Sldncr Sussex CoUej;*. 
Ret. W. H.Dearalj.BA. of Sidney SuBMi College, Cambridn. 
W. Middleton, Esq. Dnndee. 

yf. Boyd Baiter, Esq. Town Chttmborian, Dundee. 
Ift* aegfin, Esq.Bndbutj. 
*— *'S. Crisp, forthoLibrar5oS1.\VB'Bft?\JittiAe?,e.BTi»tol. 



Jamea Dalnidioy, Esq. F.B.S.E., Edlnbnrsh. 

A. RudgB, Esq. TrioiCj College. 

Tbomas Wilkinson, Esq. Bamley, LBDcaahire. 

A. Roj, Esq. Dundee Acadumj. 

1 ■"— -sii, Esq. Btonejtord, Ireland. 



J. W. Elliott, Esq. GreatEam, BUiakton-on-'Fee&. (ruo eopiet.) 

i. L. Corrick, Esq. Queen'6 College, Oxford. 

Benrj Fletcher, Eaq. Bomlej, Lanooshire. 

Rev. B. ■Wilson, D.D. Dean of tiia CoUef^ of Preceptors. 

ItcT. J. Feanick.M.A. Master of IhaGramoiu-EcLool.Ipsn-ich. 

Rot. Thomas Gaakin, M.A. late Fellow and Tutor of Jesus College. 

Mr Potts has the satisfnctioa t« announce that he haa obtauied the 
co-operation of T. S. Daviea, Ea^., F.R.S,, F.S.A. of the Royal Mili- 
tarj Academy, in preparing tliis work fur publication. (2}ec. 28, 184!).) 

Dr Marshall Hall, F.K.S. Mancliester Square, London. 

J. J, DoKneB. Esq. Economie Life Ass. Society, LoDdoii. 

WlUiam Cadward, Esq. Law Life Abb. London. 

Lieut. A. H. Clarke, Ronl Engineers, Athlone. 

George Croirther, E«q. Much Wen look, Salop. 

a.W. Beam, Esq. B Ji,. (Jeans CoiL) S.M. College, aandhnral. 

William Stoton, Esq. Kingston, Surrey. (Itsa cojiui.) 

Septimus Tebay, Esq. Preston, Laaeasiiirs. 

James Jernaod, Esq. M.A, Bt. John's; Barriiiter at Law, Exeter. 

Kobert Horlej, Esq. Blackburn. 

Rev. John H. Gnoch, M.A. Head Mairter. Grammar School, Beath. 

F. Ewen, Esq. Guildford House, Birtniugham. 

Richard Erans, Esq. Blackburn. 

Rev. J. Watson, Theotoeical Seminary, tlaoliney. 

Ker. U. B. Creak. AlrodalB Collese, Bradford. 

ReT. P. Kelland, M.A. Professor of Mathematics in the UntcerEitj of Edinburgh. 

Rot. E, U. Bansel!, B.D. Tutor of MtuidalEU College, Oxford. 

James Law, Esq, Clarence Doose, Chelsea. 

Kov. E. J. Selwyn, M.A. Head Master, Proprietary School, Ulackheath. 

Mr. John Meilor, National School-master, Slaithw^te. 

Ker. John Hind, M.A. late Fellow ond Tutor of Sidney Sussex College. 

Thomas Weddle, Esq. F.R.A.S. Math. Master, Training College, Battersea, 

l^^Bac Brown, Eaq. Acworth, near Wakefield. 

Williain Bums. Esq. LL.D.. Newton Terrace, Roeheater. ■ 

Rev. J. Edleston, M.A, Fellow of Trinity College. 

F. W. Crump, Esq. Gonfille and Cains College. 

Rot. Joseph Augiis, Tutor, Stepney College. 

P. BeaCToft, Esq. Byde, Cheabire. 

llngh Godfray, Esq, St John's College. 

Ret-. A. W. Hobson. M.A. St John's College. 

J. C. Roiierttun, Esq. Editor of the MechanicB' Magazino, London. 

Rev. George Salmon, H.A. Trinity College, Dublin. 

Kev. T, P. Kirkham, M.A. Rectory, Crofi, Lanca«ter. 

Sir John Blanden, Bart, Castle Blnuden, KUkenny. 



Stephen Fcnwick, Esq. F.R.S. Koval Military Academy, Woolwioh. 
Benjamin Gomperti, Esq, F.It.S.VauihHll. (three eopia.) 
Charies Babbage, Esq. M.A., Trinity College, F.R.S., Londou. 



Mark Nohle, Esq. Beckenhom, Kent. 
James Cockle. Esq. M.A., Trinity Cfdiege, Barrister at Law, Midillo Temple. 
Hr John Fraser, Peroy Street, Newoastle on Tyne, 
■William Finlej, Esq. (Dnivarsilj of France), Durham. 

Rev. M. Cowie, M.A. 8t John's ColL, Principal of Cidl. for Civ. Eug., Putney. 
W. S. B. Woolhouae, £sq. F.R.A.S. Editor of the Lady's and Geudemau'i 
Diary, London. 



EDTJCATIONAL AND OTHER WOTtKS 
33tfnte6 at lf)t Hnibttstta i^KSB, ffiambriBsc. 



A Discoiine On the Studies of the Univcrsilj of CBmbridge, wi 
nary Dissntalion. By AdKm Sedgwick, Af.A., Vice.Masler of TrinlqS 
College, and Woodvardian Frofeisor of Oeology. Sib £d. imall 8va. 

On tile Principles of English Univeruty Educalioa. By the Rev. * 
\Fhewell, B.D. Master of Trinity College, &c. 3d Ed. 8to. Si. 

Of B Liberal Education in General, and wiibparticuLirreference ti>iheleid% 
Studies of the University of Cambridge. By W. Wbewcll, D.D, P»nl. 
Principles and Recent History. 2Dd Ed. 4i. Od. Part II. Dimuiiaii 
and Changes, lBiO—50. 3]. 6d. Complete 7<- Hd- 

A New Hebrew Lexicon. Part I. Hebrew Bnd Engliih. Part 11. E_„_ 
and Hebrew. With a Uebrem Grammar, Vocabulary, and Granunuiol 
Analysis of the Book of Genesis. Also a Chaldee Gfammar, lieiicoi, 
and Giammslical Analysis of the Cbaldec Words of the Old TratamBl. 
By (he Rev. T. Jarrett, M.A., PiotesBOr of Arabic, Cambridge, evo. Sli. 

Hebrew Grammar. By the late Chr. Leo, Teacher of Hebrew. 8to. 12f. Si. 

The Pialma in Hebrew, with a Critical, Exegedcal, and PhilologJnl Coou 
mentary, intended for the use of Students. By G. Phillips, B.D., l*le 
Fellow and Tutor of Queens' College, Cambridge, Two Volume*. OTO.Sii 

The Elements of Syriac Grammar. By G. Phillips, B.D., 2nd Ed. 8»i>, lOi. 

A Practical Arabic Grammar. By Duncan titeirait. 8to. I6j. 

The Book of Solomon, called Ecdeilastes— the Hebrew Teit i 

Version — with Notes, Philological and Exegetical, and a Literal Traiulaii* 
By Theodore Preston, M.A-, Fellow of Trinity College. Svo. 15«, 

Koberii Leighlon (Aichiepiicopi Glasguensis) Pra^leclionea Thoil 
FatEeneses, et Medilaiioties in Fsalmos IV. XXXII. CXXX. I _ 
Critica:. £diclonova,exrecenaione JacobiScboleGeld, A.M., &e.8va. lb.M. ' 

The Psalms transUled from the original Hebrew. By W. Frsich, D.D, iM 
Master of JesuB College, and Rev. G. Skinner, M.A. Bvo. 12*. 

The Proverbs of Solomon. Translated from the Hebrew, by the same. Kn. 

Horte Hebralcie. Critical Observad-ons on Isaiah, Chap. IX. Bv the Ret. 
W. Selwyn, M.A., Canon of Ely, 4to. 8j. 

Tbe Cambridge Greek and English Testament. New Ed. 12mo. St. $i. 

Acts of the Aposdes. With Notes. By H. Kobinson, D.D. Qto. St. 

A Commentary on the Book of the Acts of the Aposdcs. By the Re«. W. 
Gilson Humphry, M.A., Fellow of Trinity College, Cambridge, and Kl- 
amining Chaplain to the Lord Bisbnp of London. Svo. ^t. 

The Homaunt Version of the Gospel according to St John, ftom MSS. pn- 
served in Trinity Collie, Dublin, and in the Bibliotheque du Ktu, Puit. 
By W. S. Oilly, D.D., Canon of Durham, and Vicar of Norham. 8*0. 

Tranilation of the Gospid according to St Itlalthew, and part of the fint 
Chapterof the Gospel according to St Mark, with original Notes. Bf 8fa 
John Cheke. Also vii Original Letters of Sir J. Chefce. Prefixed it W 
Introductory Account of the nature and object of the Translation. By J> 
Goodwin, B.D., Fellow and Tutor of Corpus Christi College, Svo. -Jt. U 

Ad lUustradon of die Method of Explaining the New Testament by ik 
Early Opinions of Jews and Christians concerning Christ. By WiHiim 
Wilson, B.D. Edited by T. Turlon, D,D., Irfjid Bp. of Ely. 8*. 

Hints for an Improved Translation of die New Testament. By J. Scholeedd, 
M.A. Regius Prof, of Greek. 2nd Ed. 8vo. 4>. Appendix 3j. 

A Vindication of the Literary Character of Professor Porson ftom tbe Ani- 
nuulrersiuniofBp.BuTgession I Johnv. 7- By Crito Caniabrigienii* [Bp. 
Turlon.J Bvo, l\.. 
i:5sajs oa difficulties in WtVdngs ot Oae A.t|Btlii ■S»iV. Til ■». "W'ttssii^,,, 

I>.D. Abp. of Dublin, fith IM. fti. 



WORKS PRINTED AT THE UNrVBRSlTY PRESS. 3 

onjr of the Apocalypse, with other Prophecies of Holy ScriplHie. With 

ies, sjid an Oullina of the various Interpreiotiona. By W. H. Ilouc, 

a,, lute Fellow of St. JohD'a College, Ownbridge. 8to. 10*. 

Jatnea'a Treatise on the Corrupliaii of Kciiptuie, CouncJIi, and FathEn. by 

the FrelnteB, PaatOTB, and PillaiB of the Church of Rome. Reviled uid 

Corrected by J. U. Coi, M.A. 8vo. 13j. 

Ordo Sseclocum j a Treatise on the Chronology of the Holy Scriptures. 

H. BrOBDC, M. A., Canon of Chichester. Uvo. 301. 
The AliniBtry of St. John the Baptist, and the Baptism and Templaliun 
the Lord Jesiii ChrisU By B. HuxUble, M.A., Vice-Principal nf the 
WelU Theological College. 4i. 6d. 

Chmoalomi (8. Joannis). HomiliiD in Matlhaum. Tenlutnadfidem codicnm 
M8S. el Tecaionum emendayit, prawipuam UciionU varietalem sdjcripsit, 
erat, et novjs indicibus instruxit F. Field A.M., 
3 vols. 8ro. 21. Si. Large Paper, 41. 4i. 

TerluUinn. The Apology. With English Notei atid ■ Pteface, intended aa 
an InlToduction to the ^cudy of Patriatical and Ecdleaiastlcal I«tinity. By 
H. A. Woodham, M.A., Follow of Jeiae College, Cambridge. 8yo. 8«. Bd. 

An Introduction to a Course of Lectures on the Early Fatiiera, nov in delivery 
in the University of Cambridge. By the Rev. J. J. Blunt, B.D., Mar. 
garet Fiofessorof Divinity. Parti I. and II. 8vo. Ss. each. 

The Theophania of Euscbins, translated from a Syriac Venion by the Rev. 
!i. Lee, D.D., late Hc^us Profetsor of Hebrew. Uvo. 

Pearson's Exposition of the Creed. Revised and Corrected by Temple Ghi< 

' vallier, B.D., Proftssor of Mathcmstlcs in the Univenity of Durbatn. 
Edited for the Syndics of the Cambridge University Pnis. Rvo. I3i. 

Paleys Evidences and Hone Paulina!, edited by R. Polls, M.A. Bvo. 10». Crf. 

Sermons on the Sacraments, By Hent7 Bullinger, Minister of Zurich ; re- 
printed tVom the Tiansktion of his Decades, as published by authoiity in 

- ISH7. Bvo. 7». 6d. 

Natural Theology considered with reference to Lord Brougham's DItcoursB 

- on that Subject. By Thomas Turtoik, D.D. 8vo. Ztid Ed. 3: 
rheAnalogyoflUligion. By Bp. Butler. Witha summaryof the Areumenta. 

By E. Bushby, B.D., Fellow and Tutor of St. .lohn's College Itvo. Or. 
Laetures on DWinily, delivered in the University of Cambridge, by John Hey, 

D.D., NorrlaiBU Professor. 3rd Ed. 3 Vols. 8io. »0f. 
Collega Lectures on Christian Antiquities, and the Ritual of the English 

Church; with Selections from the Canons. By W. Bales, B.D., Fellow 

and Lecturer of Christ's College, Cambridge. Pose octavo, 8», 
College Lectures on Ecdesiastical HisiMy. By the aame. Snd Ed. Oi. Od. 
The Book of Common Prayer illuBtrated, so as to shew Its various modifiau 

tions ; the date of its several parts, and the authority ua wlifch they rest. 

Bj- the Rev. W. K. Clay, B.D. of Jeans College, Camb. 12mo. 7». Bd. 
Historical Slteteh of the Prayer Book, By W. K. CUy, RD. l». Od. 
The Prayer Book Specially Considered as a Protection against Romanism. 

Nineteen Sermons, By F. D. Maurice, M.A., Prof, erf Divinity in Sing'a 

College, London. * 6i, 6d. 
Apologia Ecclesirr Anglicatize. Auclore Joanne Juello. Fcap. Svo. is. Gd. 
Ecclcsi^ Anglicnnn Vlndex Catholicus, siiveArticuIorum Ecclcsis Anglicans 
' cum ScripUa SS. Pstrum nova Collalio, cuta G. W. Harvey, A.M. Coll. 

Regal. Sorii. Bvo. Vol. I. lOi. VoL II, 1C». Vol. IIL Iflj. 
: Situale Anglo-CathoUcum ; or. The Testimonj of the Catholick Church to 

the Book of Common Prayer, as exhibited in Quotations from Ancient 

Fathtrs, Councils, Liturgies, and Rituals. By H. Bailey, M.A. Gvo. ISt. 
The Liturgy as it is, illustrated in a Series of Sermons. By II. Howaith, 

B.D., 2nd Ed. 4i. Cd. 
Daurick's Mode of Reading the Liturgy. Wi* l*o\Ei, ra*. i "^'vsuMswt ^ 
PutJic Beading. By R. Cull, Tutor to E\oc>Wiwi. ftNQ.Sjs.V,4- 
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An Hislorical Atcouni of Ihe Thitly-Nlne Articles, ftom their fim Pi 

gBtloa in 1553, to their final KitsliUbhroenl in 1^71 ; with a Copy .. 

Articles Bi put forth b; Kine Edward iti 15S3, Irom the Copies focmal] 
belonging to Aichbiahcr Paftet. By J. Lamb, D.D., Waster of Cona 
Christ! College. 4ia. ill. 5i. 

An Exposition of the Thiiiy.nine Articles, Historical and Theologital ■ (a 
ihe Use of Students in Divinity. By E. Harohl Browne, 31. A., Cicbec. 
dary of Eneter, Bnd Vicar of Kenwyn, Ule Vice*Ptincip^ of St. Darld'i 
CoUege. lismpeter. Bvo. 

An Exposition of the First Seventeen Articles of the Church of Enirlnii 
By T. Swocde, M,A., Rector of St. Peter's, Thetford. 8.o. 7*. 

The Lord's Prayer. Nine Sermons. By F. D. Maurice,M.A. 2nd Ed. 2i.6t 

Burnet's History of the Reformaiioin of the Church of England, ^Miai. 
Edited, with the Author's Supplemental Matter, Additions, and CoTTECdM 
BylheRev.G. E.Corrie,B.l)., NorrisianProfeasorof Divinity. Svo. lOt^ 

Chapel .Sermons. By the Ret. W. Whewell, D.D. 8so. IOj. &tl 

The Church of England's Commission to her Priests considered. A Visiu^ 
Sermon on John xx. 32, 23. By T. C. Haddon, LLB., of St. John's CoJ. 
l^e. Perpetual Curate of TunatalL, Norfolk. 8vo. Cd. 

The Churchman's Guide ; a copious lade:t of Sermons and other Worka bl 
eminetit Ditinei, By the Rev. J. Foraier, M.A. 8vo. 7j. 

History of ihe Church of Eoghind. By T. V. Short, D.D,, Lord Bo. of St. 
Asaph. 5th Ed. ISi. 

The History of England in Church and Slate, from the Conquest to the Ac- 
cession of tlie House of PUntagenet. By Sir F. Palgrave, K.U. 2 Vols. Sn. 

The Literature of the Church of England as Enhibiied in Specimens of lt« 
Writings of Eminent Divides, with Memoirs of their Lives, and Hiatlffted 
Sketches of the Times in which they lived. By R, Cattecmole, B.D Tm 
Volumes, 8vo. 25s. 

Roma Ruit. The Pillars of Rome Broken : wherein all the several Plen bt 
the Pope's Authority in England, with all the material Defenees of rikm 
are revised and antnered. By Fr. Fullwood. A New Editiao by C Haid. 
wick, M.A. FaUow of St Catharine's Hall, Cambridge. Octavo, 10,. 6A 

Iflstorical VindicaUon of the Church of England in point of Schiam by Sir 
Roger Twysden, Bart. Collated and Revised with the MS. Addltionkft 
by the Author. Edited for the Syndics of the Cambridge Uaivenicr rim 
by G.E. Corrie.B.D., Norrisian Professor of Divinity. Octavo Ts. 6i ' 

The Roman Catholic Doctrine of the Eucharist. The Scriptural 'AnoiMnl 
considered, in reply to Dr U'iseman. By T. Turton, D.D., &.C. 8vo. a«. tU. 

Observations on the Rev. Dr Wiseman's Reply to Dr Turton'i "'nnn^ 
Catholic Doctrine of the Eucharist considered-" 8vo. 4i, 6rf. 

Abp. Usher's Answer to a Jesuit. With other Tracts od Popery. Bvo, ISt, U 

The Religions of the World, and their Relation to Christianity Bv F IL 
Maurice, M. A., 2nd Ed. 5i, ' - 

Two Series of Discourses. I. On Christian Humiliation. IF. On Ou 
of God. By C. H. Teirot, D.D., Bishop of Edinburgh. Bvo. 7,. tSd 

The Christian Advocate's Publications :— 

1840. ObKrvatiuai tn the Attempted Applicalion of fianthrjaic Prindtla 

lathe Thtery and Shloric Criticltm^tht Goipel. 8va. 8* 6^ "'" 

1B41. The HUtorieal Character of St Lake'i firit Cksplrr, 'vmJSeakd 

a^lntt some recent MythictU tnterfrettri. Bto. 4i. 
1842. The BvaHgeliail Accoantt of the DeiOnt and Farentage of the jjj. 

fiour, rJsdJeaferf aga^tt name recent Mythical Interpreter.- " — - 
1B43. The AcceanU if our Lord'i Brethren In Ihe Ifea 
cated agaliul tone recent Mythical laterprelen. 8ro. 4i. 
1844. The Siilorical diaracttT of thtCKKUmitiinKi of our Lord't if ^IM 
In the Cmpei of St Afatlhew vliulieotei ngaiiul tnmt vtma, Wu(I~ 
tiypmen. Bvo. ii. By W. U. HiVa. ■n.U,,'Be^-u.'?«A,«,la 
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184S. TOe Province of the laUttccl in Heligion, dcducrd from nur Lor^i 

Sermon on the Mount, a»i cBnridcred urilJi reference to prevalent Errors. 

Book L Rellgioui Offieet of the InleUect deiuelbUfrom the Beat\tudct^ the 

Lnri'i Prayer, and the Decalogue. Bra. 
Ifl46, 1847 Book» II, III. Kiaminalion of the Sermon on the Mount. 8»o, 
Iftlfl. Book IV, The Seventh Chapter Bf St Mattheacotaidered at that cnlire 

Chriilian Laa of Rett, or of Spiritnal DUeemment and Holy Energy. Bvo. 
1B49. Book V. Tlie Patrlarchi ai letting fbrth and letting Jbntard the 

Thing! of the Sermon on the Mount. By the Rev. T, Woreky, M.A., 

MBSter of Downing College, Cunbiidge. 8vo. 7»- 6d. 



The Hulsean Lectures : — 

1839. Maa'i ReiponiibilUy in refirence lo Mi ReEgumi Belief . explained and 
applied. By tliE Ret. ThejTB T. Smith, M.A., Qneois' Coll. 

1840. The Chriilian Religiim in connexion ailA the Principlct ofMamlUy. 
By the Bev. Theyre T. Smith, M.A., Qukdi' CoUtge. Svo. 7». Bd. 

lail, 1842. The Conilttency of the Dishe Condutt in Revailing the Doe. 
irinei of Redemption. By the Set. H. Alfoid, M.A. Bio. Put I 7i 
Part 11. fo. 

1845. The Filneii of Holy Seriphtre for Unfblding the Spiritnal Lifi of 
Men. By R. C. Tiencll, M.A., Trinity Collie. Bvo. bda. 5i. 

1846. Chriit t/ie Deiire of all Nationa ; or the Uaconidoui Proplieeici of 
Heathendom. By R. C. Tnnch, M.A. Bvo. 5t. 

1B49. The Doctrine of a Future State, By W. G. Humphry, B.D. 8t0. 8i. 6d. 

The HulUBS Prize DiisertAtioai : — 

1838. Ttie Myitefiea of Revelation, no dolid argument againii iti truth. By 
D. Mooie, B.A. 6t. Cath. Hall. Bvo. 

1839. Christianity coiuiiered ai a Ditdpliiie of Humility. By A. S. Eddii, 
B.A. Trin.Coll. Bvo. 

1840. An Enquiry into the Principlei of Prophetic Interpretation, and the 
praelical resulti arliingfrom them. By A. Jukes, B.A. Trio. Coll. 8to. 

1841. Theuteand value of the Writingi of the Aacienl Fatheri caniidered 
ai auxiliary to Hie proof qf tlie truth of the Christian Heligioiif and to the 
elucidation of ill doctrinet. By C. W. Woodhouse, B.A., Cuus CMltge. 

1842. On the Relation in which the Moral Precepti iff the Old and Nca 
Testament stand to each other. By J. D»v!», B.A., St John's CoU. 

1843. The History aiHl OMigalion oft/ie Sabbalh. By C. J. Ellicolt, B.A. 
St John's Coll. Sto. sewed, 3i. 6d. 

1844. The Laafulneit and Obligatioa of Oalhi. By F. J. Omggen, B.A. 
8l John's Coll. Byo. 3i. 6eI. 

1845. The Injluence of Chriitianity !n promoting the Abolitloa of Slavery in 
Europe, By C. Bsbington, B.A. St Jinn's CoU. Bvu. bds. 5i. 

IBiB. The Fitneis <f Christianity tolmprove the Moratand Social Condition 
of the Norlliem Nalioni Jnhich overlhrear the Roman Empire. By A. M. 
Hoare, B.A. St John's CoU. Bvo. 3i. Bd. 

1847. The Fitneti Of the Time of Chrimft coming in relation to the moral, in- 
, tellectiial, loeial, and political condition oftlie Heathen. By C. P. Shepbeid, 

B.A., Magdalene College. 

1848. Hillary of Mohammedanism Trieaed in relation to the Evidences of 
Chriitianity. By Henry T. Wroth, B.A., St John's CoU^. 

1B49. The Influence of the Jeviih aad Christian Revelations an Greek and 
Roman Pagan Writers. By S. Tomkins, St. CathsritK's Hall. 8tO. 

The Nonisian Prize DisBntatians i — 

1839 The Divine Origin of the Holy Scriplarei inferred f^om tlietr Adapta- 

(ion to the circumstances of Human Nature. By D. Moore, B.A. 8vo. 3i. 
1S40 Scripture luffidcat ■aithout tradition, or, KKr. Duclrwe oj «w *.i«* 

Article Iff' the Britlih tViarcJitt maintained. ■£■) fca'AKi-'O- Pi-'*««S«« 

J)f.A. Jctas College. Svo. 4i. Gd, 
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IB41 Bni/; in Vie Old a«d New T,'^ame-I derval life it offe 

through Jatu Chriit only. By J. S. Oowsdq, flI.A- Trin. < 

1843 The Apoitolical Epiitlei ajbrd Internal JEvideace that ttut f 

ahom they mere levirally addreiied, had dlnads been made aeguataltd bI 
the great truthi ahieh thoie Bpiitkr-ineulcale. &y L. Pojader, B.A T ' 

1843 714b Wrtliagt aflhe JVbio Tettawunt affbrd indications t/uit Ihitp 
of the Sacred Cbboh mu intended to be a complete record of Aya 
Daclrlae. By Rev. J. Woollcy, M.A. Fellowof Emm. Coll. ~ 

1844 By one offering Cliriit hath pcrficlcdfbr ever them that 
Heb. X. 14. By Rev. J. WooUey. 8vo. lewed 3i. 

1846 If they hear not Moiei awd Ifie FrophrU, neilficr Kill thry fie p.. ._ 
tkBHghoHeTO)e,/rorathcdfad. By J. J. H. Jonee, B.A., J«s, Coll. 8ro.3 

le47- The connexion iif Fraphtcy vith the other £videiia:i of BmOilrd A 
%lan. By T. S. K^sbiiry, B.A., Trinity College. 8vo. 

1848 The FUnea of the titnei in which the FromUei nf the Maaah m 

levcraily given to the Church nnder the Old Teilamcnl DUpentaliim. , 

■ J. Uaviland, M.A. St Joho'i CcAJe^e. 8to. So. Sd. 

< 1849 The Internal Evidence afforded by the H'atorical Bookt of tit 

Tettanicat, that the KCvcral writer' a/ikem were impired by tlie Jlalu C"' 

By the Rev. R. WhiKingtim, B.A, Trimly Coll^. 8¥o. 

The Bumey Priie DisstrlaliOQ -.— 

1848. The Doctrine ufa Divine Providence ti imeparahte from the IfUtfii 
the eiiitcnce of an abtolntely perfect Creator. By L Todbuatur, BjI C 
John's, avo. 4i. ^ 

Elsmaits of Morality, including Polity. By W. Wlievell, 

2 Vols. Foolscap 8»o. 16*. 
Leelurea on Syalematlc Morality. By W. Whewell, D.D. 87«. yM 
Butler's Three Strmons on Human Nature, nrd » Dissertation o 

Ediied by W.Whewclt, D.D. With a Preface aoJ Syllabus. Znd t __ 

Butler's Six Sennona on Moral SubjecM. A Sequel to the Sermons on HiUM^I 

Nature. Ediied by W. Whewell, D.D, Witb Preface and Syllabus. 3* mI 
Essay on the Human Blind. By E, Buahby, B.D. 4th Ed. 4.. firf, ' 
An Anatjsia of the Civil Law. By S. Hallifax, LL.D., late Ijord Bidun eti 

St. Ata]di. A new Edition, being the Headaof aCourwof LiecturMBDUUrj 

read in the Uaiversity of Cambridge, by J. W. Gcldart, I.L.IJ. Bw. A 
A History of the Inductive Sciences, froa:i the Earliest Times to tbe Pica 

By W. Whewell, D.D. Master of Trinity CoUege Cambri^. and SiM 

Revised and continued. 3 Vols. Sva. £3. Si. ' 

The Philosophy of the Inductive Sciences, founded upon their Hiittn. 

W. Whewell, D.D., Bnd Ed. revised. 2 Vols. 8vo, £1. 10». 
Indicationa of Oie Creator: Theological Extracts from tbe History atid 4 

Philosophy of the Inductive Sciences, by W. Whewell, D.D. Post. Svo. Si ' 
Of Induction, with especial Reference to Mr. J. S. Mill's System of U 

By W. Whewell, D.D. Fcap. Bvo, 2*. 

Sacred Latin Poetry, selected and arranged for tise; with Noles, ftc. BrV 

E. C. Trench, M.A., Bvo. 7». M 

Homeric Ballads, the Greek Text, with a Metrical Tranilalioa and NoKkl 

By the late WiUiani Magino, LL.D. Bvo. 6*. ■ 

^ichyli Eumcnideg. Recensiiitetilluntnvit- J. SdioleEcld,A.M. Bvo.-n.t 

.Sschylus. Appendix ad edilioDeai Cantabrigiensem novisaimaai. Cooftdt I 

J. Schole&eld, A.M., &.e. Bm. 1>. Oil. | 

jGschylus. Becennuit, emendavit eiplanavit, et hrevjbus Notis Instnuit ■ 

K. A. Pflley, A.M., olim CoU. Div. Joh, Cant. 2 VoU. Bvo. cblh, l£ 4*. ^ 

N. B. The Plays are published separately. 

lylj Gumenides, revised b; J.'W.'D(nwUkwn\,D.D. 1*. 

' n. Codicam ManiistTiiptQTam o^ift lessmvni. m. emraAvOa^ 0»lin»* I 

Wordsworth, S. T- P., SchtAic ttanoiieraii* t.\t.%u\ja,iu4^^ (;ai,7 

riin. Canu Socius et Acaderm» 0»»t« ¥vM:«»>- %-.o. ^Btfti, Vi..^ij 
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A. TTBnslation into English Vene of tbe Proiuctheua Vinctui of ^schfluc. 

By C. O. Prowett, M.A., FcUd» and Lecluivr of Cfliu> CoUege. Bvo. 3i. 6rf. 
Euiipidea. Tagtrdia quatuDF, cum notis Fononi. Recensuit, aiinsque no- 

lulss subjecit, J- Scholefield, A.M., &c. Editio secunda. Svo. t4>. 
EuHpidci. Iphigcnia in Aulide. Cambridge Edidnn, Uro. fti. 
EuripidcB. Iphigenla lu Tauris. Cambridge Edition, ttvo. 5i. 
""le Aoti^DE of Sophocles, ia Greek add Eoglish, with Crilical aod Expla- 

□atOT7 Notes. By J. W. DonBldBOii, D.D. Bro. Si. 
Pindac's Epinicisn Odes, and the Fragmenta of liu Lost Cotnposilions, revised 

aod explainett ; with capioiu Nates. Bj J. W- DonaldBOD, D.D. 8vo. IQt. 
&TislopIiama Comadicc Vndeeim, cum Notin et Indies Hiitoiioi, ediilil 

Hvbertvs A. Holdeti, AJI., Coll. Trin. Cant. Socius. fivo. 15t. 
The Frogs of AiiBlophonea, with English Notes. B; Rev. H. P. Coakniey, 7«. 
Comicomm Graicorum Fragmenta, Part I. By J. Bailey, A.M. Bvo. 9». 6d, 
The Phenomena and Dioaemeia of Acatos. By J. Lamb, D.D., Master of 

Carpus Christi College Cambridge, and Dean of Bristol. 8vo. 7>. I'd. 
Dcmoaihenis de falsa L^tione. With a careful revision rrf Ihs Text, Anno- 

tatio Ctitica, English Notes. By R. Shillelo, M.A., Trin. ColL Sio. lUi. 6d. 
He Oration of Hypeiides against Demosthenes respecting tiie Treasure of 

Harpalus.— The Fragmenls of the Greek Tesi, now Firat Edited from the 

Facsimile of ihe MS. discovered at Egyptian Thebei in HM7; together 

with other Fragments of the same Oration cited in andenc writers. With a 

Preliminary Dissertation and Notes, and a Facainule of a portion of tlie MS. 

By the Rev. €. Babington, M.A. Bvo. C*. lid. 
!nie Phtedrus, Lysis, and Ptotagorasof Plato, Anewand literal Translation. 

By J. Wright, B.A., Trinity Cotege. 4j. (ii 
Select Private Orations of Demosthenes, with English NqIes, for the Uk of 

Schools. By C. Pentose, of Trin. Coll. Cambridge. 5i. 
The Five Speeches of Demosthenes, agajuat Aphobusand Onetor. Translated, 

with Notes explanatory of the Athenian Laws and Institutiona. By C R. 

Kennedy, Al.A., Fellow of Trin. Coll. Cambridge. 12mo. 9(. 
.Arundines Cami. Sive Muaarum Cantabrigiensium Lueub Canori ; coUegit 

Blque edidil H. Drury, A.M. Edilia iCTtia, Svo. ISi. 
Selecdou from the Oreek Verses of Shrewsbury School, pnfaced by a short 

account of the Iambic Metre and style of Oreek Tragedy, and foUoiird hy 

Progresaive Exercises. By B. H. Kennedy, D,D.. Head Maaler of Shrews. 

bury School. 2nd Ed. cotrecled and enlarged. 8vD. Bi. 
Examination Papers of Shrewsbury School, from 1836 to 1840. Witii Pre- 
fatory Remarks on Classical Examinations. ByB. H. Kennedy, D.D. 12mo. 
Passages from English Authors for tranaiatioa into Oreek and latin ; together 

with selected Passages from Greek and Latin Authors for translation Into 

English. By tile Hev. H. Alforf, M,A. Bvo. fl/. 
Hephffistion. Concerrting Mstres and Poems. Translated into English, and 

illustrated by Nolea md a Rhythmical Notation ; witli ProU^oraena on 

Rhythm and Accent. By T, F. Barhim, M.B. Bvo, 8». lid. 
Fhilokigical Museum. 2 Vols. 8vo. tO<. 

Dobree (ProfO Adversaria, accedente J. Scholefleld, M.A, 2 vols, Svo. las. 
A Complete Greek Grammar for the Use of Learners, By J. W. Donaldson, 

D.D,, Head Master of King Edwaid VI. School, Bury St Edmund's. U.6d. 
The New Cratylua; Contributions towanla a more Accurate Knowledge of the 

Greek Language. By J. W. DonaUson, D.D. 8vo. 2nd Ed. 
Bchleiermacher's Introductions to the Dialogues of Plato. Translated by W. 

Dobson, A.M., Fellow of Trinity College. Bvo. 12j. Cd. 
A Life of Aristotle. Including a Critical Discussion of some Questions of 

Literary History connected with liis trorks. By J. W- Blakesley, M.A., 

lute Fellow and Tutor of Trinity College. Bvo. Qi. 6d. 
Ballus ; or, Roman Scenes of the Time of Augustus, illustrative of the Man. 

nera, &c. of the Romans, Translated by F. Metcalfe, MA- ^tAEA. Vl-i. 
Chariclea ; a Tale III uslralive of Private L«e raciooft viiii fuicicii^Q^<^»i\'»'^j 

JVoleSjSK. By Prof. Becker, ttanalatedbs lileRe1.?.^^t^«S>^^'^*-*^^^*^■ 
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PUuCuR. Autularia. Notii ct Glossana locuplole instTuxil J- UUdjud, 
Coll. Cbtisti apud Canub. Sociu*. IIto. Ed. alien. ?'■ Cd, 

PlsutQ*. MeHBichDiei. Noli* el Gloiurlo tocuplete initruxit J. Uililjn^ 
A.M., Coll. Christi apud Canub. Socius. Sro. Ed. altera. 7*. CA 

Dahlmann's Life of Herodotaa. TraDsUlcd hj Q. V. Cos, M. A. 6i. 

Neander'a Julian the Aposlale. Translated by G. V. Co», M.A. S». fid. 

Architectural Notci on Oerman Churches ; nilh Notes wrillen during an Ard. 
teelmal Tour in Picardy and Normandy. By W, Whewdl, D.D.SldBiL 

To which is added, Translation of Notes on Churches of the Rhine, bf 

M. F.DeLaasauli, Architectural In spcctor lathe King of Prussia, 8iro. Ilk 
Himarks on the Architecture of the Middle Ages, especially id Italy, Bj" 

Prof. WiUiH. Bvo. Plalei, in.. CI. Large Paper, U, It. 
The History of Canterbury Cathedral. By Prof. WiUis. 8v0, 10». « 
Numlinula Colle|(ii de Oonvile et Caius. Nuper Jacobi Burrough el 

Smiih. The Donor's Catalogue edited by the Rel. J. J. Smitli. 410. Ts 
The Holy City, or Histarical, Topographical, and Antiquarian Notiwa ~' 

Jerusalem. By G. Williams, B.D., FfUow of King's College, CamhiriaL 

2nd Ed. With numerous Illustrations and umsiderable Additions, inclodil 

Professor Willii'a History of the Holy ijepulchre, and a Plan of Jomadcffl, 

from the Ordinance Survey, flvo. 2 Vols. £i. S>. 
Professor Willis's Ardiitectural Hlalory of the Holy Sepulchre. Reprinld 

from Williams's "Holy City." With original illustrations, g,. 
The Puhlications of the Cambridge Antiquarian Sodely. 4to. 
The History of the [JnlTmity of Cambridge, from the Conquest (o the V( 

1634. By Thomas Fuller D.D. Edited by the late Kev. M. PridRIb 

M.A., and T. Wright, Esq, M.A. 4 "ilh Illuattalive Notes, fivo. %2t. 
Graduaci Cantsbrigiensis : sive Catalogus eorum quoa ab anno l7fM 

10'"Oct8. 1646, Gradu quocunque ornavil Acodcmia. Cura J. 

A.M., Coll. Trin. Soci! atque Academiie Registrarii. Bvo. lOi. 
Cambridge Portfolio: consisling of Papers illuitratiTe of the principal featm 

in the Scholastic and Social System of the University, Edited by th« lie 

J. J. Smith, M.A, 3 Vols. 4lo. 21. St. 
Eynchmnology: heingaTreatiseon the History, Chronology, and Mytlidagyi 

the Ancient Egyptians, Greeks, &c. By the Rev. C. Crosthwaile. Bra. lOt.l 
History of the Koyal Society. By C. R. Weld, Assistant SecreUIJ of M 

Royal Society. 3 Vols. 8vo. 30j. 



Euclid's Elements. Edited by R. Potts, M.A., Trin. Coll. The Unil „ 

Edition, with the Appendiii. Svo. IOj. The School Edition. 12niD. 4t. 
The Enunciations of the Props, of Euclid, with the Definitions, &c,'12nio. 
Brief Hints for the Solution of the Problems, &c. in the First and 9w 

School Editions of the First Six Books of Euclid. 12mo. ti. 
Supplement to the School Edition, contahiing portions of Euc, XI. XH. 1 

Nolei, Problems, &c. 12mo. Is. 
TheElemennof Algebra. By J. Wood, D.D., late Dean of Ely, and 

of St John's College. I2lh Ed., carefully revised and enlarged. 1 

T. Lnnd, B,D., late FeUow of St. John's College. Bvo. IS*. Bd. 
A Companion to Wood's Algebra, forming a Key to the chief difficuR 

in ilie Examples. By T. Lund, RD. Bvo. ISlh Ed. 6.. 
The Elemenu of AlgebrH, By T. G, Hall, Professor of Maihemaiiei, Eidj 

College. London. New Ed. enlarged. Hi. Bd. 
A Treatise on Algebra, by G. Peacork D.D. Dean of Ely, and late 

and Tutor of Trinity College. Vol. I. Bvo. I6«. Vol. II. 1(J,. fti, 
A Treatise on the Theory of Algebrucal Equations. By J. Hymeca D. 

Tutor of St. John's College, avo. Bi.Bii. 
The Elements of Plane and Spherical Trigonometry. By J. C 
*f.A„ Fellow of St. Joto'aCtAleee. ^lo. Mtt^A. \«i-8d, 
Alutioni of the "TrigonomewicaX. tro^Aema, -^to^qw*. «. ft'-.l^sS^^ 
Cambridge, from 1829 W \M6. »T t. Gm'.™.U..K. %.i. *». 
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JroblemB and TlieMem»of Plane TrignnometiT. By D. Hewilt, M.A. Sra. (••. 
A Treslise on Plane and Sphcriciil TrigOQomelty, and on Trigonometricol 
Tables and Laaarithmii together with a selection of Problemi, and Iheii 
. Solutions. By ihe Bev. J. Hymen, D.l>^ Svo. 2nd Ed., Gi. Sd. 
Conic S«tioM, their FriiicipB] Properties prayed Geometrically. By the Bev. 

W. Whewfill, D.B. and Ed. flvo. li. 6d. 
The ElemenU of the Conic Sections with the Sectiooi of the Conoida. By the 

Kev. J.I>.Huulec,B.D. 8vo, 4th Ed. *«. GJ. 
An Analytical System of Conic Sections. By die Bev. H. P. Hamilton, 
; M.A., F.R.8, 4lh Ed., revised. 10.. fid. 
!A Treatise on Conic Sections, and the Application of Algebra to Oeomeoy. 

By the Bev. J. Hymen, D.D. 8vo. 3rd Ed. Ti. 6il, 
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